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THE MODULE STRUCTURE OF EXT(F,Γ)
OVER THE ENDOMORPHISM RING OF T

S. A. KHABBAZ AND E. H. TOUBASSI

§ 0* Introduction* Section 1 of the paper deals with the struc-
ture of the left End (T)-module Ext (F, T) where F is a torsion-free
group and T a torsion group. The main theorem states that if the
rank of F is n then the rank of Ext (F, T) over End(T) is at most
n. It is also shown that Ext (F, T) is a torsion End (T)-module.

In § 2 the case when F is a torsion-free divisible group of finite
rank is considered. It is shown that J^m, the elements of the
End(T)-End(F) bimodule Ext (F, T) whose splitting length is at
most m, are a sub-bimodule. Moreover J^~ = (JΓ=i ̂ 7 as well as ^ m

are not finitely generated sub-bimodules. However, when T is the
direct sum of cyclic groups, every finite number of elements of J ^
can be embedded in a submodule generated by at most rank F
elements belonging to _ ^ .

We introduce some notation. The word "group" will always
mean abelian group. Q will stand for the additive group of rational
numbers, N the natural numbers, and iV0 the nonnegative integers.
Let G be a group, then T(G) is the maximal torsion subgroup of G.
For x eG then hp(x) will denote its generalized ^-height in G, o(x)
its order, and (x) the cyclic subgroup generated by x. For a torsion-
free element x e G, U(x), the Ulm matrix of x, will refer to the
matrix h^x) over all i e No and primes p [9]. For the module
structure of Ext (F, T) over End (Γ)-End (F) we refer the reader to
[8]. Following [8] for a e End (Γ) [7 6 End (F)] and E e Ext (F, T) by
aE [EΊ] we mean the extension arising from the pushout [pullback]
diagram of E along a [7].

§ !• We begin by proving

THEOREM 1.1. For torsion groups T and torsion-free groups
F, Ext (F, T) is a torsion module over End(Γ).

Proof. Without loss of generality we may assume T is an un-
bounded, reduced torsion group. Hence we may write T = ^ 0 Γ2

where 2\ is a cyclic summand. Let EeExt(F, T), E:0->T~*X-+
F->0. Define aeEnά(T) by a \Ti = 1 and a\Tz = 0. Consider the
middle group of aE, namely, (T®X)/Nwhere N = {(a(t), -t)\teT}.

Observe that the torsion subgroup of (X + N)/N is bounded by the
order of 7\. Thus (X + N)/N splits into the direct sum of a torsion
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and a torsion-free group and the same holds for ( Γ 0 X)/N. Hence
aE is the trivial extension.

We now define our concept of rank.

DEFINITION. Let M be a left iϋ-module. We shall say that M
has rank at most n if and only if every finitely generated submodule
of M is contained in one generated by n elements. It has rank n if
in addition n is the least integer for which this holds.

We remark that our definition of rank is the one used by Priif er
in his fundamental work [10] on torsion groups. This definition is
given again in [5] p. 49. It is equivalent to the usual definition for
torsion-free and p-groups, and to that of reduced rank as given in
[1] p. 34. We now list two properties of this notion of rank:

1. The rank of a homomorphic image of M does not exceed
that of M.

2. If M is a finitely generated ^-module, where Z is the ring
of integers, then the rank of M coincides with the number of elements
in a canonical basis.

Note that in verifying that the rank of M is at most n it suf-
fices to check if every n + 1 elements of M can be embedded in
a submodule generated by n elements.

We now state a special case of our main theorem.

THEOREM 1.2. Let T be a torsion group which is the direct
sum of cyclic groups. Then the rank of Ext (Q, T) over End(Γ) is
at most one.

Since the proof of the theorem is rather lengthy we defer it to
later. Assuming for the moment that it holds we show how to
extend it to arbitrary torsion groups.

THEOREM 1.3. For an arbitrary torsion group T, the rank of
Ext (Q, T) over End(Γ) is at most one.

Proof. Without loss of generality we may assume T is an un-
bounded reduced torsion group. By the observation following our
definition of rank it suffices to show that for Eίf E2 e Ext (Q, T),
Ei:0-+T-+Xi-^Q-*0, there exists an E e Ext (Q, Γ) and at e End( T)
such that atE = Ei9 i = 1, 2.

Consider the exact sequence 0 —• B -£- T —> T/B —> 0 with B basic

in T. From that we get the exact sequence Ext (Q, B) ̂ > Ext (Q, T) ->
Ext (Q, T/B) = 0 with the last term zero since T/B is injective. Let
Eί e Ext (Q, B) such that p*(El) = ρE\ = Eif i = 1, 2. By Theorem 1.2
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there exists an Er e Ext (Q, B) and a\ e End (B) such that a\Ef = E\,
i = 1, 2. But by a theorem of Szele there exists a surjection ω: T—>B.

Hence Ext (Q, T) ^ Ext (Q, £) -> 0 is exact. Let E e Ext (Q, T) such
that ω*(E) = ωE = Er. Set α, = ρa\ω, i = 1, 2. Now α,!? = ^α ωί; =
ιθα £" = | 0 ^ = Et as desired.

We are now in a position to prove the general theorem.1

THEOREM 1.4. Let F be a torsion-free group of finite rank n
and T an arbitrary torsion group. Then Ext (F, T) is of rank at
most n over End(ΪΓ).

Proof. To prove our assertion it suffices to show that for any
Elf , En+1 G Ext (F, T) there exist Γu , Γn e Ext (F, T) and ai3 e
End (T),l^i^n,l^j^n + 1 such that Σ?=i «ϋΛ = #y for all j .
Let Λ, be the embedding of F in Qx φ 0 Qn where Qi = Q for
l^i^n. Therefore, the sequence φ j = 1 Ext (Q,, Γ) = Ext (d φ 0

Qn, Γ) ^ Ext (F, T) ~> 0 is exact. Let Eό e ©?==! Ext (Q,, Γ) such that
h*(Ed) = Ejf j = 1, , n + 1. Write JE, = Σ?=i E« where ^ . e
Ext (Qi9 T) for all 1 ^ i ^ w + 1. By applying Theorem 1.3 to
En, - , Ein+ίeΈxt(Qίf T) we conclude that there exists a Γ<e
Ext(Q,, T) and a t t, , ain+ιe End (ϊ7) such that

atlΓt = Eil9 , ain+1Γt = Ein+1 for all i = 1, -, n .

Observe that ^ = ΣJ = 1 α : , ^ for all i = 1, , n + 1. Set Γ, = A*(Λ).
Now Σ?=i «ϋ Λ = Σ?=i «iy^* (f,) = Σ?-iλ* («<iΛ) - Λ* (Σ?=i α<iΛ) =
h*(Ej) = E3 for all j = 1, •• ,τ^ + l, using the fact that A* is an
End (Γ)-homomorphism. This concludes our proof.

Before we give the proof of Theorem 1.2 we state a fact which
we will use and the proof of which is omitted.

Let A be an abelian group which is the quotient of a free group
on the generators α, α0, al9 , modulo a subgroup generated by
relations in one of the forms described below:

I. pkia — phiat i = 0, 1, 2, , and where k0 = 0, &,, Λf 6 iV0,
&i+1 > kif and Aί+1 > ht + Ai+1 — Λ£ for all i.

II. pfeία — phiat for i = 0, 1, , n and pkn^a — pϊjan+j for j 1 =
1, 2, , such that k0 = 0, fc,, fe<f 7̂  e JV0, and ki+1 > ki9 hi+1 > ht +
A;ΐ+1 — kt for i = 1, 2, , w — 1, Ίι > hn + βn + 1 — few and Ίj+ι > 73 for
all j .

III. p^a-p^a, for ΐ = l, •••,% α Λ + / - p α Λ + i + 1 for j = 0 , 1, 2, •••,
such that kQ — 0, kif ht e ΛΓ0, fc<+1 > &< and fc<+1 > λ t + fc<+1 — A* for

1 This result has since been generalized by the authors in a paper which is to
appear in the Proc. Amer. Math. Soc.
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Then for relations of type I, T(A) = φf=o <α< - p Λ ί + 1 ~ λ ί ~* ί + ι + f c ί α ί + 1 >

type II , T(A) = (φΓo1 <at - p*«+i-**-*<+i+*<αι+1>) φ <αΛ - p * - * -* +i+* αn + 1>

θ (ΘΓ=i <α»+i ~ Prj+1~7ja>n+j+i)) and type I I I ,

T(A) = φ <α4 - phi^'ki-ki+1+kiai+1)

and in all cases AjT(A) ~ Qp where Qp = {n\pi eQ\n, ie N}.
Although in the proof that follows it may seem that we are

laboring unnecessarily hard, the details of our construction are tailor-
ed to the next section w ĥere we prove results on certain submodules
of Ext.

Proof of Theorem 1.2. It suffices to show that for any Eu E2 e
Ext(Q, T) there exists an E e Ext (Q, T) and ^ e E n d ( Γ ) such

th&t azE = Ei9 i = l,2. Let Eλ: 0 — ϊ 7-* X^ Q~> 0 and £r

2:0-*Γ-->
y ^ Q - > 0 . Choose ίreX, t j e Γ such that σ^x) = I, σ2(y) = 1.
We now proceed to construct a group G whose direct sum with a
torsion group will constitute the middle group of the desired exten-
sion E. [The object of the construction is to keep the height slope
and thus the splitting length of G compatible with those of X and
Y, see § 2 for the definitions.] The group G will be the quotient of
a free group on a countable set of generators modulo a subgroup
generated by certain relations. We shall call the set of free gener-
ators S and the set of relations B. Let g e S. The remaining ele-
ments of S and the elements of B will be defined inductively below.
For every prime p we proceed as follows. Define

mι =

co if hpitfx) = co = hpi

ω if a) <: min (h^px),

min (hp(pix)9 hp{pζy)) otherwise .

Consider m0. We have the following cases.
I. mQ = co. Let S include the generators g0, glf g2y •••, and B

the relations g — pg0, g% — pgt+1, i = 0, 1, 2, . Note that the re-
lations added to B produce no torsion elements in G. We do not
introduce any further generators or relations relevant to this par-
ticular prime and proceed to the next one.

II. m0 = ω. Add to S the generators gOf gu g2, •••, and to B
the relations of the form g — pίigi where yi+ι > 7< and pTi is the
order of a cyclic generator in T for i — 0, 1, 2, . T contains such
generators since co <5 min (hp(x), hp(y)) < co implies that the Ulm in-
variants of the p-component of T do not vanish cofinitely often.
Here again we do not define any more generators or relations for
that prime.
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III. m0 < ω. We put goe S and the relation g — pm°gQ in B.
Observe that this does not introduce any torsion in G.

Suppose inductively we have taken care of m0, , mn. Consider
mn+ι. Observe that if m% = ω or co for 0 <̂  i <̂  n, then all the
generators and relations relevant to that prime had been added to S
and B respectively. Hence we may assume that m% < ω for 0 ^ ί ^ n.
We have three cases.

I. mn+ι = co. Adjoin to S the generators gn+ιJ i = 1, 2, , and
to B the relations pn+ιg - pmn+1gn+1 and gn+ι - pgn+i+ι for i = 1, 2,
These relations introduce a torsion element in G generated by
(#% — ffn+i) and whose order is pm^+ι. T contains a summand with
this order since there is a gap either between hp{pnx) and hp(pn+1x)
or between hp(pny) and hP(pn+1y). This will end the definition of
generators and relations relative to this particular prime.

II. mn+1 = ω. Add to S the generators gn+ι and to B the re-
lations pn+1g — pHgn+i for i = 1, 2, , such that τ : > mw + 1, Ίi+ι > Ίτ

and pn is the order of a cyclic generator in T for i = 1, 2, . The
relations introduced in 5 produce the following torsion in G, (gn —
VTι~mn~ιgn^} Θ(ΘΓ=i <flr +i~ί> r t + ι" r^n+i+i» with o(gn-pn-m--1gn+1) = pm^1

ando(gn+i-pr^-rϊgn+i+1) = pri,i = l,2,- . Since min(^(p % x),/ ι p (^))<ω
and ω ^ min (hp(pn+1x), hp(pn+1y)) < co we can conclude that T contains
a summand isomorphic to this subgroup. Here again this will end
the definition of the generators and relations for that prime.

III. mn+1 < ω. We adjoin gn+1 to S. If mn+ι — m% + 1 then
add the relation gn — gn+1 to B. If m%+1 > mn + 1 then we introduce
the relation pn+1g — pmn+1gn+ι. Observe that no torsion arises if
mn + 1 = mn + 1 while in the case mTO+1 > mn + 1 we get a cyclic group
generated by gn — p7nn+l"m^1gn+1 and of order pm^+ι. T contains such
a summand since there is a gap either between hp(pnx) and hv(pn+ιx)
or between hp(pny) and hp(pn+ίy).

The group G is defined inductively on introducing generators
and relations for all primes p. It is easy to see that G/T(G) ~ Q.
Recall that at each step of the construction of G we made sure that
any torsion we introduced was isomorphic to a summand of T.
Moreover, no overlap occurs at the various steps and for the various
primes. Thus we can conclude that T(G) is indeed a summand of T.

Let T= Γ ( G ) φ Γlβ We are ready to define E e Ext (Q, T) by

£' :O~->2 7 ~->T 1 0GΛζ)-+θ where σ(g) = 1. It remains to produce
α:, G End (Γ), ΐ = 1, 2. To get α^ e End (T) we first define a homomor-
phism f:G—+X. We begin by defining / on S, the set of generators
defining G. Set /(#) = x. Consider the generators on a fixed prime
p. We have to define / on the generators arising from three cases.

I. The generators arising from the case mn < ω and mn+1 = co.
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From the definition of mn+ί we have hp(pn+1x) = oo. Hence we may
write pn+1x = pm*+1xn+1, xn+i = pxn+i+1 for some xn+i e X, i = 1, 2, .
Set f(gn+ί) = xn+i.

II. The generators arising from ww < ω and mΛ+1 = o). Again
from the definition of mn+1, hv(pn+ϊx) ;> ω. Hence there exist xn+i e X
related to pn+1x in the same manner as the gn+ί are related to pn+1g
in G. We define f(gn+i) = xn+i, ί = 1, 2,

III, The generator arising when mn+1 < ω. Again from the
definition of mn+19 hp(pn+1x) ^> mn+1. Hence there exists an xn+1 such
that pn+ίx = p m * + 1 ^ + 1 , and we set /(^ + 1 ) = a?Λ+1.

We repeat this for all generators arising from all primes. Observe
that the function / defined above on S respects all the relations in
B and hence is indeed a homomorphism from G-+X. This induces
/ : T, © G -> X defined by f\Tι = 0 and f\σ=f. Observe that in the
diagram

£7:0 > T > τx@G-^->Q >0

-1
σj—σ. So by defining αiGEndί?7) by α i = / | Γ we ensure the
commutativity of the diagram. Thus ajϋ — E1 as desired. Similarly
we can define an a2eΈnd(T) such that aJE = E2 and our proof is
complete.

§ 2. Applications. In this section we generalize a theorem of
[4] and apply our results to investigate the structure of the sub-
bimodules ^ ^ and &~ of Ext (D, T) where D is a torsion-free divisi-
ble group of finite rank and T a torsion group. But first we need
to recall some definitions from [3], [4], and [7]. The splitting length
of an abelian group A, written l(A), is defined to be the least positive
integer n, otherwise infinity, such that A (x) (x) A (n factors) splits
into a direct sum of a torsion and a torsion-free group [3]. The
concept of splitting length is induced on Ext (D, T) as follows. For
EeΈxt(D, T), E:0->T-+X-»D->0, define l(E) = l(X) [4].

Let A be an extension of ϊ1 by ΰ . In [7] the height slope of
A, h. s. A, is defined by

h. s. A = -

0 if hp(a) = 0 for infinitely many primes p

and some torsion-free element a e A

inf supinfinf
N i
p

neN p i

otherwise.

We now state the main theorem in [7] relating height slope to
splitting length.
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THEOREM 2.1. Let G be a nonsplitting mixed group having
arbitrary Λ-primary torsion subgroup T(G) for which G/T(G) is
Λ-divisible. Suppose h. s. G = c Φ 0. Then l(G) — n if and only if
one of the following holds:

( i ) c belongs to the open interval (n/(n — 1), (n — l)/(n — 2)), or
(ii) c = n/(n — 1) and for every torsion-free g eG there is an

n(g)eN such that for every peΛ there is a function fp:NQ—>NQ

nondecreasing to infinity such that hp(pin(g)g) > c(i + fP(i)) for all
ieNQ.

We now generalize a theorem of [4] where the result was proven
for p-primary T.

THEOREM 2.2. Regard Ext (D, T) as an End (D)-End (T)-bimodule
where D is torsion-free divisible and T an arbitrary torsion group.
Then the subset j^~m — {.EG Ext (Z), T) \ l(E) ^ m} is a sub-bimodule.

Proof. We give a proof based on the concept of height slope.
Let EeΈxt(D, Γ), E: 0 — T->X->D~+0 and a e End (Γ), 7 6 End (JO).
It suffices to show that l{aE) <> 1{E) and 1(EΊ) £ l(E) where a e End (T)
and 7 e End (D). The result now follows from the following two
facts.

(1) If (a, f, l):E—>aE is the morphism given by the pushout
diagram then for any torsion-free element x e l , U(x) ^ U(f(x)). This
implies that h. s. X ^ the height slope of the middle group of the
extension aE and so l(aE) <̂  l(E).

( 2) Let (1, g9 7): El —> E be the morphism given by the pullback
diagram and Y the middle group of El. Then using the fact that
D is torsion-free divisible it is easy to see that U(y) = U(g(y)) when
y ί T(Y). Thus h. s.X^h.s.Y and l(Ei) ^ 1{E).

COROLLARY 2.3. For D and T as in the theorem then ^ =
Um=i ^ is a sub-bimodule of Ext (Z), T).

We now turn our attention to the structure of the End(T)-sub-
modules j ^ * m and J^~ when D is a torsion-free divisible group of finite
rank and T an arbitrary torsion group. We raise the following
questions: 1. Is ^mj ^ a finitely generated module? 2. If the
answer to 1 is negative, is ^mj ^ of finite rank?

The answer to 1 is negative even for D = Q and T the direct
sum of cyclic p-groups of unbounded order. Suppose El9" ,Ek

generate ^ m over End(T). Let clf •• ,cJfc be the height slopes of
the middle groups of Eu ---,Ek. Choose EeΈxt(Q, T) such that
the height slope of its middle group is less than minl^, •• ,cfc} but
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also lies in (m/(m — 1), (m — l)/(m — 2)). This is possible by [11].
By Theorem 2.1 Ee^Z,. Since the action of the ring End(T) does
not decrease height slope, so Eg (Eίy , Ek). This also shows that
J^~ is not finitely generated.

The answer to question 2 is affirmative when T is the direct
sum of cyclic groups. We will show this for D = Q as the general
case follows by a proof similar to that of Theorem 1.4. Here we use
the details of our construction in Theorem 1.2. Suppose Eu E2 e ^ m

with middle groups X and Y respectively. Consider the extension E
as defined in Theorem 1.2 and let G be its middle group. Observe
that G was built with an Ulm matrix whose finite entries correspond
to the minimum of the finite entries of the Ulm matrices of X and Y.
This insures that h. s.G = min (h. s. X, h. s. Y) and by Theorem 2.1
l(G) = max (l(X), l(Y)). Thus EeJ^l, as desired. Question 2 is open
for arbitrary T.

Note that although in the last two paragraphs ^m and ^ were
viewed as End (Γ)-submodules of Ext (D, Γ), the restriction was
needless. Our conclusions in fact hold for the sub-bimodule structure
since endomorphisms of D do not increase the splitting-length.
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