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COVERING THE VERTICES OF A GRAPH
BY VERTEX-DISJOINT PATHS

SHAHBAZ NOORVASH

Define the path-covering number . (G) of a finite graph G
to be the minimum number of vertex-disjoint paths required to
cover the vertices of G. Let g(n, k) be the minimum integer so
that every graph, G, with n vertices and at least g(n, k) edges
has u(G)=k. A relationship between n(G) and the degree
sequence for a graph G is found; this is used to show that

in—k)Y(n—k—-D+1=gnk)=:(n—D(n—k-1+1

A further extremal problem is solved.

1. Introduction. A graph G is a finite collection 7 (G) of
vertices (or points) some pairs of which are joined by a single edge; the
collection of edges is denoted by €(G). H is a subgraph of G if
V(H)C V(G) and €(H)C €(G). If H and K are two vertex-disjoint
graphs, HU K is the graph with V(HUK)= ¥ (H)U 7(K) and
EHUK)=¥4(H)U¥E(K); H+K is HUK together with all
|Y(H)| | V(K)| possible choices of edges joining a vertex of H to a
vertex of K. G denotes the complement of G; I', denotes the
complete graph with n vertices and I',,,, denotes the complete bipartite
graph, T,, +T..

Let G be a graph. A path of length n in G is an ordered sequence

P ={a,a,, -, a,) of distinct points, where if n = 2, a; is adjacent to a;.,
for l=si=n-1. (a,a, - -,a,) is the same path as
{Gny An_1y -+, a,). 1f P and Q are paths, by P * Q we shall mean that one

end-point, a of P, is adjacent to one end-point, b of Q, and that P * Q is
formed by joining a to b. More specifically we may write Pa * bQ or
P *bQ or Pa = Q to specify, in varying degrees, which end-point of P is
joined to which end-point of Q. Also,{(a,,a,," -, a,)*{(b\,bs,-- -, b)) =
(ay,a--+,a,b,, b, --+,b,) where a, must be adjacent to b,. A
Hamilton-path is a path of length |¥(G)|. A path-cover of G is a
collection, &, of vertex-disjoint paths such that every vertex of G lies
on some path in . The path-covering number, denoted by u(G), of G
is defined by:

w(G)=Min{| #|: & is a path-cover of G}.

159



160 SHAHBAZ NOORVASH

A minimal path-cover (M.P.C.) of G is a path-cover, ¥ of G, with
|#]=p(G).

We note that u (G) is an invariant of G and remark that a graph, G,
has a Hamilton-path if and only if u(G)=1. It has been shown by
Nash-Williams [1] and others that the problem of classifying all Hamil-
tonian graphs is equivalent to that of classifying all graphs which have a
Hamilton-path. Thus a classification of all graphs with u(G)=k
(k =1,2,3,-- ) would also solve the Hamiltonian problem as a special
case.

Historically, O, Ore [3] first introduced the graphical invariant
w. In [2] some elementary properties of u are derived. In §2 we
generalize a result of O. Ore (Theorem 2.1 in [3]) and in §3 we consider
two extremal problems involving w.

2. Valency considerations. In this section we derive a
connection between the path-covering number and the degree sequence
of a graph. We begin with some definitions:

DEerFINITION 2.1. Let A be a finite set and f a real-valued function
defined on the collection of subsets of A. For BCA and for any
integer i with 1 =i =|B |, define the function S; by:

S.-(f,B)=;B f(C).

ICl=i

DEerINITION 2.2. If G is a graph, B C ¥'(G), and either H C 7' (G)
or H is a subgraph of G, then define the generalized valence function, p,
by

px(B) = the number of vertices of H which are adjacent

to every member of B.

If x is a vertex of G, then we write p(x) for ps({x}).

DEFINITION 2.3. Let G be a graph and X C ¥(G) with | X|=k = 2.
Define:

D(G,X) =1 S:p0: X)~ 3, (= () 8,06, 30.

The following lemma is easily verified:
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LemMma 24. If X ={x,xs, ", %}, and 1=m =k — 1, then

D Sulf X = {xi]) = (k = m)S, (£, X).

We now state the main result of this section:

THEOREM 2.5. Let G be a graph with u = u(G)=2, |Y(G)|=n
and k an integer with 2=k = p, then there exists a set X consisting of k
mutually non-adjacent vertices of G, satisfying:

(2.6) i =n-D(G,X).

Note that the case k = 2 reduces to the result of Ore (Theorem 2.1
in [3)):

p=n—p(x)—px).

Proof. Let ¥ ={P,,P,,---,P,} be a M.P.C. for G. For each
1=i =k, let x; be an end-vertex of P. Since &¥ is a M.P.C., x; is not
adjacent to x; for i#j.

Let X ={x;,x5---,x}. We first show that for 1=i=k and
1 =j = u, the inequality:

@.7) o@D =P (= (1= (= 1/SiGor, X ~ {2

holds. Let P, be the path (a,,a,,---,a,), let 1=m =k, m#i, and
consider the following cases:
(i) i=j. In this case assume that x; = a,.
(ii) m =j. In this case assume that x, = a,.
(i) m#j and i#]j.

Let
A ={r: a, is adjacent to x;},
B, ={r: a,_, is adjacent to x,}
and
B=U B,.
i=m=k
m#i

We claim that A N B,, = ¢, for if r € A N B,, then in each case we can



162 SHAHBAZ NOORVASH

construct a path-cover, 7 for G as follows (see Figure 2.8):

Path P,

Case (i)

Case (ii)

a, a a-, a, /)/ a

Xm X,

Case (iil)

FIGURE 2.8

In case (i), let:

g = 50 U {(atv at—-l’ T, ar,xia aZ’ aS’ T, ar—l)*xmpm}—{}-’ia Pm}
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In case (ii), let:
g = *97 U{<al’ aZ’ Y ar—l’xma at—l’ at—27 ety ar)*xiPi}_{Pn Pm}-

In case (iii), let:
'~O/- = y U {<al, Y ar—l)*mem’<ah at—la T, ar)*xiR}_,{Ra I)ja Pm}‘

In either case, | T | =¥ |- 1 <[ ¥ |, contradicting the minimality of
¥. Hence ANB,=¢. Also, in each case a,&A; so AC
P,—B U{a}. This gives |A|=|P/|—|B U{a}|, since BU{a;}C
P. But then, since a, & B, we get:

2.9) |A|=|P|-(1+|B).

For 1=m =k, let:

C,={r:a, is adjacent to x,}.

Then since x,, is not adjacent to a,, |C, | =| B, | and:

|B|=| U B,,,=’ U c

I=m=k I=m=k

m#i m#i

k=1

(—1)'” Z |Cm,ﬂszﬂ"‘mCm,|

=1 ISmi<m2< --<mu=k
mymz, -m#Ei

k-1

@10) = =3 (= 1'Spr, X~ {x)

So since | A | = pp({x.}), (2.7) follows from (2.9) and (2.10). Summing
(2.7) for 1=i =k and applying Lemma 2.4, we get:

k-1

Q1D Sipn, X)SKIP|= (K =5, (= 1k = DS (pr, X)).

=1
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Summing (2.11) for 1 =j = u, we get:
k-1
S\(po, X) = kn —(m -3 (= 1k = DSi(p X)).

from which (2.6) follows.

3. Extremal problems.
DerFiNiTION 3.1. Let k and n be integers with 1 =k =n. Define:
g(n,k)=Min{m: every graph, G, with | ¥ (G)|=n and
|€(G)|=zm has u(G)=k}.

In this section we determine bounds for g(n,k). See [4] for
techniques in proving the following:

LEMMmA 3.2.

(3.3) f(—l)"("—,{‘—-’) (’.‘)= 1 if k=2,

1

(3.4) S (=1t —i+1) (l.fl)=k if k=2,

(3.5) N (= 1)k =i+ 1) ({::i)zk if 3sjsk

™~

Lemma 3.6. Let K be a graph with | V(K)|=s z 1, and let k be an
integer with k =2, and suppose H =T', + K, then:

D(H, V([T,)) =2s.

Proof. Forl=i=k—-1and B C ¥(,) with|B | =i, each member
of B is adjacent to every member of ¥ (K). There are (f) choices for
B and |V(K)|=s; thus:

= k
5o VT = 5(F):

i
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This gives:

pHvE=¢ (1)-2 s ()

i=1

=s[1-3 () ()]

=2s, using (3.3).

THEOREM 3.7. For 1=k =n,
(3.8) gnk)=in—-1D(m—-k-1)+1.

Proof. Let G be a graph with |¥(G)|=n, and |4(G)|=
Sn—=D(n—k—1)+1. Suppose w(G)>k and X ={x,, X3, " *, Xi, Xes1}
is a set of mutually nonadjacent vertices of G.

G may be considered to have been obtained from the complete
graph I, through the elimination of at most:

In(n-D-in-Dn-k-1—1=in—-Dk+1)-1

edges. 3k(k +1) are removed in obtaining, from I',, the graph H in
which only members of X are nonadjacent. Thus, to obtain G from H,
at most:

39 in—-DHk+h—1-3kk+)=5(n—-k-1D(k+1-1

edges are removed from H.
We wish to compute D(G, X). By Lemma 3.6,

(3.10) DH,X)=2(n—k —1).

Now suppose that at some stage in the transformation from H to G,
we have obtained a graph K with €(H) D €(K) 2D 4(G) and ¥(K) =
V(H)=7(G). Let L =K —e where e € €(K)— 4(G). We wish to
know the effect, f(e) = D(L, X)— D(K, X), on D, of removing the edge
e. Since e is an edge of H, it cannot join two points of X. If neither
end-point of e is in X, then f(e)=0 since S, (pk, X)= Si(p., X) for
1 =i=k. Now suppose that one end-point, y,, of e is in X and that the
other end-point, v, is not in X. Let y,, y,,---,y; be the points of X
which are adjacent to v in the graph K. Note that 1=j=k +1.
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If 1=i=j and B C{y,ys -y} with |[B|=i—-1, and C=
B U{y}, then |C|=1i and v is adjacent to every member of C in the
graph K but not in the graph L. There are <] }) choices for such a

set C. Furthermore, for any other combination of a vertex, ¢, and a set
A C X with |A | =i, t is adjacent to every member of A in the graph
L. Thus:

Si(p, X)— Si(px, X) = {_ <i -1

This gives:

fi=f(e)=D(L,X)—-D(K, X)

—k——T[k+l—Z(—1)(k—z+l) <1k1>
(i-

_?_r[k+1—2(—1)(k—1+1)

-1 if j=1
__1 if 3sj=k+1
K+ 1 =

= 2 -
Tk =z
-1 if j=1

using (3.4) and (3.5).

Notice that fi=f,= ---=f, = f,., <0 and that in order to realize
the effect f, edges with effects fi.,, fi,--",fixi must first be
removed. Hence when (k + 1) edges are removed, the combined effect
is at least:

k+1

ﬁ=_

i=1
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So if r edges are removed in obtaining G from H,

2r

(3.11) D(G,X)—D(H,X)z—k+l.

Using (3.9) and (3.10) in (3.11) now gives:
3.12) DG X)zRn—-k—-1)—-(n—-k-1)+2/(k+D]>n—-k—-1.

But Theorem 2.5 guarantees the existence of a set X as constructed
above, and satisfying:

DG, X)=n—u(G)=n—k—1.
This contradicts (3.12) and completes the proof of the theorem.

CorOLLARY 3.13. Forn=4, g(nh,n—3)=n.

Proof. The bipartite graph I, ,_; is a graph with n vertices, (n — 1)
edges and path-covering number (n —2). Thus g(n,n —3)=n. The
reverse inequality is given by Theorem 3.7.

To obtain a lower bound for g(n,k), consider the graph G =
I« UT:; then w(G)=k+1, while |¥(G)|=n and |4(G)|=
f(n—=1(n—k—1). This gives:

ProrosiTiON 3.14. Forn>k=1

(3.15) gnk)=zi(n—k)(n—k—-1+1.

The following proposition gives some results that are easily ver-
ified:

ProrosiTiION 3.15.

i gmn)=0,g(n+1,n)=1,g(n+2,n)=2 fornz=l
(i) g(6,2)=7
(i) gn+Lk+1)=gnk) fornzk=1.

Part (iii) can be seen by letting G = H U{x} where H is a graph
with n vertices, g(n, k) — 1 edges, and u(H) =k + 1, and x is an isolated
vertex with x& | ith x& ¥’ (H). Then G has (n + 1) vertices, g(n, k) — 1
edges, and (G) =k +2.
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In the case k = 1, the upper bound in (3.8) is seen to be the same as
the lower bound in (3.15) and hence equality holds for g(n, k) in both
inequalities. However, Corollary 3.13 shows that the upper bound in
(3.8) and not the lower bound in (3.15) is achieved in the case
k =n —3." Part (ii) of Proposition 3.15 shows a case where the lower
bound and not the upper bound is achieved. It is conjectured that for
small values of k, g(n, k) is close to the lower bound in (3.15), while for
large values of k,g(n, k) is closer to the upper bound in (3.8).

We now turn to another extremal problem. Let v and n be
integers with 0= v =n. Define:

h(n,v) =Min{k: every graph, G, with |¥(G)|=n and p(x)=v
for every x € ¥(G), has u(G)=k}.

THEOREM 3.16.

Du—
=
<
%
oIS

(n,v)=

n—2v if v<

NI

Proof. The case v =2 and the upper bound h(n,v)=n —2v if

v < Zfollows from 0. Ore’s result (the note to Theorem 2.5). If v < n

2 2’
let K=T,,.,. Then clearly |¥(K)|=n and p(x)=v for every
x €EV(G); and in [2] (Theorem 2.2.10) we show that w(K)=
n —2v. Hence

h(n,v)=n—2v

completing the proof of the theorem.
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