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LOWER BOUNDS ON THE STABLE RANGE
OF POLYNOMIAL RINGS

MICHAEL R. GABEL

Using the existence of certain nonfree projective modules,
lower bounds on the stable range of commutative polynomial
rings are established.

l Introduction* The stable range of a commutative ring R
is the largest integer n such that there exists a unimodular sequence
rlt ---,rn in R which is not stable. (See definitions 2.1 and 2.2.)
Using the existence of certain nonfree projectives, we prove the
following theorem concerning lower bounds for the stable range of
polynomial rings:

THEOREM A. Let K be any commutative ring. For every integer
n^l let K(n) = K[ZU •••, Zn] be the polynomial ring over K in
indeterminates Zly •••, Zn. Then

( 1 ) The stable range of K(ί) is at least 2
( 2 ) The stable range of K(n) is at least [n/2] + 1 if n ^ 2.
( 3 ) (Vasershtein, [6, Theorem 8]). If there is a ring homo-

morphism from K to a sub field of real numbers, then the stable range
of K{n) is at least n + l

The techniques of this paper are essentially the same as those
in [2]. That paper contains a weaker form of Theorem A(2) ([n/2]
appears in place of [n/2] + 1, and there are certain restrictions on
the number of indeterminates.)

2* Basic definitions and propositions* Throughout this paper,
all rings are commutative with identity and ring homomorphisms
preserve the identity element.

DEFINITION 2.1. A sequence ru •••, rn of elements in a ring R
is called unimodular if the ideal (ru •••, rn) is all of R.

DEFINITION 2.2. A unimodular sequence ru —-,rn of elements
in a ring R is called stable if n >̂ 2 and if there exist δ^ , bn_x e R
such that the sequence rί + bxrn, r2 + b2rnf , rn_, + bn^rn is again
unimodular.

PROPOSITION 2.3. Let R be a ring and IaR a proper ideal of
R. Let rl9 •••, rt be a sequence of elements in R such that their
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residues fu •••, ft form a unίmodular sequence in R/I which is not
stable. Choose any i e I and su , ste R such that r A + +
rtst + i = 1. Then the sequence rl9 , r ^ , r ^ + i is unimodular
but not stable in R. Consequently, the stable range of R bounds
that of R/I.

Proof. The sequence rί9 •••, rt_ί9 rtst + i is clearly unimodular.
If it were stable, then there would exist bl9 •••, b^eR such that

n + b,{rtst + i), , n-i + δ«-i(?%s* + i)

is unimodular. Going mod/, this contradicts our assumption that
rl9 , rt is not stable in R/I.

DEFINITION 2.4. If rl9 --,rteR, ker fn r j will denote the
kernel of the map Rf-+R whose matrix is [n rt\.

The following proposition appears in [2].

PROPOSITION 2.5. Let R be a ring and let rlf ---,rt be a uni-
modular sequence in R. Let P = k e r ^ rt\. If rl9 , rt is stable,
then P is a free R-module.

Proof. Since rl9 , rt is stable, it's easy to see that the matrix
[r1 rt] can be transformed to β = [1 0 0] via elementary trans-
formations. Consequently ker [r1 rt] ~ ker β. But ker β is clearly
free.

PROPOSITION 2.6. ( 1 ) (Estes-Ohm, [l].) //

is stable in K[ZU , Zn], then Zlf , Zn+19 1 - Σ S ^ i i s stable in
K[Zί9 -- ,Zn+1].

( 2 ) // Xu . . .,X S, 1 - S U - Z i ^ i is

, , . . . , x s + 1, l - Σίίi-XiYi ί s

Proo/. The proof we give here of (2) is essentially the same
as the proof of (1) given in [1]. For any integer ί Ξ> 1, let Qt =
1 - Σ U χi Yi Now observe that if al9 , as e K[Xl9 , X8,
Yu •> Ys\, we have the following inclusion of ideals in K[X19 , X8+ι,

(X, + OiQ., , X, + asQs) £ (Xx + a,Qs+u , Xs + α.Q.+1, Xs+1) .
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3* Proof of Theorem A* The proof of part (1) is easy, as
Zlf 1 — Z\ is never stable in K(l). (Just mod out K by a prime
ideal to reduce to the domain case, where it is trivial.)

We now prove part (2). By Proposition 2.3, we can assume n
is even, say n = 2s. Now write K{n) = K[XU •••, X89 Yl9 •••, Y8].
We shall show that the unimodular sequence Xu , Xs, 1 — Σ?=i %iY<
is not stable. Let m be a maximal ideal of K. If Xί9 « XS, 1 —
Σt^XiYt were stable in K(ri), then the image of this sequence under
the canonical map K(n) —* K/m(n) would remain stable. Thus we
may assume K is a field. By Proposition 2.6(2), we may also assume
s ^ 8. Let R = K(n)[U, V], where U and V are indeterminates and
let / = XXYX + + X8Y8+ UV-_1._ Let T = £/(/)• Note that
the sequence of residues Xu « ,XS, U is unimodular in T. Since
s ^ 8 , the Γ-module ker [Xl9 « ,XS, £7] is not free ([4], Cor. 6.3).
So by Proposition 2.5, Xx, « ,XS, £7 is not stable in Γ. Since
JζY; + + XSY8 + UV + ( - / ) = I, Proposition 2.3 shows that
JEi, •••, X., UV-f is not stable in JBΓ(n)[t/; F ] . But UV - f =
1 — Σ U i X i ϊ ^ is an element of iΓ(w). That is, we have the uni-
modular sequence Xlf , X8, 1 — Σ Ϊ = I X i ^ in if(^) which is not stable
in K(n)[U, V]. So certainly it is not stable in K(n). This proves
Theorem A(2).

The proof of Theorem A(3) is similar. We will show that the
stable range of K[Z19 , Zn] is at least n + 1 by showing that the
unimodular sequence Zu •••, Zn, 1 — Σ?=i %\ ^s n ° t stable. Since K
maps to the reals, it suffices to show this when K equals the reals.
By Proposition 2.6(1) we may also assume n ^ 8. Now, let R =
K(n)[ U], where U is an indeterminate, let / = Z\ + + Z\ + U2 - 1,
and set T= R/(f). Since w ^ 8, The Γ-module k e r [ ^ , ••-, Zn, U]
is not free [5]. Propositions 2.3 and 2.5 imply that Zl9 , Zn, U2 — f
is not stable in K(n)[U], But the ί72 drops out so we get that
Zl9 •••, Zn9 1 - Σ?=i^ 2 is not stable in K(n). This proves Theorem
A(3).

4* Remarks* ( 1 ) For any ring K, let P°ίt%(K) be the module

over iΓU = K[Zl9 , ZJ/(ΣΓ=i ^ 2 - 1) defined by

P! f.(tf) = ker [Zlf •• , ^ ]

The proof of Theorem A(3) yields that if Zl9 •••, Zn9 1 - Σ?=i zl is
stable in Jί(^), then PQ

1}7l+1(K) is a free i^?,%+1-module. Assume now
that K is a field. Then it is well-known [1] that the stable range
of K(n) is less than or equal to n + 1. So when P°hn+1(K) is not
free, the stable range of K(ri) equals n + 1. Note that there are
cases when P°lyn+1(K) is free (K = reals, n — 7) and the stable range
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of K(n) is still n + 1 [6]. Moreover, if K is a finite field P\,n+ι{K) is
free [3] and the stable range of K(n) is less than n + 1 (Vasershtein).

( 2 ) The nonstable unimodular sequence Zu •••, Zn, 1 — Σ * U Z |
that we obtained in the proof of Theorem A(3) is the same one
Vasershtein discovered in [6].
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