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ORLICZ SPACE CONVERGENCE OF MARTINGALES
OF RADON-NIKODYM DERIVATIVES GIVEN
A ¢-LATTICE

DaviD LEGG

Let {M,} be an increasing sequence of sub o-lattices of
a o-algebra o7, and let M be the os-lattice generated by U M,.
Let L® be an associated Orlicz space of ¥-measurable func-
tions, where @ does not necessarily satisfy the J,-condition.
Given he LO, let f. be the Radon-Nikodym derivative of 7
given M;. Necessary and sufficient conditions are given on
h to insure that {f;} converges in L® to f, where f is the
Radon-Nikodym derivative of % given 1. The situation
where f is valued in a Banach space with basis is also
examined.

1. Introduction. If A and g are countably additive set func-
tions defined on a o-lattice of sets, then the Radon-Nikodym deriva-
tive of N with respect to ¢ has been defined by Johansen [4]. We
may consider this derivative as a conditional expectation of a func-
tion with respect to the c-lattice in the case where \ is absolutely
continuous with respect to . Hence we may define martingales in
this setting. The relation between martingales and Orlicz spaces has
been studied by Darst and DeBoth [3] in the case where the Orlicz
function @ satisfied the 4,-condition. In this paper we drop the 4,-
condition and give necessary and sufficient conditions for all
martingales to converge to the appropriate function. We also
consider the extension of this theory to Banach space valued set
functions.

2. Notation. Let M be a sub o-lattice of a o-algebra .o~ of
subsets of a nonempty set 2, and let A and # be countably additive,
real valued set functions defined on &% Then f is a derivative of
A with respect to ¢ on M if f is an extended real-valued function
defined on 2 such that

(1) fis M-measurable ([f > «] belongs to M for every real a)

(2) MANLS<b) =bANT[Sf <b)]) for all AeM, beR.

(3) MBNIf>a) Za(B°N[f > a]) for all Be M, acR.

Now suppose p is a finite, nonnegative measure on .% and
he L@, .4 ). Let ME) — SEhdy for Ec.o7 Then \ is a bounded

signed measure on .%% If f is the Radon-Nikodym derivative of A\
with respect to 2 on M, then we use the notation f = E(h, M). This
notation is used since f is the conditional expectation of & given M
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in the case h e L2, .o ). (See [1].)

The theory of Orlicz spaces may be found in detail in [5]. We
will describe here only the facts we need.

Let @(x) be an even, real-valued function defined on R such that
@(0) = 0. Recall @ satisfies the 4,-condition in case there is a constant
K > 0 such that @(2x) < KO(x) for all xe R. If

¥(y) = max,, [z|y| — ()],

then + is called the complementary function to @.
Let (2, .94 1) be a finite measure space. We denote by L’ =
L' (2, o7 1) the space of (equivalence classes of) .%~measurable,

real-valued functions f on 2 such that sz O(f/N)dp < ~ for some

N>0. L"is a Banach space under either of the following equivalent
norms:

171 = int {N: qu)%)d/x =1
A1 = sup { [, fodp]: | wan =1}

Using Jensen’s inequality, it is easy to see that L” c L'. Hence
if heL", then f = E(h, M) is defined.

3. Martingale convergence theorems.

ProrosiTioN 1. IfhelL”, and f = E(h, M), then feL’"; in fact,
A= R

Proof. The argument used in [3, Thm. 1] can be trivially ex-
tended to show that qu)(f/N)dpc < SQ@(h/N)dy. Hence if N = [|h]],
we have | 0(f/N)du = 1, implying |[7]| = N = k]

Suppose that {M,}r., is an increasing sequence of o-lattices of
subsets of 2, and M is the o-lattice generated by Ui, M,. Denote
by .o the o-algebra generated by M,. Let heL” and h, be the
Y,-measurable function such that S hdp =S h,dp for all Ee . oF.
Let f, = E(hy, M,). We call {f,, Mk};?fl a martFingale.

It was shown in [3, Thm. 2] that if @ satisfied the 4,-condition,
then {f,} converges to f = E(h, M) in the space L?. We now drop
the 4,~condition.

LEMMA 2. If E,;denotesthe norm closure of the bounded functions
in L°, then ge B, if and only if SQ O(g/N)dp < o for all N> 0.
E,=L" if and only 1f @ satisfies the d,-condition.
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Proof. See [5].

THEOREM 3. Let he L2, .o tt). Then the following statements
are equivalent:

(a) hekE,

(b) Ewvery martingale {f,, M} converges to f = E(h, M) in L°
NOrM,.

(c) Ewvery martingale {f,, M.} converges to f = E(h, M) weakly
wn L°.

Proof. I. (a) implies (b). If ¢ is any function and M is a
positive integer, let

() = {g(x) if |g) =M
lo i g > M.

Darst and DeBoth, in [3, Thm. 2], established
(4) S O(fo/n)dpe gg O(h/n)dy for any a =0 and for
[Ifpl>al [Ifp1>a]

all £ = 1.

Hence

(5) Ifikuspsall = 1AXus>all-  But since each f, is a Radon-
Nikodym derivative of 4, we have

(6) wlfel >al) = IN(1fe] > a]) = [N[(2). Hence p([|f] > al)—0
as @ — oo uniformly in k. Since % ¢ E,, h has an absolutely continu-
ous norm, hence

(7)) [AXus>all — 0 as @ — co uniformly in k. Referring back
to (5), we conclude

(8) ¥ = Fell = lfidpsysmll — 0 as M — co uniformly in £.
Now let M > 0 be temporarily fiexd. Let € >0, 0 > 0, and consider

"M

|, 2(E=L)a = o(ZE )it — 121> 3D + 0G)2) -

Brunk and Johansen, [2, Thm. 2.8], have established that f, —f a.e.
Hence we may choose ¢ so small and then %, so large that

SQ (M f")dpc<1 for k= k.

This implies ||/ — fi'll £ ¢ for k = k,, so

(9) |If*—fI||—0as k—co. Finally, smceSg@(f/N)dpéSgd)(h/N)d;e
for all N > 0, Lemma 2 guarantees that f ¢ E, whenver h € E,. Hence
by [5, Lemma 10.1],

@0y ||f—/"]|—0 as M— . Consequently, given ¢ >0, we
use (10) and (8) to choose M large enough so that ||f — /™| < ¢/3
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and ||fif — fil| < ¢&/38 for all k. Then using (9), we let k&, be so large
that |[/* — f¥]| <e/8 for k=k. Then [ f—/fill=I[f—F"I+
/% — fl + [|f¥ — fill < e for k = k,, which establishes I.

II.  (b) implies (c) trivially.

III. (c) implies (a). We will show that if & ¢ E,, then there is
a martingale {f,, M,} such that {f,} does not converge weakly to
f = E(h, M).
Let E,=[|h|<k], and let M,={B:B=ANE, Ac.}U{E}.
Then M, is a o-lattice, and M = J,-, M, = %~ It is clear that
[y = E(h,, M,) = h*. Hence f,cE, for all k. Now since M = .
it follows that f = h, which is not in E,. By the Hahn-Banach
theorem there is a continuous linear functional L on L° such that
L(f) =1 but L(g) =0 for all ge E,. Hence the sequence {f,} does
not converge weakly to f. Theorem 3 is established.

There is a type of convergence under which the the martingale
{fw M.} will always converge to f. We say that {u,} C L, converges

Ey-weakly to u if Sp u,ﬂ;d#—»S uvdy for every v e Ky, where 4 is

2 2
the complimentary function to @. The following result may Dbe
found in [5, Thm. 14.6]:

THEOREM 4. Suppose the sequence {u,} C L? converges in measure
to %, and there is a constant M > 0 such that ||u,|| £ M for all n.
Then we L” and {w,} converges Ey-weakly to u.

COROLLARY 5. If helL’, f=E0,M), and {f, M} is a
martingale, then the sequence {f,} converges Ey-weakly to f.

Proof. We have already seen that ||f,|| < ||k]| for all k. Also,
fi—f a.e., hence also in measure. The result follows from Theorem
4,

4. A martingale convergence theorem for vector valued
measures. In this section we define the Radon-Nikodym derivative
of a bounded countably additive set function valued in a Banach
space X with a Schauder basis with respect to a nonnegative measure
given a o-lattice. Then we prove a martingale convergence theorem.

Let X be a Banach space with a Schauder basis {¢,)7, of unit
vectors. Recall that there exists a constant K > 0 such that

(1) [1Xr, ceillz < K| X2 ciellz for all n, and all 357, ce, e X.

Suppose (2, .97 pt) is a finite measure space and M is a sub o-
lattice of .oz If »: M— X is countably additive, we may write
A= 3.2, M6, where each \;: M — R is countably additive.
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DEFINITION 6. Let fi(x) be the Radon-Nikodym derivative of \,
with respect to ¢ on M. Then we call f(x) = 3%, fi(x)e; the Radon-
Nikodym derivative of A = 372, \e; with respect to # on M.

Suppose h: 2— X is given by h(x) = 3 2, hi(x)e;, where each
h;: 2— R, and suppose further that SOHh(m)sz# < oo. Then
ME) = g h(x)dy defines an X-valued set function on .%~ Hence \ may
also be L;Nritten ME) = D2 M(E)e,. It is routine to verify that
N(E) = SE h(x)dy for each ¢. In view of this, we make the following

DEFINITION 7. If A(x) = 3.2, hix)e; is integrable, and f(x) =
o, E(h;, M)e,, then we call f(x) the Radon-Nikodym derivative of
h on M. We denote f = E(h, M).

Denote by L%2, X) the space of functions f defined on 2 such
that [|f(#)]|z is in L2, o7 p), and Eu(2, X) the space of functions
S such that |[f(x)||z is in Ey(2, .94 #£). Then a sequence {f,} converges
to f in L'(2, X) if ||f, — f|lz converges to 0 in L%(2, .57 f).

THEOREM 8. If h(z) = 32, hi(x)e; is in L%Q, X), and
2 | hi]l < o, then f = E(h, M) is in L2, X).

Proof. Recall that ||E(g, M)|| < ||g|| for any g L%, .7 p).
Let + be the complimentary function to @, and let ¢ be a nonnegative

7~measurable function on 2 such that Son;r(g)d;zgl. Let C=322, ||R]].
Then | [1@) lso@dp={ || 22 Fi@eso@dp=| (82150 g@in=

P Sqiﬁ(x)lg(m)d# s>l =23z A0 = 2352, (Al = 2C.
Hence ||f(2)|lz € L2, .57 p), so fe L2, X).

Let {M,}7., be an increasing sequence of sub o-lattices of .&
and let M be the o-lattice generated by Ui, M,. If f* = E(h, M),
then {f* M,} is called a martingale.

THEOREM 9. Suppose heEy (2, X) and 32, ||hi|| < . If
{f*, M} s a martingale, and f = E(h, M) = 3.2, f.e;, then f*— f as
k— o in L'(2, X).

Proof. Since, by (11), |h(x)| = 2K||k(z)||z for each 7, we have

Yo | o

for all N > 0. Referring to Lemma 2, this implies %, € E, for each 1.
Hence also f; € E, for each <.
Let ¢>0. Since, by hypothesis, >, |/h;|| < =, we have
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2 Ifill < = also. Let p be a positive integer such that
o 1fil] < €/8. Since ff—f; in L'(2, 7 p) for each 4, (Thm. 3),
we can find a positive integer @ such that for ¢ = @, [||f? — f:l]] < ¢/2p,
7= ]_’ <o, D
Let g be a nonnegative, .%~measurable function such that
S~ v(g9)dpe < 1. Then for ¢ = @,

1], 1@) = f@) 1z g(a)dy
=, 1% (1) — fia@edlzg@ds
= Sg(g | Fie) — fu=))g(@)dp
|, 171@) = £i@) g@)de
> Sf (x) — Filx)| g(x)ds

1=p+1

+
S = £+ 3 AL+ A

A

I

i=

-

A

<= +2 3 070+ A0

=< +43 IIfills

) €
—_ 4+ =—=¢.
2 =P+l 2 2

Hence [[|[|f* — flz|ll < e for ¢ = Q, and the proof is complete.
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