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CONNECTEDNESS IM KLEINEN AND LOCAL
CONNECTEDNESS IN 2X AND C(X)

JACK T. GOODYKOONTZ, JR.

Let X be a compact connected metric space and 2X(C(X))
denote the hyperspace of closed subsets (subcontinua) of
X. In this paper the hyperspaces are investigated with
respect to point-wise connectivity properties. Let MeC(X).
Then 2X is locally connected (connected im kleinen) at M if
and only if for each open set U containing M there is a
connected open set V such that M <zV <zU (there is a com-
ponent of U which contains M in its interior). This theorem
is used to prove the following main result. Let Ae2 x .
Then 2X is locally connected (connected im kleinen) at A if
and only if 2X is locally connected (connected im kleinen)
at each component of A. Several related results about C(X)
are also obtained.

A continuum X will be a compact connected metric space.
2X(C(X)) denotes the hyperspace of closed subsets (subcontinua) of
Xy each with the finite (Vietoris) topology, and since X is a con-
tinuum, each of 2X and C(X) is also a continuum (see [5]).

One of the earliest results about hyperspaces of continua, due
to Wojdyslawski [7], was that each of 2X and C(X) is locally con-
nected if and only if X is locally connected. As a point-wise pro-
perty, local connectedness is stronger than connectedness im kleinen,
which in turn is stronger than aposyndesis. The author [1] has
shown that if X is any continuum, then each of 2X and C(X) is
aposyndetic. It is the purpose of this paper to investigate the
internal structure of 2X and C(X) with respect to these properties.
In particular, we determine necessary and sufficient conditions (in
terms of the neighborhood structure in X) that 2X be locally con-
nected at a point and that 2X be connected im kleinen at a point.
We also determine that C(X) has, in general, stronger point-wise
connectivity properties that either 2X or X.

For notational purposes, small letters will denote elements of X,
capital letters will denote subsets of X and elements of 2X, and script
letters will denote subsets of 2X. If A c X, then A* (int A) (bd A)
will denote the closure (interior) (boundary) of A in X.

Let x e X. Then X is locally connected (I.e.) at x if for each
open set U containing x there is a connected open set V such that
xe Vc U. X is connected im kleinen (c.i.k.) at x if for each open
set U containing x there is a component of U which contains x in
its interior. X is aposyndetic at x if for each y e X — x there is a
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continuum M such that x e int M and y e X — M.
If Au , An are subsets of X, then N(AU , A.) = {B e 2X \ for

each i = 1, , π, J5 Π At Φ 0 , and J5 C (J?=I -AJ τ i i e collection of
all sets of the form N(UU •••, Un), with Ulf •••, E7"Λ open in X, is a
base for the finite topology. It is easy to establish that

N ( u 1 9 . . . , u n y = N ( u * , . . . , tr*)

and that N(VU - - , Fw) ciSΓ(ϋi, , Un) if and only if \JT=iV,a
U?=i #"* and for each £7̂  there exists a V, such that Fy c Z7, (see
[5]). We remark also that the finite topology is equivalent to the
Hausdorff metric topology on 2X whenever X is a compact metric
space (theorem on page 47 of [4]).

If j y c 2X, then \J {A \ A e Sf) is open (closed) in X whenever
Sf is open (closed) in 2X (see [5]). Furthermore, if Ssf f] C(X)Φ 0
and j y is connected, then \J {A \ A e Szf] is connected (Lemma 1.2
of [3]).

If n is a positive integer, then Fn{X) — {A e 2X \ A has at most
n elements} and F{X) = U»=i ̂ ( ^ )

An order arc in 2X(C(X)) is an arc which is also a chain with
respect to the partial order on 2X(C(X)) induced by set inclusion.
If A, Be 2X, then there exists an order arc from A to B if and
only if A c B and each component of B meets A (Lemma 2.3 of [3]).
It follows (Lemma 2.6 of [3]) that every order arc whose initial
point is an element of C(X) is entirely contained within C(X).

It will be convenient to begin our study by considering points
of C(X).

THEOREM 1. Let Me C(X). Then 2X is c.i.k. at M if and only
if for each open set U containing M there is a component of U
which contains M in its interior.

Proof. Suppose 2 Γ is c.i.k. at M. Let U be an open set con-
taining M. Then MeN(U), so there exists a component r^ of
N(U) containing M in its interior. It follows that \J {A\ Ae r^) is
a connected set containing M in its interior and lying in U.

Conversely, suppose that for each open set U containing M
there is a component of U which contains M in its interior. Let
N(Ulf , Un) be a basic open set containing M and let N(Vί9 , Vm)
be a basic open set such that MeN(V19 •••, Vm)aN(Vlf •••, Vm)* c
N(Ulf •••, Un). Let V= UΓ=i Vt. Then there is a component C of
V which contains M in its interior. For each i = l, « ,ra, let
Wt = V% n int C. Then Me N(Wlf , TΓJ ciV(Vi, , Fm). If A e
N(Wl9- -,Wm), then A c C * , and A, C* e iV(F*, , Fw*) -
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N(Vl9 •••, Vm)*aN(Ul9 •••, Un). Since C* is connected there exists

an order arc in N(UU •••, Un) from A to C*. It follows that there

is a component of N(Ul9 , Un) which contains M in its interior.

COROLLARY 1. Let x e X. Then 2X is c.ί.k. at {x} if and only

if X is c.i.k. at x.

LEMMA 1. Let V be a connected open set and Vl9 •••, Vn be

open sets such that JJ?=i Vi — V. Then N(Vl9 •••, V%) is connected.

Proof. Let p be the smallest positive integer such that FP(X)] Π

N(VU , Vn)Φ 0 . We will show that

&* = UΓ=, (F<{X) Π N(VU , Vn))

is connected.

Let Jzf = {{x19 , xn) I for each i = 1, , n, xt e F o and ^ = %

if and only if i = j}. We will first establish that Jzf lies in a con-

nected subset of ^ 7 Let {xlf •••,»„}, {2/1, , 2/»} e J^C Define J^< =

{{»i, -"fθβnfy}\yeV} a n d ^ = {{T/!, X 2 , ••-,xn,y}\ye V ) . T h e n e a c h

of J ^ and ^ is the continuous image of the connected set V, so

J#{ is a connected subset of &~ which contains {xlf •••,»«} a ^ d

{ίCi, , xn9 7/J and ^ is a connected subset of ^~ which contains

{̂ i, , xn9 yλ} and {yl9 x2, , »»}. Similarly, for each i = 2, , n — 1

define J ^ = {{^ , yt_u xif * ,xn,y}\ye V) and

^i = {{Vi, , Vi, χi+i, , X*, y) I y e F } .

Then J^< is a connected subset of ^ which contains {yl9 •• ,2/ί_i,

α?<, , ̂ %} and {2/x, "*9yi9xi9 , # J and ^ is a connected subset

of J^~ which contains {7/̂  , yi9 xi9 - , xn) and f̂ , •••,?/„ a?<+1, , xn}.

Define J K = {{Vι, , 2/Λ-i, ^ , 2/113/6^} and

Then J K is a connected subset of ^~ which contains {yu , yn_l9 xn}

and {2/i, , yn9 xn} and &n is a connected subset of ^~ which

contains {yl9 •• ,yn, xn} and {yl9 , yn}. I t follows t h a t \Jn

i=1 ( J ^ U ^ ί )

is a connected subset of ^~ which contains {xl9 •••,»»} and {2/!, , yn}.

Now let {a?!, • • • , « „ } € ^ — Jzf. If p <* m < n, choose n — m
distinct elements xm+l9 , xn such tha t {xl9 , xm9 xm+1, •••,»»}€ J^Γ

For each i = 1, . . , n - m let ^ = {{^, , x w + ( i _ υ , 2/} 12/ e F}. Then

^ is a connected subset of &~ containing {xu "-, xm+a-i)} and

{»!, •••, xm+i}. Hence U?=Γ ^ * s a connected subset of SF contain-

ing {x19 ••-,»«} and {a?!, •••, a?Λ}.

If m ^ w , let {yl9 -• 9yu}ej#: Let ̂  = {{a?lf , a? , »} I y e 7 } .
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Then ϋ% is a connected subset of ^~ containing {xu •••,»»} and

{xlf , xmf yx). For each i = 2, ••-,%, let ^ = {{^ , &„, ^ ,

y<-i, y}\y£ V). Then ^ is a connnected subset of ^ containing

{&i, •"',»«, 2/i, , 2/i-J and {a?!, , &„, ^ , , 2/<}. Hence U?=i-®i i s

a connected subset of ^ " containing {α̂ , , xm) and {xx, , ccm,

Vit ", Vn} With an analogous construction we can show t h a t there

is a connected subset of J?~ which contains {yu , 1/J and {xίt - ,

#», 2/i, * ,1/n}. I t follows t h a t there is a connected subset of ^ "

which contains {xlf •••,$»} and {2/x, , i/w}.

We have now established t h a t J ^ lies in a connected subset

of ^ and t h a t each member of &~ — S>f lies in a connected sub-

set of ^ which meets J^Γ Hence ^ is connected. Since j ^ ~ is

dense in iVί^, •••, F w ), it follows t h a t Λf(Vi, •••, K ) is connected.

THEOREM 2. Lei Me C(X). Then 2X is Ix. at M if and only
if for each open set U containing M there exists a connected open
set V such that MdVdU.

Proof. Suppose 2X is I.e. at M. Let U be an open set contain-
ing M. Then MeN(U), so there exists a connected open set 3^
such that MeTczN(U). It follows that Ma\J{A\AeT} = F c 17,
and V is open and connected.

Conversely, suppose that for each open set U containing M there
exists a connected open set V such that MaVaU. Let N(Ulf ,
Z7Λ) be a basic open set such that MeN(Ulf •••, Ϊ7n) and let Z7 =
U?=i ^i Then there exists a connected open set V such that M e
V<zU. Let Vt=VnUt. Then MeN(Vίf ,Vn)c:N(Uu .,Un),
and by Lemma 1, N(VU •••, Fw) is connected.

COROLLARY 2. Lei xe X. Then 2X is I.e. at {x} if and only if
X is I.e. at x.

We remark that if Me C(X) and 2X is I.e. at M, then Lemma 1
and Theorem 2 imply the existence of a local base of connected sets
at My each of which is of the form N(Ulf •••, Un).

The next several results concern the relationships between 2X

and C(X) with respect to local connectedness and connectedness im
kleinen at points of C(X).

THEOREM 3. Let Me C(X). If 2X is c.i.k. at M, then C(X) is
c.i.k. at M.

Proof. Let N(UU , Un) Π C(X) be an open set containing M.

Let N(VU •••, Vm) be an open set such t h a t MeN(Vlf - , Vm) c
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N(Vίf •••, Vm)*aN(Uί9 •••, Un). Since 2* is c.i.k. a t Λf, there exists

an open set N( Wί9 , Wk) such t h a t

M e i \ W , •••, Wk)<zN(Vu - , 7 . )

and wi th the property t h a t BeN(Wlf •••, Wk) implies JV(VΊ, •••, F w )

contains a connected set containing B and Λf. Then i\Γ(C7Ί, •••, Un)

contains a continuum containing B and Λf.

Let Ke N(WU •••, T7fc) n C(X). Then there exists a continuum

£? in N(UU -•-, Un) containing K and ikf. Now \J{A\Ae£f}=-
Le C(X), and LeN(Ul9 --, Un), since £f aN{Uu , !7W). It
follows that there exist order arcs =S^ and £fM in iV( C/Ί, , Z7W) ΓΊ

C(Z) from if to L and from M" to L. So f̂̂  U -Sfi is a continuum

in iVίiTi, •••, Un)f] C(X) containing K and M. Hence C(X) is c.i.k.

at M.

COROLLARY 3. Let Me C(X). If for each open set U contain-
ing M there is a component of U which contains M in its interior,
then C(X) is c.i.k. at M.

Corollary 3 is a generalization of Theorem 6 of [6]. The
example following Theorem 6 of [6] shows that the converse of
Corollary 3 is false. It also shows that the converse of Question 1
below is false.

Question 1. Let Me C(X). If 2X is I.e. at M, is C(X) I.e. at MΊ

COROLLARY 4. Let xe X. Then X is c.i.k. at x if and only
if C(X) is c.i.k. at {x}.

Proof. If X is c.i.k. at x, then by Corollary 1, 2X is c.i.k. at
{x}, and by Theorem 3, C(X) is c.i.k. at {x}.

Suppose C(X) is c.i.k. at {x}. Let U be an open set containing
x. Then {x}eN(U) n C(X), so there exists an open set N(V)f]C(X)f

{x}eN(V)Γ[C(X)c:N(U)nC(X), with the property that Me
N(V)f]C(X) implies N(U)Γ\C(X) contains a connected set contain-
ing M and {x}.

Now xeVaU. Let yeV. Then {y}eN(V) n C(X), so N(U) n
C(X) contains a connected set jSf containing {y} and {x}. It follows
that U {L I L e £f} is a connected subset of U containing x and y.
Hence X is c.i.k. at x.

COROLLARY 5. Let xeX. If X is I.e. at x, then C(X) is I.e.
at {x}.
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Proof. This follows from the observation that if V is con-
nected, then N(V)Γ)C(X) is connected, since each point of (N(V) f]
C(X)) - F^V) can be joined by an order arc in N(V) Γ) C(X) to a
point of -Pi(F), and F^V) is connected.

The next example shows that the converse of Corollary 5 is
false.

EXAMPLE 1. This example is from page 113 of [2]. For each
positive integer n and each positive integer m let Ln>m denote the
line segment in the plane from (l/(n + 1), (— ϊ)n+ίl/m(n + 1)) to (l/n, 0).
Let An = (U:-i £».*)* and let X= (USW-AJ*. Then X is c.i.k. at
(0, 0) but is not I.e. at (0, 0).

We now give a brief argument that C(X) is I.e. at {(0, 0)}. For
each n ^ 2 choose qn, rn, and sn so that l/(n + 1) < qn < rn < l/n <
sn < l/(n - 1). Let Un = {(a?, 2/) | a? < r J and Fw = {(a?, #) | ?n < x < sn}.
Then iV( Un) U JV( E/*, Fw) is a continuum-wise connected open set in
C(X) containing {(0,0)}, for if M, Ne N(Un) U N(Un, Vn), then
My Ncz{(x, y)\x< 11 n) U {(x, 0) \ 1/n <> x < sn} and a continuum can be

constructed in C(X) containing Λf and iVand lying in N(Un)\JN(Un, Vn).
Clearly {N(Un) U N(Un, Vn) | n = 2, 3, •} is a neighborhood base at
{(0, 0)}.

The following definition and Lemma 2 concern the finite topology
and will be used in proving our main results, in which we obtain
necessary and sufficient conditions that 2X be I.e. (c.i.k.) at an
arbitrary point.

Let Ae2x. A basic open set N(Uly •••, Un) is essential with

respect to A if A e N( Uu , Un) and for each i = 1, , n,
A - U ; ^ UjΦ 0.

LEMMA 2. Let Ae2x and N(UU , Un) be an open set contain-

ing A. Then there exists an open set N(VU •••, Vm) such that

A e N(Vlf , Vm) c N(UU -. , Un) and N(VU , Vm) is essential

with respect to A.

Proof. Choose xl9 •• , X Λ G A such t h a t xte Ut. Let Vl9 •••, Vn

be open sets such t h a t for each i = 1, , n, xt e Vt c f\ {Uό \ xt e Uό)

and with the additional property t h a t V, = V, if xt — ajy and Vt Π Vy =

0 if xiΦxi. Let {Fi, •••, Ffe} (relabeling if necessary) be the set

of Vifs which are distinct. For each y e A — U£=i Vt let Oy be an

open set such t h a t y ^OydΓ\{Uό\y e Uά} and such that Oy Π {xlf ,

x«} — 0 Since A — U<=iFi is compact, there exist yu -—,yP such

t h a t A — Ui=i Fi c U?=i Oyr We may assume t h a t all the OVi'& a re

distinct. Let {Oyχ, •••, O y } (relabeling if necessary) be the subset of
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{OVl, —-,Oyp} consisting of all the Oy.'s with the property that

(A - Uϊ=i V<) - U*« Oyj Φ 0 .
For notational purposes, for each j = 1, , q let Oyi = F 4 + ί and

let k + q = m. Then A e JV(Vw , F», V»+1, , Fm). Clearly

N(Vlt • -, Vk, Vk+lt - - , Vm)cN(Ult • , Un) .

For each j = 1, , k there exists x , e A such that xt e V, and

»< $ (U?=i ^ ) - F i F o r e a c h j = k+l," ,m,

so there exists α̂  e Vy Π (A — Uί=i ^ ) s u c ^ ^ a t α i ^ U
follows that Λ^(F!, •••, Vm) is essential with respect to A.

THEOREM 4. Let Ae2x. Then 2X is c.i.k. at A if and only
if 2X is c.i.k. at each component of A.

Proof. Suppose that 2X is c.i.k. at A. Let Ax be a component
of A and let W be an open set containing At. Let U be an open set
such that A.dUaU^aW and such that (bd U) n A = 0 . Let
{E7Ί, , Un} be a finite cover of 4 - ί/ by open sets such that
for each i = 1, * ,w, Ϊ7n C7"i = 0 and i f l ^ ^ 0 . Then i e
N{U,Uu- , Uu).

Let ^ be a component of iV( [/, Z/̂  , Ϊ7n) which contains A in
its interior. Define f:&-+N(U) by /(£) = BnU. If iSΓ(Vi, - , 7 P ) c
N(U), then /^(MVi, , V,)) - iV(Fx, - , VP, Ul9 , Un) f] &, so /
is continuous. Hence / ( ^ ) is connected.

Let N(VU •••, yff) be an open set such that AeN{Vl9 •••, Vq) c
^ Let {Fly , Fw} (relabeling if necessary) be the largest subset
of {V19 , Vq) with the property that for each j = 1, , m, Vά f]U^0.
Let {Vl9 , FΛ} (relabeling if necessary) be the largest subset of
V19 , F m with the property that for each j = 1, , ft, F, Π (U?=i ^ ) =
0 . For each i = 1, •, ft, let F/ = 7 y n P and F/ - V3 n (U?=i ^ )
Then

. . . , 7i, F,+ 1, . . . , Vmf VI . . . , F,2, F m + 1 , •-., F,)

Now if Be T, then

= Bf]U

= BΠ [ ( y F/) U (. U+i F,)] 6 ΛΓ( Vi1, .. , F,\ Ffc+1, .. , Vm) .

Conversely, suppose CeN(Vt, •••, F^1, 7i.+1, •••, Vm). For each y =

1, , ft, let a?y G F/ and for each j = m + 1, , q let x5 e Vj. Then
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C U {xlf , x k , x m + u *--,xq}eT a n d f(C U {xlf , x k , x m + ι , , a J ) =
Cef{T). Hence / ( n - N(V}, , Fί, F*+1, , Fm). So /(9f) con-
tains an open set containing An U.

Let C - U {f(B) | J3 e <if}. Then C* c [/* c TΓ. Let C(Λ) be the
component of C* which contains AL. Let N(VU , Fm, Fm+1, , F )̂
be an open set such that AeN(Vu •••, Fm, Fm+1, •••, Vp) c ' ^ and
such that U Γ - i ^ c t f and U U ^ c U ? = i ^ L e t {Vί9-'fVk}
(relabeling if necessary) be the largest subset of {Vlf , FTO} with
the property that for each ί = 1, , k, V? Π C(Λ) - 0 . (A slight
modification of the following argument is necessary in the case that
{Vu •••, Ffc} = 0.) Let 0 be an open set containing C{A^) such that
0 n (U?=i V?) = 0 and such that (bd 0) Π C* = 0 .

Let ^ e 4 l t Suppose x$ int C(At). Let 0^ be an open set con-
taining x such that Ox c 0 Π (Π {F< | a; e FJ). Let j / e θ s such that
7/$C(A!) and let C(2/) be the component of C* which contains y.
Since (bd 0) n C* = 0 , C(y) c 0. Let Oy be an open set containing
C(y) such that O,cO, OyΓ\C{Aύ = 0 , and such that (bd O^)nC* - 0 .

Now 0y,0—0y, and X — 0 * are disjoint open sets, and
C*cO y U(O- 0;)U(-3Γ- 0*). Consequently the sets #(0,), JV(O — 0*),
N(X - 0*), J^(Oy, 0 - 0¥*), iSΓίÔ , X - 0*), iV(O ~ 0*, X - Oη, and
jW(Oy, 0 — Oy, X — 0*) are pairwise disjoint, and /(&)* is contained
in the union of these sets.

For each i = 1, , k, let xte Vt. For each i = k + 1, , m,
C(Ai) n Vt Φ 0 , and since 0 — 0* is an open set containing C(A1)f

there exists xi e 0 — 0* such that xte Vt. Then {xu , xm), {xu ,
a?w, i/} e N(Vlf - , Vm) c / ( ^ ) . Furthermore, {̂ , . . - , ^ 6 ^ ( 0 - 0*,
X - 0*) and {xί9 - ,xm,y}e N(Oy, O - 0*, X - 0*). Hence /(£T)*
is not connected, so / ( ^ ) is not connected, a contradiction. Thus
the assumption that x $ int C{A^) was false. It follows that C(A^) is
a connected subset of C* which contains ^ in its interior. Hence,
by Theorem 1, 2X is c.i.k. at Aλ.

For the converse, suppose that 2X is c.i.k. at each component of
A. Let Us be an open set containing A and N(UU •••, Z7n) be a
basic open set such that AeN(Ulf , Un)czN(Uu , E/*)* c ^ .
By Lemma 2 we may assume that N(UU , Z7W) is essential with
respect to A. For each component Aa of 4̂ let {Uh, •••, t/"iw } be
the largest subset of {Uu , £7J with the property that for i =
1, - , na, AaΠ Uu Φ 0 . Then Aa e N(Uh, , UtJ. Let Ua -
U?=i ^ i By Theorem 1 there is a component Ma of ί/α which
contains Aa in its interior. For each j = 1, , wα let F/ — (int ikfα) π
i7 ί r Then AαG N(V?, . . . , F:J c Λ Γ ( ^ , 17^).

Now Λ c (J« (U?=i "̂ 7) a n ( i since A is compact there exists a
finite subcover of A of the form JJki (Uy=l ^70- Then
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Ae N( F"1 V"1 V?™ - Va™ ) c~N(U U)

The last inclusion follows from the construction and the fact that
N(Ulf"'9Un) is essential with respect to A. Let ikf = UΓ=i Λfα*.
Then MeN(Ulf ••-, J7J*.

Let JB e N(Vp, , F ^ , , V? , V?» ). Note that 5 -
Uf=i(# Π U*«ί *7'*). Now B n ( U j ^ F / ^ c i k q , s"o there exists an order
arc ^ from B n (U^l 7 f *) to Λfβ*. Define /,: ^ — ^ by ̂ (C) =
CU(Ur=2(£n Uj=ί^*)) Since union is continuous, f^a) is con-
nected, and B, Ma* U (U<* 2 (B f] \J*1[ Vf**)) e Λ ( ^ ) For each i =
2, ., m, there exists an order arc &ai from 5 Π (UJ=ΐ V/**) to M?r

For each i = 2, , m — 1, define fi{&a%) —> ^ by

- (0 Jiί*) u c u ( ΰ (* n U F

Then /i(^L4) is a connected subset of ^ containing (Ufci -Mα*) U
(U?«, (^ n U;-ϊ ^ f c*)) and (ULx ΛQ) U (U?^+i (B n U;_ϊ ^ * ) ) De-
fine / W ( ^ J ^ ^ / by A(C) = ( U K Λf*fc) U C. Then / m ( ^ m ) is a
connected subset of ^ containing (U?^1 Af«*) U(5ίl U*=? ̂ /m*) a n d

Af. Hence (JΓ=i/i(^) is a connected subset of *%/ containing B
and M. It follows that 2X is c.i.k. at 4̂..

THEOREM 5. Let A e 2X. Then 2X is I.e. at A if and only if
2X is I.e. at each component of A.

Proof. Suppose that 2X is I.e. at A. Let A1 be a component of
A and let W be an open set containing Ax. Let U be an open set
such that A, c Ua W aud such that (bd U) n A = 0 . Let {t/i, ,
ί7%} be a finite cover of A — U by open sets such that for each
i = 1, •••, n, Un Ut = 0 and An Ut Φ 0 . Then AeN(U, Ul9 •••,
Un).

Let 7 1 be a connected open set such that AeT* aN(U, Uίy ,
Z7J. Define f:T-+N(U) by /(#) = B f] U. An argument similar
to the one used in Theorem 5 will establish that / is both continuous
and open. Hence f(T*) is connected and open.

Let V=\Jif(B)\Bert}. Then VczU. Let Q(A,) be the
quasicomponent of V which contains A1 and let xe Q(AX). Let BeT*

such t h a t xef(B). Then there exists an open set N(Vlf •••, Vm,

Vm+1, . . - , VP) such t h a t BeN(Vlf ••., V», y w + 1 , •••, V p ) c W Λ •••,

Fw*, F m + 1 , , F,) c ^ and such t h a t UΓ=i K* c U and U?=w+i ^ c

U£=i ί/t Let {F,, •••, Vk} be the largest subset of {Vl9 •••, Fw} with

the property t h a t for each i = 1, •••,&, F^* Π Q(Λ) == 0 (A slight

modification of the following argument is necessary in the case t h a t
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{Vlf •••, Vk} = 0.) Since U*=i ^ * *s compact, there exist disjoint
open-closed sets S and T such that (J^i V? c S, ©(AO c T and
S U Γ - F .

Suppose ^ ί i n t Q ^ ) . Let 0 be an open set containing x such
that OczTn(Π{Vt\xeVi}). Let # e θ such that yξQiAJ. Then
there exist disjoint open-closed sets T' and T" such that Q(A^ c
T', y e T", and T' U T" = Γ.

Now I", T", and S are disjoint open sets whose union is F.
Consequently the sets N(T'), N(T"), N(S), N(Γ, T"), N(T', S),
N(T", S), and N(T', T", S) are pairwise disjoint and f(T) is con-
tained in the union of these sets.

For each i = 1, , k, let xte Vt. For each i = k + 1, , m,
Q(AX) n V* Φ 0, and since T' is an open set containing Q{A^), there
exists Xi£ T' such that xt e Vt. Then

Furthermore, {xlf , xw} e N(Γ f, S) and K , xm, y) e N(T', T", S).
Hence ftfΓ) is not connected, a contradiction, so the assumption
that x $ int Q(Ai) was false.

We have now established that QiA^ is open. So Q(A,) and
V — Q(A0 are disjoint open-closed subsets of V. If Q(A0 were not
connected, there would exist a proper open-closed subset of Q{A^)
(and hence of V) containing Alf which is impossible. It follows that
Q(ili) is an open connected subset of V containing At. Hence, by
Theorem 2, 2X is I.e. at A.

For the converse, suppose that 2X is I.e. at each component of
A. Let N(Ulf , U%) be a basic open set containing A. By Lemma
2 we may assume that N(Ul9 •••, Z7Λ) is essential with respect to A.
For each component Aa of A let {Uh, , Z7<Λ } be the largest subset of
{Ulf , Un) with the property that for each j = 1, , na9 Ut. Π Aa Φ
0 . Then AaeN(Uiί9 •••, Uin). Let Ua = (J^i Utj. By Theorem 2
there is a connected open set Va such that 4 f f c 7 α c I 7 α . For each
j = l,...,na let F ; = Va n ^ . Then

and by Lemma 1, JVίFf, , V J is connected. Now A c U*(U^i ^/)»
and since A is compact, there exist au , am such that A c
U*"i (U' i V/0. Then

.., Fί;, . . . , V?; •••, 7;-) = ^ ^ ^ . . . , ϋ.) .

The last inclusion follows from the construction and the fact that
N(UU , Un) is essential with respect to A.
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Let B, Ce T Π F(X) and for and i = 1, , m let Bt = B n
S V /0 and C, = C n (U;:i V?0. Then Bi9 C< e N(Vf*, , V%) Π

As in the proof of Theorem 2, for each i = 1, •••, m there
exists a connected set ^ in JV(V?% •••, V^.)C)F(X) which con-
tains B, and C,. Define j f r ^ - ^ Γ ) W ) by% F,(D) = DU(UΓ=2^).
Since /i is continuous, fi(J5fO is a connected subset of 3^ ΓΊ F(X)
containing B and CL U (U^-B*). For each i = 2, , m - 1 define
/<: 5 ? - r n FίJΓ) by /,(!)) = (Ufc\ Q U ΰ U (UE=*+i Bfc). Then /<(&$
is a connected subset of T Π ̂ (X) containing (Ufc\ Q U (UΓ=z Bt)
and ( U U Q U f l J t i + i ί * ) . Define / m : ^ m - f n f ( I ) by fm(D) =
(UK1 Cf) U D. Then / m (^ m ) is a connected subset of T Π i*XX)
containing ( U Γ ί Q U ^ and C. Hence UΓ=i/i(=^) is a connected
subset of T Π F(X) containing .B and C. It follows that T n 1̂ (X)
is connected, and since Y* f] F(X) is dense in ψ] Y* is connected.
Hence 2X is I.e. at A.

COROLLARY 6. Let Ae2x. If X is c.i.k. (I.e.) at each point
of A, then 2X is c.i.k. (I.e.) at A.

The converses of Corollary 6 are false. It is easy to verify (see
Lemma 2 of [1]) that for any continuum X, 2X is I.e. at X.

COROLLARY 7. The following are equivalent:
(1) For each i — 1, •••,%, X is c.i.k. (I.e.) at pt.
( 2 ) For each i — 1, •••,%, 2X is c.i.k. (I.e.) at {p j .
( 3 ) 2X is c.i.k. (I.e.) at {plf • • - , # „ } .
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