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THE GENERALIZED INTERVAL TOPOLOGY ON
DISTRIBUTIVE LATTICES

R. H. REDFIELD

The author has recently introduced the generalized interval
topology on a partially ordered set as an alternative to the
standard interval topology. In this paper, the structure of
generalized segments in lattices is investigated, and sufficient
conditions are given for the generalized interval topology on a
distributive lattice to be a lattice topology; adding another
condition ensures that the topology is Hausdorff. Similar
results are obtained for a slight modification of the generalized
interval topology, the generalized star-interval topology, and
examples are constructed which illustrate less restrictive situat-
ions.

1. Introduction; terminology and notation. In [6], we
introduced the concept of generalized intervals in a partially ordered set
and showed that they could be used in a natural way to define a
topology, called the generalized interval topology, on the set. The
definition we used was based on one for intervals, which was given by
Frink in [4], and which formally extended the “‘closed set” definition of
the usual interval topology on a totally ordered set to an arbitrary
partially ordered set. The use of generalized intervals in place of
intervals in Frink’s definition did not change the topology on un-
bounded, totally ordered sets; however, on cardinal products of dually
(i.e. both upwards and downwards) directed sets, the generalized
interval topology turned out to be not only different from Frink’s
interval topology but in fact precisely the product of the generalized
interval topologies on the factors.

In this paper, we investigate the possible continuity of the lattice
operations with respect to the generalized interval topology on a
distributive lattice, and give conditions which ensure that the topology
is Hausdorff. The definition of generalized intervals adds to the
corresponding standard interval certain ‘“‘relatively perpendicular’”
elements. The motivation for the definition stems from the plane,
where one may consider the set

{,ylt=y=-1

to be an interval rather than the usual set

{0,y)|[1=y=—1}.
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The standard polar of an /-group was used to describe these “‘relatively
perpendicular” elements in [5], and thus pointed the way to the
definition in [6] of upper and lower polars in any partially ordered
set. To obtain the necessary machinary to ensure that a distributive
lattice has a Hausdorff generalized interval topology which is also a
lattice topology, we investigate upper and lower polars (§2) and general-
ized segments (§3), in some detail. The major results (Theorems 4.3
and 5.2) are proven for certain distributive lattices which, whenever
possible, have nontrivial polars that are ‘““minimal’ in a natural sense.

Intervals may not be closed with respect to the generalized interval
topology. Thus, in [6], we considered the generalized star-interval
topology, which for a directed set is just the topology generated by the
interval topology and the generalized interval topology. Most of the
machinary developed here is valid for star-polars and generalized
star-intervals as well as for polars and generalized intervals, and thus
only a slight change of hypotheses might be needed to ensure that the
main results for the generalized interval topology could be proved
directly for the generalized star-interval topology. However, we pre-
fer to use connections, established here and in [6], between the
generalized interval and star-interval topologies, to obtain the results for
the generalized star-interval topology as corollaries of the results for the
generalized interval topology.

Terminology left undefined here may be found in [1], [2], and [9].

Let (P, =) 1029 noted a partially ordered set. We use v to
indicate the least upper bound of two elements, if it exists. A
statement of the form a vb = ¢ means that a v b exists and equals
c. We use A (greatest lower bound) similarly. Let A,BC
P, x,y € P. Then

u(Ay={p €P|pz=a forall a€A}
I(A)={pEP|p=a foral a€A}
ArB={arbla€A, bEB}, AvB={avbla€EA bEB}, xAB=
{x}anB, xvB ={x}vB, u(x,y)=u({x,y}), and I(x,y) = ({x,y}).
We denote an open interval in P by
la,b[={x € Pla <x < b},
and an interval (or closed interval) by

[a,b]={x EP|a=x =b}.

We may combine the notations, as in
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la,bl={x|a<x =b}; [a,b[={x|a=x<b}.

An initial segment of P is a set of the form (—o,r]=1[(r) for some
r € P; a final segment of P is a set of the form [r,©) = u(r) for some
r € P. Frink’s interval topology [4] on P takes P and ¢, together with
all final and initial segments as a subbase for its closed sets. We denote
the interval topology on P by $(P).

Let {P,|a € A} be a collection of partially ordered sets. The
cardinal product of the P,, denoted by |II| {P, |« € A}, is the Cartesian
product of the P with order defined pointwise, i.e. by: f = g if and only
if af =ag forall a € A. If A is finite, say A ={1,2,---,n}, then we
usually denote the cardinal product by P,|x|P,|X || X|P,.

We consistently use totally ordered set to refer to a partially
ordered set in which every two elements are comparable. If P is a
partially ordered set, and if T is a totally ordered set, then the

lexicographic product of P and T, denoted by P X T, is the product of P

and T ordered by: (a,b)=(p,t)ifandonlyif b <t,orb =t anda =p.
If G is an [-group, then for all A CG, A*={a€ A|a =0} and
"={a€A|a=0}

We let N be the natural numbers, Z the integers, and R the real
numbers. Unless otherwise noted, N,Z, and R have their usual
orders. By the plane, we mean R|x|R.

If 7 is a topology on a set X, we use Ty, T, and Hausdorff to refer
to the corresponding separation axioms in sense of [9]. If L is a lattice
with topology 7, then (L, J) is a topological lattice if both

Vi(LXL, 9 xJ)—>(L,9),
AN(LXL,IxIT)—>(L,T),

are continuous. Note that (L, 7) may be a topological lattice even if 7
is not Hausdorff.

2. Upper and lower polars. Upper and lower polars for a
partially ordered set were introduced in [6] as a generalization of polars
for an [-group. For the results of this paper, we need to look into the
structure of these new polars more deeply than we did in [6].

Let (P, =) be a partially ordered set. Suppose that r,s,t € P are
such that r =s =t. The set

(s;)1={p EP|p rt =5}

is called the upper polar of t with respect to s (or the s,t upper
polar). The set
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(s,ty={p €EP|pvr=s}

is called the lower polar of r with respect to s (or the s, r-lower polar).
We noted in [6] that in an [-group G, for all g >0,

0,8) =(g")",
(0’ —g)T: (gl)—7

where g* ={h € G| |h| » g = 0} is the standard polar for an [-group (see
[3], [8], and [5]). Thus, in the plane,

((0,0), (0, 1))* ={(x,0)|x = 0}.

For r,s,t € P with r = s = t, we define the upper star-polar of t with
respect to s, denoted by *(s,t)*, to be (s,t)" if s<t, and {s} if
=t. Similarly, the lower star-polar of r with respect to s, denoted by
*(s, r); is defined as (s, r)yif r <s,and {s}if r =s. All the results of this
section will remain true if polars are replaced by star-polars.

ProposiTION 2.1. Let (P, =) be a partially ordered set, and let
r,s,t € P be such that r <s <t. Then

N (nt)y-C(rs),
@) @ ryC(t, s
If (P, =) is a modular lattice, then
(i) sv(r,t)*C(s,t),
@iv) sAa(t,ryC(s,r).

Proof. (i) Let b €(r,t)*. Thenb at=r. Clearlyr=b and s =
t. fu=bandu=s,thenu=>b and u=t i.e. us=sbnrt=r. Thus
brs=r i1e be&(r,s). Statement (ii) is the dual of (i). (iii) Let
be(r,t). Then bat =r, and hence

(svb)at=sv(bat)=svr=s,
i.e. bvs €(s,t). Statement (iv) is the dual of (iii).
ProposiTION 2.2. Let (L, =) be a distributive lattice. Letr, s, t €

L be such thatr <s =t. Then the following statements are equivalent :

@) ralt,ry=rna(sr),
(i) ralt,ry2ra(sr),
@) sa(t,ry=(s,r),
(iv) sa(t,ry2(s,r).
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Proof. Clearly, if s =t, then statements (i) — (iv) are
equivalent. Suppose that s <t. By Proposition 2.1, (iii) is equivalent
to (iv). Clearly by Proposition 2.1,

ra(trk=ra(sa(t,ry)Cra(sri.

Thus (i) is equivalent to (ii). Similarly, one may see that (iv) implies
(ii). It remains to show that (ii) implies (iv). Suppose that (ii) holds,
and let x €(s,r)}. By (ii), there exists b €(t,r) such that rab =
rax. Thenxvr=s,bvr=t andsince t=s=x, t Ax =x. Thus

sab=(xvr)ab
=(xab)v(rab)
=(xAb)v(rax)
=xa(bvr)
=XAl =X,

i.e., x € s a(t,ry. Therefore, (iv) holds.

Since Proposition 2.2 holds, its dual also holds. We usually will
not state the dual of any result explicitly, even though we may use it
later on. As an example, however, we will write out the dual of
Proposition 2.2:

ProrosiTioON 2.3. Let (L, =) be a distributive lattice. Letr,s,t €
L be suchthatr = s <t. Then the following statments are equivalent.

() tvrt)y =tv(st),

) tv(rt) Dtv(st),

(i) sv(rt)y - =(s,t),

(iv) sv(nt) - 2(st)".

Let (L, =) be a lattice. Let r,t €L be such that r<t. The
interval [r,t] has equivalent lower polars if for all r <s <t,

sA(t, sy=(s,r).
Similarly, [r,t] has equivalent upper polars if for all r <s <t,

sv(r, sy =(st).
If [r, s] has both equivalent lower polars and equivalent upper polars,
then [r, s] is said to have equivalent polars.

We note that in the plane [r, t] has equivalent polars if and only if
[r,t] is totally ordered. However, if we let R* be R with — and ©
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adjoined, and if L = (R*|x |R*) X R, then [(, %, — 1), (—®, —, 1)] has
equivalent polars but is not totally ordered. Thus, non-totally ordered
intervals may have equivalent polars, even in distributive lattices.

We note that replacing polars by star-polars does not change the
above definitions.

Our next result, which will be very useful in the sequal, provides an
alternate characterization of intervals which have equivalent lower
polars.

ProrosiTioN 2.4. Let (L, =) be a distributive lattice. Let r,t €
L be such that r <t. Then [r,t] has equivalent lower polars if and only
if for all r=s<t, (t,sy=(t,r), and for all r<s=t, ra(t,ry=
ra(s,ry.

Proof. Suppose the conditions hold, and let r <s <t. Since
ra(t,ry=rn(s,r), then s A(t,r)=(s,r) by Proposition 2.2. Since
(t, s)r= (¢, r), this implies that s A(t,s) = (s,r). Therefore, [r,t] has
equivalent lower polars. Conversely, suppose that [r, t] has equivalent
lower polars. Clearly, it suffices to show that both conditions hold for
r<s <t. By Proposition 2.1, (t,sy2D(t,r}. Let b€(t s). Then
sAb E(s,r), since [r,t] has equivalent lower polars, and hence
(sAb)vr=s. Since(L,=)issa(bvr)=s,sa(bvr)=s,ie.bvr=
s. Since b €(t,s), bvs=t. Then

t=bvs=bvbvr=bvr=stvt=t.
Hence, bvr =t, i.e. b €(t,r), and therefore, (¢, s)=(t,r)r. For the
other condition, we note that, since [r, t] has equivalent lower polars,

and since (t, s)= (t,r); by the above,

SA(t,rx=s At sh=(s,r)
By Proposition 2.2, r A(t,ryr=r a(s,r):

The last three results of this section will be needed in the sequel.

PropoSITION 2.5. Let (L, =) be a distributive lattice. Suppose
that r,z,t,d € L are such that r=z<t=d and for all z <a =d,
d € av(z,a)'. If[r,t] hasequivalent lower polars, then [z,t]={z,t}.

Proof. Suppose that z<a =t. Then z<a=d, and hence
deav(z,a). LetbeE(z,a)* be such that d =a vb. Then

t=dat=(avb)at=av(bat).
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If bat <t thena €(t,bat)r. Since b €(z,a)*, b =z =r, and hence
bat=r. Since [r,t] has equivalent lower polars, this implies (by
Proposition 2.4) that (t,b At)=(t,.r)r. Thusa E(t,r),ie.a=avr=
t. If bat=t, then

z=trz=tan(brx)=tArx =aq,
which contradicts our choice of a. Thus [z,t]={z,t}.

ProposITION 2.6. Let (L, <) be a lattice. Let k,r,l,t EL be

such that k =r <l <t and [r,t] has equivalent lower polars. Then
t& vk, D"

Proof. Suppose that t€lv(k,[1)*. Then t=I[vb for some
b e(k,1)", and hence b €(t,l}y Since [r,t] has equivalent lower
polars, [ A (t,I)=(l,r), and hence

k=Inbelntly=Ur)y

Thus r =k vr =1 which contradicts our choice of r. Therefore,
t& vk, )"

ProrosiTiION 2.7. Let (L,=) be a distributive lattice. Let
r,u,w,t € L be such that r =u <w <t and [r,t] has equivalent lower
polars. Then t&w v (u, w)*.

Proof. Suppose t€wv(u,w)'. Then t=wvb for some
b€ (u,w)". Thus b E(t,w) and hence by Proposition 2.4, b €
(t,r)y Since b aw =u,

r=rau=rabaw=bnar,
i.e, b=r. Thust=rvb=>b. But this imples
Uu=baw=taw=w,
which contradicts our choice of u and w. Therefore, t& w v (u, w)*.
3. Generalized intervals and segments. Let(P, =)bea
partially ordered set. Let r,s,t EP be such that r=s=t Let
[r,s,©) be the set of points x € P such that there exists a €(s,r)r
satisfying

(@ Nla,r#¢
b) l(a,r)Cl(x).
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Let (=, s, t] be the set of points y € P such that there exists b € (s,t)*
satisfying

() u(b,t)#¢,

(d) u(b,t)Cu(y).
We note that if P is a lattice, then

(—,s5,t]={y€P|ly=bvt for some b E(s,1)'},
[r,s,0)={x EP|x=b ar for some b E(s,r)}.

Let[r,s,t]=[r,s,0)N(—x,s,t]. A generalized final segment of P is a
set of the form [r,s,®) for r,s € P with r =s; a generalized initial
segment of P is a set of the form (— o, s,t] fors,t EP withs =t;anda
generalized interval of P is a set of the form [r,s,t] for r,s,t € P with
r=s=t

In the plane, the interval [(0, —1), (0,1)] is not a generalized
interval; a corresponding generalized interval is

[0, -1, 0,0, O, D] ={(x,y)|-1=y =1}.

Letr,s,t € P be suchthat r =s =t. The sets *[r, s,») and *(—, s, t]
are defined in the same way as [r, s, ) and (— «, s, t] above, except that
when polars appear in the definition, they are replaced by the corre-
sponding star-polars. Generalized star-segments and generalized star-
intervals are defined accordingly. All the results of §3 remain true if
polars and generalized segments are replaced by the corresponding
star-polars and generalzied star-segments.

The following two results are essentially corollaries of Proposition
2.4.

ProrosiTioN 3.1. Let (L, =) be a distributive lattice. Let r,t €
L be such that r <t and [r,t] has equivalent lower polars. Ifr =s <t,
then [s,t,) C[r,t,).

Proof. Let zZ €[s,t,°). Then zZsAb for some
b €(t,s). Since [r,t] has equivalent lower polars, b € (¢, r)rby Prop-
osition 2.4. But z=sAb =r ab, and hence z E[r, t,»).

ProrosiTioN 3.2. Let (L, =) be a distributive lattice. Letr,s,t €
L be such that r <s =t and [r,t] has equivalent lower polars. Then
[r,t,0) = [r,s,).

Proof. Since [r, t] has equivalent lower polars, by Proposition 2.4

sA(t,ry=sa(t,shk=(sr)
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Thus
[r,t,o)={yEL|yzbnar for some b €(t,r)}

={yeL|yzbarnas forsome b E(t,r)}
={yEL|yzcnar for some c E(s,r)}

=[r,s,»)

The next result was proven in [7]. Although it will be used only
for the main theorem in §5, we include it here to enable us to compare
Propositions 2.6 and 2.7 with Lemma 3.4.

ProrosiTION 3.3. Let (L, =) be a lattice. Let r,t €L be such
that r <t. If L is modular, then

(i) for all x €E(—o,r,t1N[t,®), there exists b € (r,t)* such that
x=tvb.
If L is distributive, then

(i) for all x €E(—o,r,t]1N[r,x), there exists b € (r,t)" such that
x=(xAt)vb.

In view of Proposition 3.3, the following lemma says that if k = r in
Proposition 2.6, or if u = r in Proposition 2.7, then we could have
assumed that [r,¢] had equivalent upper polars instead of equivalent
lower polars.

LemMA 3.4. Let (L, =) be a distributive lattice. Letr <s <t be
such that [r,t] has equivalent upper polars. Then t&(—,r,s].

Proof. Suppose that t €(—o,r,s,]. Then t=svb for some
b €(r,s). Since r <s <t, then by the dual of Proposition 2.4, b €
(r,t)*, and hence

t=(svb)at=sv(bat)y=svr=s,

This contradicts our choice of s, and thus tZ (-, r,s].
The next result is the main one of this section, and will be
extremely useful in the sequel.

ProrosiTioN 3.5. Let (L, =) be a distributive lattice. Let r,t €
L be such that r<t, [r,t] has equivalent upper polars, and
[r,t1#{r,t}. Then
N{L \ (=, r,s]llr<s <t}

is a dual ideal of L.
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Proof. Let S denote N{L \ (—,r,s]|r<s<t}. Ifx €S and
x =y, then clearly y €S. Suppose that x,y €S, but that x Ay €
(—o,r,s] for some sE€L with r<s<t Let x'=xvr and y'=
yvr. If d€(r,s)" is such that x Ay = s v d, then

’

x'Ay =(xay)vr=svdvr=svd.

Thus x'Ay' €(—oo,r,5].

If x'Ay’'=t, then clearly t € (—x, r, s], which contradicts Lemma
3.4. Thus x'Ay'Zt, and hence, without loss of generality, we may
assume that x'Zt Then r=x'at<t. If r=x'at, then
x'€(r,t)*. By the dual of Proposition 2.4, (r,t)" =(r,s)*, and thus
x'€(r,s)*C(—o,r,s]. Since x =x’, this implies that x E(— o, r, s],
which contradicts our choice of x. Therefore, r <x’at <t, and since
[r,t] has equivalent upper polars,

xX'At)yv(rnx' Aty =(x"att).
Clearly, x' €(x’' at,t)*, and hence
xX'Ex'At)v(rx' at) C(—oo,r,x'At].
Since x ;x’,x E(—oo,r,x' at], and since x’ At < t, this contradicts our
choice of x. We conclude that x Ay&(—o,r,s], and hence that
xAy€S. Thus S is a dual ideal of L.

The next result, which we will need when we consider the Haus-
dorff separation axiom, indicates how useful Proposition 3.5 can be.

ProposiTiON 3.6. Let (L, =) be a distributive lattice. Let r,t €
L be such that r <t and [r,t] has equivalent polars. Then

L =(—o,r,t]U[rt,®).
Proof. Letz€L. If (zat)vr=t, then
Z/\tE(t,r)|g[r,t,°°),

and hence clearly, z €[r,t,©). If (zat)vr=r, then (zvr)at=r,
hence

ZVvre(rt) C(—oo,rtl,
and thus clearly, z €(—o,r,t]. Otherwise, r <(zat)vr<t. Then,

in particular, [r,t]#{r,t}, and we may apply Proposition 3.5 to
[r,t]. Let T= U{(—o,r,s]|r<s<t}. Since r<(zat)vr<t,
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zvr)at=@zat)vreT.

Since tZ T by Lemma 3.4, and since L \ T is a dual ideal by
Proposition 3.5, zvr€&T. Since, for all r<s<t, (—%,rs]C
(=, r,t] by the dual of Proposition 3.1, zvr €(—o,r,t], and hence
z€(—oo,r,t].

In some cases, Proposition 3.6 will not give a good enough
“separation”” of points. Therefore, we must refine it in certain cases to
obtain the ‘‘separation” described by Proposition 3.8.

LemMA 3.7. Let (L, =) be a modular lattice. Letr,s,t,u € L be
such that r <s <t <u, [s,t]={s,t}, and both [r,t] and [s,u] have
equivalent polars. Then

(=, rt]\ (=, r,s]C[t u,»)
Proof. Let z€&€(—o,rt]\(—o,r,s]. If (zAt)vs=s, then

(zvs)nt=s and hence zvs E(s,t)". Since [r,t] has equivalent
polars,

zvsEsv(r,s)*C(—=oo,r,5],
and hence z €(—=,r,s]. This contradicts our choice of z, and hence
(zat)vs>s. Since (zat)vs=t and [s,t]={s,t}, we must have
(zat)vs =t i.e. znt €(t, s)r. Since [s,u] has equivalent polars,
zAat €t a(u,t)yClt u, ),

and therefore, z € [t, u, ).

ProposiTioN 3.8. Let (L,=) be a distributive lattice. Let
r,s,t,u € L be such that r <s <t <u,[s,t]={s,t}, and both [r,t] and
[s,u] have equivalent polars. Then

L =(—o,r,s]UI[t, u,x).

Proof. Since [s,t]={s,t}, clearly [s,t] has equivalent
polars. Thus, by Proposition 3.6,

L = (_wa S’t)U{Sa t’m)
By Proposition 3.2 and its dual,

L =(_'°°,r,t]U[S,u,°°).
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Therefore, by Lemma 3.7 and its dual,
L =(=0o,rs]Ult ux).

The last result of this section is the ‘“discrete’ analog of Proposition
3.5.

ProrosiTioN 3.9. Let (L, =) be a distributive lattice. Letr,s,t €
L be such that r <s <t, [r,t] has equivalent upper polars, and for all
eELwithsse<t,ecsv(r,s). Then L \ (—x,r,s]isadual ideal
of L.

Proof. Clearly, if x€&LN\(—,r,s] and x=y, then
yE LN (—=,r,s]. Suppose that x,y €L\ (—o,r,s], but that
XAy E(—x,r,s]. Then, similarly to the beginning of the proof of
Proposition 3.5, we have that (x Ay)vs E(—o,r,s], and hence by
Lemma 3.4, that

(xvs)a(yvs)=(xany)vsZt.
Thus we may assume that x vsZt, i.e. that (x vs)at <t. Then, by
hypothesis, (x vs)at=svb for some b €(r,s)". Since [r,t] has
equivalent upper polars, this implies that
xvsE(W(xvs)at,t)y =(svb,t)yY=svbv(r,svb) .
If d€(r,s vb)*, then
r=(svb)ad =(srd)v(brd),
and hence s Ad =r. Thus, since sAb =r,
sa(bvd)=(ab)v(sad)=rv(sad)=r,
ie. bvl €(r,s). Therefore, bv(r,svb) ' C(r,s), and thus
xvs €Esv(r,s)". But this implies that x vi €(—o,r,s], and hence

that x € (— o, r, s], which contradicts our choice of x. We conclude
that x A y&Z (—, r, s] and hence that L \ (— %, r, s] is a dual ideal of L.

4. Continuity of the lattice operations. Let (P, =)bea
partially ordered set. The generalized interval topology (or gi-
topology) on P, denoted by 4(P), takes as a subbase for its closed sets,
P and ¢, together with all the final generalized segments and all the
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initial generalized segments. The generalized star-interval topology (or
gi-*topology) on P, denoted by ¥*(P) takes as a subbase for its closed
sets P and ¢, together with all the generalized star-segments. In [6] we
proved that %(P) is an intrinsic topology on P, which is preserved by
cardinal products of dually directed sets, and that $*(P) is an intrinsic
topology which always contains the interval topology, % (P).

In this section, we show that if intervals with equivalent polars
occur throughout a distributive lattice L, and if 4(L) is T,, then
(L,%9(L))is atopological lattice. We first state precisely what is meant
by the occurence of intervals with equivalent polars throughout a
lattice.

Let (L, =) be a lattice. We say that r,t € L provide equivalent
polars for x,y,zE€ L incase x =r <y <t =z, and [r, t] has equivalent
polars. We say that L has minimal polars if for all x,y,z € L with
x<y<zandz&yv(x,y)", there exist r,t € L which provide equiva-
lent polars for x,y,z. Clearly, replacing polars by star-polars does not
change the above definitions. Proposition 5.4 will provide a large class
of lattices which have minimal polars.

The first result of this section shows that, for modular lattices,
having minimal polars means that whenever x <y <z and there can
exist r, t which provide minimal polars for x, y, z, then such r, t do in fact
exist.

ProrosiTiON 4.1. Let (L,=) be a modular Ilattice. Let
xX,y,z,r,t EL be such that x =r<y<t=z,andz €y v(x,y). Then
[r,t] does not have equivalent lower polars.

Proof. Sincez€yv(x,y),z=yvb forsomeb €(x,y)". Then

=zat=(yvb)at=yv(bnt),
x=xAt=(bay)at=ynr(bnat).

Thus t €y v(x,y)'. If [r,t] has equivalent lower polars, this con-
tradicts Proposition 2.6.

The following result was noted in [7]. We include it here to
indicate that having minimal polars is a self-dual property, i.e. that a
lattice has minimal polars if and only if its dual does.

ProprosiTION 4.2. Let (L, =) be alattice and suppose that x,y,z €
L are such thatx <y <z. Then the following statments are equivalent :

(i) zeyvixy),
i) x€ynalz,y).
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We are now in a position to prove the main result of this section.

THEOREM 4.3. Let (L, =) be a distributive lattice. If (L) is T,,
and if L has minimal polars, the (L,%4(L)) is a topological lattice.

Proof. Our method is to isolate the difficult part of the proof, and
then to prove it separately as Lemma 4.4. We will consider only the
continuity of

ni(L XL, 4(L)x94(L)—>(L,%(L));

the continuity of v may be proved dually. Since complements of
generalized segments form a subbasis for §(L), it clearly suffices to
show that if x,y €L and x Ay € L \\ X for some generalized segment
X, then there exist closed sets Y and W such that x € L\ W,
yeEL\NY,and L\ W)A(L\NY)CLN\ X

If X is a generalized final segment, than we may choose Y and W
in the following manner. Suppose that x Ay € L \\ [k, /,©) for some
k,1€ L with k=1 If o, € L \\[k,[,®), then a AB =B and hence
aAB E€LNIk I ®). Thus, if x =y, then

x=x/\y=yEL\[k,l,°°)y

and we may choose W = [k,[,©) =Y. Suppose x#y. Clearly either
x €L\ [k,I,®) ory € L\ [k, I,), and thus, without loss of generality,
we may assume that x €L\[,,l,»). Let Y={y} and W=
[k,l,©). Since 9(L)is T\, Y isclosed. Ifa€L\YandBeEL\ W,
then a AB =B and hence a A B € L \ [k, [, ).

It remains to show that such Y and W exist when X is a
generalized initial segment. The problem is more difficult here than in
the case where X is a generalized final segment, and requires the
hypothesis that L has minimal polars. Suppose that x Ay €
L\ (—x,k,1]. Then, since L is a lattice, k < [/, and hence the proof of
Theorem 4.3 will be complete when we prove Lemma 4.4.

LEMMA 4.4. Let (L, =) be a distributive lattice which has mini-
mal polars. If x,y,k,] € L are such that k <l and x ny&(—,k, 1],
then there exist u,w € L such that

(i) x,yEL\N(—,uwl;

(i) forall a,BE L\ (—o,u,w], a ABEL\ (—»k,l].

Proof. We note that since x Ay&(—o,k, 1], then (x Ay)vI>
I. Furthermore, if (x Ay)vI€Elv(k )", then (x Ay)vIE(—>,k,],
and hence x Ay €E(—x,k,l]. Thus
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¢))] (xAy)VvIZIv(k D>

Also, if Kk =r <, then

(2) (=, k, I1C (=00, r 1]

if z€(—>,k, 1], then z=1v b for some b € (k,[)*; by Proposition 2.1
Giii), rvbe(r )", and since z=Ivb =1vrvb, this implies that

zE(—o,rl].
(A) Suppose that there exist ¢,d € L such that

k=c<l<d=(xaAay)vl,

dZlv(c,l)',and forall e €L withI=e<d, e€lv(cl)*. Since L
has minimal polars, there exist r,t € L suchthat c =r <[ <t =d, and
[r,t] has equivalent polars. By Proposition 2.6, t & [l v (c,[)*, and hence
t=d. If |=e <t =d, then by Proposition 2.1 (iii),

eclv(c,D=lvrvic,DHClv(r D),

and thus by Proposition 3.9, L \\ (—~,r,[] is a dual ideal of L.
Ifxay€(—o,rl],thenx ay =Ivb forsomeb €(r,I)*. Thus

t=d=(xAy)vi=lvb.

Since b € (r,1)* and [r, t] has equivalent polars, b € (r, t)* by the dual of
Proposition 2.4. Thus b At =r, and hence

t=(vb)at=Ilv(bat)=Ilvr=1
This contradicts our choice of ¢, and thus x Ay&Z(—o,r,l]. Then

clearly, x,y&€ L\ (—,r,1]. Let as:BEL N\ (—»,rl]. Since
L\ (—x,r,[]isadualideal, and since kK = ¢ = r <[, we have by (2) that

a AB EL \(—w’nl]gL \(—oo,k,l],
Therefore, if u =r and w =1, then conditions (i) and (ii) above are
satisfied.
(B) Suppose that for all ¢,d € L such that
k=c<il<d=xnay)vl
and d€1v(cl)", there exists e€L such that /[<e<d and

eZlv(c ). Since L has minimal polars, by (1) there exist r,t EL
such that
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k=r<i<t=xay)vl

and [r,t] has equivalent polars. By Proposition 2.6, t& [ v(r,[)*, and
thus, by hypothesis, there exists t'€ L such that [ <t'<t and
t'&lv(rl). Thus,wemayfindu,w €L suchthatr=su<Il<w=t'
and [u, w] has equivalent polars.

Letr<s <t [Ifsvl=t thens E(t1),and hence by Proposition
2.4, s E(t,r),ie. s=svr=t This contradicts our choice of s, and
thus s vI <t. Hence, by Lemma 3.4, t&(—o,r,s vl]. Suppose that
XAy €E(—o,r,s]. Then by the dunal of Proposition 3.1, x Ay €
(—o,r,s vl], and thus, clearly (x Ay)vIE(—oo,r,svI]. Since t=
(x Ay)vl, this implies that t&(—»,r,svl], which is a
contradiction. Thus, xAyZ(—o,r,s]. By Lemma 34, &
(—o,r,s]. Since r<s <t was arbitrary, we may conclude from
Proposition 3.5 that for all r <s <t,

3) XAYAtE(—oo,r,5].

Now suppose that x Ayrt €(—o,u,w]. Then x AyAt=wvb
for some b E(u,w). Hence xayate(—o,r(wvb)at]. If
(wvb)at <t, this contradicts (3) above. Thus (wvb)at=t, i.e.
wv(bat)=t Hence bt E(t,w), and by Proposition 2.4, b at €
(t,r)y, ie. (bat)yvr=t Since b €(u,w)*, b nw =u. Thus

bat=baw=uz=r,

andhence (b at)vr=>bat. Butthenb at =t i.e.b =t and we have

U=bDAWZtAw=w,

This contradicts our choice of u and w, and we conclude x Ay At E& (—
o, u,w]. Clearly, this implies that x,y € L \(— e, u, w]. Finally, we
note that if o, €L \ (—,u,wl, then a,B EL \ (—x,u,s] for all
u<s<w by the dual of Proposition 3.1, and hence a A E
L \\(—»,u,s] for all u <s <w by Proposition 3.5. Thus, in particu-
lar, « AB € L \ (—,u,l], and hence by (2), a AB € L\(—x,k,1].

Since (A) and (B) exhaust the possibilities, we conclude that
Lemma 4.4, and hence Theorem 4.3, hold.

CoOROLLARY 4.5. Let (L, =) be a distributive lattice. If 9(L)2D
$(L), and if L has minimal polars, then (L,%*(L)) is a topological
lattice.
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Proof. Since $(L) is T,,%(L) is T,; by [6; Proposition 3.6],
9G(L)=%9*(L). The corollary then follows from Theorem 4.3.

We note that proving the results of §3 for generalized star-
segments, and considering the case of (—,/] in Lemma 4.4 would
allow us to drop the hypothesis that 4(L) D $(L) in Corollary 4.5.

5. The Hausdorff separation axiom. This section is
devoted primarily to establishing that distributive lattices which have
minimal polars, and which satisfy the additional requirement that there
be enough polars to ‘‘separate’ points, have Hausdorff generalized
interval topologies.

In [7], we introduced the following condition: A lattice (L, =) is
said to be almost polar-dense if, whenever x,y € L are such that x <y
and forall x <d <y, y €d v(x,d)*, then there exist c,e € L such that
c<x<y<eyZxv(c,x),andxZyna(ey). Weprovedin[7]thata
totally ordered set is almost polar-dense if and only if its gi-topology is
equivalent to its interval topology (and hence to its gi-*topology). For
modular lattices, we have the following [7; Proposition 2.5].

PropoSITION 5.1. Let (L, =) be a modular lattice. If L is almost
polar-dense, then §(L) = 4*(L).

The main result of this section is the following.

THEOREM 5.2. Let (L, =) be an almost polar-dense, distributive
lattice. If L has minimal polars, then 4(L) is Hausdorff.

Proof. Let x,y € L be distinct. Without loss of generality, we
may assume that x <x v y.

(A) Suppose that for all b,c €L with x =b <c =x vy, there
exists d €L such that b <d <c and c&d v(b,d)*. We first prove
the following: () If x =b <c¢ =x vy, then there exist r,t €L such
that b <r <t <c and [r,t] has equivalent polars. To see this, let
x=b<c=xvy. By hypothesis, there exist d,e,f €L such that
b<d<e<f<ec, cZfv(b,f), f&dv(b,d), and
f&ev(d,e). Since L has minimal polars, there exist r,t € L such
that

b<d=r<e<t=f<c,

and [r, t] has equivalent polars. This proves («).

We first apply (a) to obtain r,t € L suchthat x <r <t <x vy and
[r,t] has equivalent polars. We then apply (a) to r <t to obtain
u,w € L such that r <u <w <t and [u, w] has equivalent polars. By
Proposition 3.6,
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L =(—,u,w]Ulu,w,»),

and hence

(L\(—Oo,u’ W])n(L \[u9 w7°0))=¢

By the dual of Proposition 2.7, r& u An(w, u),. Since L is distributive,
this implies that r & [u, w, ) by the dual of Proposition 3.3. Therefore,
x €L\ [u,w,®). Dually, xvyZ&(—o,u,w], and since xE€
(— >, u,w], this implies that y € L \ (— %, u, w].

(B) Suppose that there exist b,c EL suchthat x=b <c=xvy
and for all b<d<c,c€dv(d,b)*. Since L is almost polar-dense,
there exists k € L such that k <b and cZ b v(k,b)". Since L has
minimal polars, there exist r,s €L such that k=r<b <s =c and
[r,s] has equivalent polars. By Proposition 2.5, [b,s]={b,s}, and
hence, since L is almost polar-dense, there exists f € L such that s <f
and f& s v (b, s)* (Proposition 4.2). Since L has minimal polars, there
exist u,t €L such that b=u<s <t =f and [u,t] has equivalent
polars. Since [b,s]={b, s}, u = b, i.e.[b,t] has equivalent polars. By
Proposition 3.8,

L=(—w,r,b]U[s,t, ),
and hence
(L\(—o,r,b])N(L \[s,t,) = ¢.

By the dual of Lemma 3.4, b¢&[s,t,©), and therefore, x €
L\ [s,t,»). Dually, xvy€E€LN(—o%,r,b]. Since X=b,
XE(—oo,r1b] and thus if yE(—o,r,b], xXvyE
(=o,r,b]. Therefore, y E L\ (—,r,b].

We conclude that there exist a, 8,y,8 € L such that a <, y <3,
yELN(—»,aB] x €L \[y,8 x), and

(L\(=»,a,B)N(L \T[7,6,%°) = ¢
By definition of 4(L),
LN\ (=%,a,B], L \(y,8,®) € ¥(L),
and hence %(L) is Hausdorft.
CoROLLARY 5.3. Let (L, =) be an almost polar-dense, distributive

lattice. If L has minimal polars, then $*(L) = %(L) is a Hausdorff
lattice topology on L.
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Proof. This result follows from Proposition 5.1, Corollary 4.5, and
Theorem 5.2.

We conclude this section by showing how to construct many
natural examples of almost polar-dense, distributive lattices which have
minimal polars.

A partially ordered set (P, =) is said to be unbounded if for all
p € P, there exist r,t € P such that r <p <t.

PrOPOSITION 5.4. Let {T,|a € A} be a collection of unbounded,
totlally ordered sets. Then |I1|{T.|a € A} is an almost polar-dense,
distributive lattice which has minimal polars.

Proof. By [7; Corollary 2.8], |II|{T,|a €A} is almost polar-
dense. Clearly it is a distributive lattice. That it has minimal polars
follows from the fact that if x,y,z € |II| {T.|a € A} are such that
x<y<z and zZ y v(x,y)*, then there exists « € A such that ax <
ay < az.

6. Some examples. In this section, we construct various
examples to illuminate Theorems 4.3 and 5.2 and Corollaries 4.5 and 5.3.

ExampPLE 6.1. Let M; be the five-element nondistributive, modu-
lar lattice. Since 9*(M;) is T,, $*(M.) is discrete, and hence a Haus-
dorff lattice topology. It is easy to see, however, that 4(M,) is
indiscrete since (—®,a,b]=[a, b,©) = M, for all a =b. Thus, 4(M;)
is a lattice topology which is not even T,. Clearly, M; is not almost
polar-dense, but since if a <b <c¢, c €Eb v(a,b)*, vacuously L has
minimal polars.

ExampLE 6.2. Consider the natural numbers, N. Clearly, 9*(N)
is discrete, and hence (N, ¥*(N)) is a Hausdorff topological lattice. It
was noted in [6] that the closure of {1} with respect to 4(N) is {1, 2}, and
that therefore, 9Y(N) is not T,. Clearly, {n}€ 9(N) for all n =
3, and furthermore,

{1, 2} =L \\[3,4,] € 4(N),

{1}=L \[2,3,2) € 9(N).
Since thus 2 Z {1} € 4(N), ¥(N)is T,. Itis easy to see that (N, 4(N))
is a topological lattice, and since N is totally ordered, N is

distributive. Clearly, N has minimal polars but is not almost polar-
dense.
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ExaMmpLE 6.3. Let L =|II|{N|n € N}. Since the generalized
interval topology is preserved by cardinal products of dually directed
sets [6], (L) is a Ty, non-T, lattice topology by Example 6.2. We will
show first that (L, 4*(L)) is not a topological lattice, and second that
%*(L) is not Hausdorff.

Let ¢,,f € L be defined by nc, =1 for all n € N, and

nf={2 it n=1
1 if n#l.

If a,b,z €L are such that a =b and z& *[a, b,»), then there exists
| € N such that Iz <la and if a <b,la <Ib. We denote the minimal
such [ € N by m(z,a,b).

Suppose that a, b,c,d, EL,1=i=a,1=j=pB,aresuchthat fE P,
where P,€%*(L) is defined by

AP =L \[(U{*a,b,»)|1=i=a}h)U(U{*(—=,c,d][1=]=B}]

It is easy to see that forall I=j=B,¢;=d;and 1d;=1. LetI'EL be
defined by

&) = 1 if n=1
n —{ 1 if n=m(fa,b) for some 1=Si=a

(v{nd;|1=j=BhH+1 otherwise

Since for some n € N, nT' = (v{nd; |1 =j =B}) + 1, and since ¢; = d; for
all 1=j=6,TZ U{*(—x,¢,d]|1=j=pB}. Since

(m(f, a, b)I' =1=(m(f, a, b))f <(m({f, a;, b,))a

for all 1=i=a, '& U{*[a,b,»)|1=i=a}. Thus T€P. Clearly,
F'anf=c.

Clearly, fe L\ {c,}E 9*(L),and f A f =f. Thus,if (L, 9*(L))is
a topological lattice, there exist P,, P,€ $*(L) such that f € P, P, and
P, AP,C L\{c\}. Since P, P,€ 4*(L), there exists a P;, of the form (4)
above, such that fEP,CP,N P,. Then, if I' is constructed as in (5)
above,

¢, =TAfEP AP, C P, AP,C L\{c}.

This is a contradiction, and hence (L, $*(L)) is not a topological lattice.

We conclude this example by showing that 9*(L) is not
Hausdorff. Suppose that c,€ S € 9*(L) and fE P € 9*(L). Then,
by definition of ¥*(L), there exists P, of the form (4) above, such that
f € P,CP, and there exist r,s; €L, 1 =k =y such that
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ES, =L\ U{*nr,so|1=k=y}CS.

Let YE L be defined by

1 if n=m(c,nr,s)forsome l=k=y

1 if n=m(fa,b)forsome l=i=a
nY={
(vi{nd;|1=j=pB}+1 otherwise.

As in the case of I' above, Y € P,, and since m(c, n,s.)Y =1 for all
I=sk=y, YES, Thus

YePNS,CPNS,

i.e. PNS# ¢, and hence ¥*(L) is not Hausdorff.

Since [c¢;, f]={c, f}, then for all ¢, <d <f, fE fv(c,,d)*. Thus,
since (— o, ¢,] = {c,}, L is not almost polar-dense. It is easy to see that
L has minimal polars.

ExamPLE 6.4. Let L C R|X|R be defined by
L = ([0, 2] X0, 2]) U ([3, 51 X [0, 2[) U{(0, 0), (5, 2)}.
Clearly, L is a lattice. Since the lattice

{(0,0), 0, 1, (1, 1), G, 1), (3, 0)}

is a sublattice of L, L is not modular.
We will first show that 4(L) is Hausdorff. Let (a,b), (x,y)EL
be such that (a,b) # (x,y). Clearly.

(10, 21 x]0, 2D U{(0, 0)} = L \ I3, 1), (4, 1), ») € 4(L),
(13, 51100, 2D V{3, 2} = L \.(—, (1, 1), (2, DI € 4(L).
Thus, we may assume that 0=a=2and 0=x=2,0or 3=aq =95 and
3=x =5. These cases are dual, and hence we will consider only the
case where0=a =2and0=x =2. Suppose that b# y. Without loss

of generality, we may assume that-y <b. Lety <& <b. Then (x,38),
(a,8)€E L, and

(L\ (=%, (x,y), (x,8)) N (L \1(a,8), (a,b),®)) = ¢,
(a3b)EL \(—°°,(x,)’), (xaa)]e g(L),
(x,y)€ L\Ia,d), (a,b), ®) € 4(L).
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If b =y, then we may assume that x <a. Since b =y,0<y. Thus,if
x<y<a, (y,b)=(y,y)EL, and

(L N\ (=%, (x,y), (v, Y)DN(L \ (v, b), (a,b),2)) = &,
(a,b)EL N\ (=, (x,y), (v,y)]E€4(L),
(x,y) €L \[(7,b), (a,b),») € 4(L).

We conclude that ¢(L) is Hausdorff.

We will show next that (L,%(L)) is not a topological
lattice. Suppose that (3, 0) € (—», x, y] for some x =y. Thenclearly,
(6) [(3,0), 3, DICL \(—%,x,yl].

Suppose that (3, 0) € [(a, b), (c,d), ©) for (a,b) =(c,d). If b =0, then
3<a <c, and thus,

@) [(3,0), 3, DICL \I(a,b), (c,d),»).
If b >0, then for 0<n <b,
(®) [(3,0), B,mIC L \I(a,b), (c,d), ).
Let Y = L\ [(1, 1), (2, 1),). Then(0,0)€ Y € %(L). Wenote

that 2, DA (3,0)=(0,0). If(2, )eA€%(L)and (3,00EB€E 9(L),
then we wish to show that A ABZ Y. By definition of 4(L),

3,0€ N (L\X)CB,

where the X; are generalized initial and final segments. By (6), (7), and
(8), there exists 0 <u <1 such that

[3,0), 3, w)C ﬂ (L\.X))C B.

Thus, we have (2,1)€A and (3,u)EB, and hence (2,u)€E
A AB. Clearly

2w eld, D), 2, 1,),

and hence 2, )€ Y. Thus, A A BZ Y, and since (2, 1) A (3, 0) = (0, 0),
we therefore conclude that
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A(L XL, 9(L)x4(L))— (L, 4(L))
is not continuous. Hence, (L, %(L)) is not a topological lattice. We
note that dually one may show that v is also not continuous.

We show next that 4(L)= 9*(L). Clearly, if (a,b)E€ L is such
that 0 < a and 0 < b, then there exists (c,d) € L such that

(=, (a,b)]= (=, (c,d), (a, b)].

Furthermore, it is easy to see that if x >0,
(=2,0,01 = (=,0,0,0,01n (N (=@ + 170,611
(=01 = (=,0,0,w0IN (N (=e,0,(n+ 17, 0,17])
(==,0,00= N (==, + D7+ 17, (7, 0]

Similarly, final segments are closed with respect to ¥(L), and hence
F(L)C %Y(L). Since L is a lattice, this implies that $*(L)= 4(L) by
[6; Proposition 3.6]. We conclude that ¥*(L) is Hausdorff, but that
(L, %9*(L)) is not a topological lattice.

Since [(0, 0), (3, 0)] ={(0, 0), (3, 0)}, and since (—,(0,0)]=
{(0, 0)}, then L is not almost polar-dense. Furthermore, if 3<t =4,
then

(0, 0), (3, 0))" = ([0, 2] x]0, 2]) U{(0, 0)},

(G, 0, ¢ 0) =[G, 0,3, 2L
Thus, (4, 0) £ ((0, 0), (3, 0))*, and if
0,0=r0<3,0<(t0=4,0),
then

(3, 0 v((r,0), 3, 0))" =3, 0)v (0, 0), (3, 0)*
=[G, 0, G, 2[U{5,2)}
#(3,0), (¢,0)".

Therefore, [(r,0), (¢,0)] does not have equivalent polars, and we con-
clude that L does not have minimal polars.
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Added in Proof. Theorem 4.3 does not require the hypothesis that
9(L)is T,: Let y = instead of {y} in the second part of the second
paragraph of the proof.
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