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ORLICZ SPACE CONVERGENCE OF MARTINGALES

OF RADON-NIKODYM DERIVATIVES GIVEN
A σ-LATTICE

DAVID LEGG

Let {Mk} be an increasing sequence of sub σ-lattices of
a <7-algebra s^9 and let M be the σ-lattice generated by UA; Mk.
Let LΦ be an associated Orlicz space of -^-measurable func-
tions, where Φ does not necessarily satisfy the z/2-condition.
Given h e LΦ, let fk be the Radon-Nikodym derivative of h
given Mk. Necessary and sufficient conditions are given on
h to insure that {fk} converges in LΦ to /, where / is the
Radon-Nikodym derivative of h given M. The situation
where / is valued in a Banach space with basis is also
examined.

1* Introduction* If λ and μ are countably additive set func-
tions defined on a σ-lattice of sets, then the Radon-Nikodym deriva-
tive of λ with respect to μ has been defined by Johansen [4]. We
may consider this derivative as a conditional expectation of a func-
tion with respect to the σ-lattice in the case where λ is absolutely
continuous with respect to μ. Hence we may define martingales in
this setting. The relation between martingales and Orlicz spaces has
been studied by Darst and DeBoth [3] in the case where the Orlicz
function Φ satisfied the 4>-condition. In this paper we drop the 4r
condition and give necessary and sufficient conditions for all
martingales to converge to the appropriate function. We also
consider the extension of this theory to Banach space valued set
functions.

2* Notation* Let M be a sub (/-lattice of a σ-algebra sZ of
subsets of a nonempty set Ω, and let λ and μ be countably additive,
real valued set functions defined on sZ. Then / is a derivative of
λ with respect to μ on M if / is an extended real-valued function
defined on Ω such that

(1) /is M-measurable ([/ > a] belongs to M for every real a)
(2) λ(An [/ < b]) ̂  bμ(An[f < b]) for all AeM, beB.
( 3) X(BC Π [/ > a]) ^ aμ(Bc Π [/ > a]) for all BeM, ae R.
Now suppose μ is a finite, nonnegative measure on Szf, and

r

h 6 U(Ω, X μ). Let X(E) = \ hdμ for Ee S$f. Then λ is a bounded
JE

signed measure on Ĵ Γ If / is the Radon-Nikodym derivative of λ
with respect to μ on M, then we use the notation / = E(h, M). This
notation is used since / is the conditional expectation of h given M
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in the case h e L2(Ω, J^f μ). (See [1].)
The theory of Orlicz spaces may be found in detail in [5]. We

will describe here only the facts we need.
Let Φ(x) be an even, real-valued function defined on R such that

Φ(0) = 0. Recall Φ satisfies the z/2-condition in case there is a constant
K > 0 such that Φ(2x) ̂  KΦ(x) for all x e R. If

ψ{y) = m a x ^ o [x\y\ - Φ(x)] ,

then ψ is called the complementary function to Φ.
Let (Ω, J^ μ) be a finite measure space. We denote by Lφ =

L \Ω, szf, μ) the space of (equivalence classes of) J^-measurable,

real-valued functions / on Ω such that \ Φ(f/N)dμ < oo for some
JΩ

N>0. 1/ is a Banach space under either of the following equivalent
norms:

= inf \N: \ Φ(Jrz

= sup fgdμ

Using Jensen's inequality, it is easy to see that Li c L1. Hence
if heL\ then / = E(h, M) is defined.

3. Martingale convergence theorems*

PROPOSITION 1. IfheL*, and f — E(h, M), then feL*\ in fact,

Proof. The argument used in [3, Thm. 1] can be trivially ex-

tended to show t h a t ( Φ(f/N)dμ ^ [φ(h/N)dμ. Hence if N= \\h\\,

we have ( Φ(f/N)dμ 1 1, implying \\f\\^N=\\h\\.
JΩ

Suppose that {Mk}%=1 is an increasing sequence of ^-lattices of
subsets of Ω, and M is the σ-lattice generated by (J?=i -M* Denote
by J^J the σ-algebra generated by Mk. Let h e L' and hk be the
j^-measurable function such that I hdμ = \ hkdμ for all E 6 J ^ .

)E }E

Let fk = E(hkJ Mk). We call {fkf Mk}k=1 a martingale.
It was shown in [3, Thm. 2] that if Φ satisfied the zf2-condition,

then {fk} converges to / = E(h, M) in the space Lφ. We now drop
the J2-condition.

LEMMA 2. // Eφ denotes the norm closure of the bounded functions

in Lφ, then g e Eφ if and only if \ Φ(g/N)dμ < oo for all N > 0.
}Ω

EΦ = Lφ if and only if Φ satisfies the A2-condition.
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Proof. See [5].

THEOREM 3. Let h e LΦ(Ω, Jϊf, μ). Then the following statements
are equivalent:

(a) heEφ
(b) Every martingale {fk9 Mk] converges to f = E(h, M) in Lφ

norm.
( c ) Every martingale {fk, Mk} converges to f = E(h, M) weakly

in Lφ.

Proof. I. (a) implies (b). If g is any function and I is a
positive integer, let

(g(x) if \g(x)\^M
U K > ( 0 if | ^ ) | >M.

Darst and DeBoth, in [3, Thm. 2], established

( 4 ) [ Φ(fk/n)dμ ^ ( Φ(h/n)dμ for any a ^ 0 and for
J[|/Λl>α] J[ |/A l>α]

all k ^ 1.
Hence
( 5 ) ||ΛZ[i/fcι>α]|| ^ l|AZ[i/Λι>α]||. But since each fk is a Radon-

Nikodym derivative of h, we have
( 6 ) μ([\fk\>a])^\X\([\fk\>a])^\X\(Ω). Hence μ([\fk\ > a])^0

as α ^ o o uniformly in k. Since h eEφ, h has an absolutely continu-
ous norm, hence

(7) IIAZci/fcixoll —>0 as a—> °o uniformly in &. Referring back
to (5), we conclude

(8) \\fk -fk\\ = \\fkXufk\>m\\-+0 as M-> oo uniformly in A.
Now let ikf > 0 be temporarily ίiexd. Let ε > 0, <? > 0, and consider

L φ^—~-)^ ^ Φ(ψ)μ([\/M - ft I > *]) + Φ(8)μ(Ω) .

Brunk and Johansen, [2, Thm. 2.8], have established that Λ—>/ a.e.
Hence we may choose δ so small and then k0 so large that

f φ(fM - ^ d ^ ^ i for A;

This implies H/* - fξ\\ ^ ε for k ^ fc0, so

(9) H/^-jfyiHOasft— oo. Finally, since( Φ(f/N)dμ^[ Φ(h/N)dμ
for all N > 0? Lemma 2 guarantees that / e ^ whenver fc e ^ . Hence
by [5, Lemma 10.1],

(10) | |/ — fM\\ —>0 as M~> oo. Consequently, given ε > 0, we
use (10) and (8) to choose M large enough so that | |/ — fM\\ < ε/3
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and ||/f ~Λ | | < e/3 for all k. Then using (9), we let k0 be so large
that H/*-y? | | < e/3 for k^k0. Then \\f-fk\\^\\f-fM\\ +
\\fM -fk\\ + ll/ί - All < e for k ̂  &o, which establishes I.

II. (b) implies (c) trivially.
III. (c) implies (a). We will show that if h&EΦ> then there is

a martingale {fk9 Mk} such that {fk} does not converge weakly to
/ - E(h, M).
Let Ek = [\h\£ k], and let Mk = {B: B - A n Ek9 Ae J^f) U {-Eί}.
Then Λffc is a ^-lattice, and M = \Jk=1 Mk = Ĵ Γ It is clear that
Λ = #(Λ*, Mk) = h\ Hence Λ e J&Φ for all fc. Now since ilf = J ^
it follows that /' = h9 which is not in Eφ. By the Hahn-Banach
theorem there is a continuous linear functional L on Lφ such that
L(f) = 1 but L(g) = 0 for all g e JKΦ. Hence the sequence {fk} does
not converge weakly to /. Theorem 3 is established.

There is a type of convergence under which the the martingale
{fk, Mk) will always converge to /. We say that {uj c Lφ converges
EV-weakly to u if \ unvdμ —> \ uvdμ for every v e Eψ, where ψ is
the complimentary function to Φ. The following result may be
found in [5, Thm. 14.6]:

THEOREM 4. Suppose the sequence {un} c If converges in measure
to u, and there is a constant M > 0 such that \\un\\ ̂  M for all n.
Then ue LΓ and {un} converges Eψ-weakly to u.

COROLLARY 5. If heL\ f = E(h, M), and {fk, Mk] is a

martingale, then the sequence {fk} converges Eψ-weakly to f.

Proof. We have already seen that \\fk\\ ^ ||fc|| for all k. Also,
fk—*f a e., hence also in measure. The result follows from Theorem
4.

4* A martingale convergence theorem for vector valued
measures* In this section we define the Radon-Nikodym derivative
of a bounded countably additive set function valued in a Banach
space X with a Schauder basis with respect to a nonnegative measure
given a ̂ -lattice. Then we prove a martingale convergence theorem.

Let X be a Banach space with a Schauder basis {eJΓ=i of unit
vectors. Recall that there exists a constant K > 0 such that

(11) 11 Σ?=i CA I If ̂  K11 ΣΓ~i cfr I If for all n, and all ΣΓ=i etet e X.
Suppose (Ω, J < μ) is a finite measure space and M is a sub σ-

lattice of Ĵ Γ If X:M~~>X is countably additive, we may write
λ = ΣΓ=iMt> where each X^M—^R is countably additive.



ORLICZ SPACE CONVERGENCE OF MARTINGALES 213

DEFINITION 6. Let fi(x) be the Radon-Nikodym derivative of \
with respect to μ on M. Then we call f(x) = ΣΓ=i /t(#K the Radon-
Nikodym derivative of λ = Σ£=i M* with respect to μ on ikf.

Suppose h: Ω —» X is given by /&(#) = ΣΓ=i hi(x)eί, where each
ht:Ω—>R, and suppose further that I \\h(x)\\χdμ < <*>. Then

h(x)dμ defines an X-valued set function on Szf. Hence λ may
B

also be written X(E) — ΣΠ=i Xi{E)ei. It is routine to verify that

\(E) = \ hi(x)dμ for each i. In view of this, we make the following

DEFINITION 7. If h(x) = ΣΠ=i M ^ K is integrable, and /(cc) =
ΣS=i ^(^> -M)β*> then we call f(x) the Radon-Nikodym derivative of
h on ikf. We denote / = E(h, M).

Denote by LΦ(Ω, X) the space of functions / defined on Ω such

that 11/0*01|x is in LΦ{Ω, Sϊf, μ), and EΦ(Ω, X) the space of functions

/ such that ||/(x)||z is in EΦ(Ω, Ssf, μ). Then a sequence {fn} converges

to / in L"(Ω, X) if | |/ f t - f\\i converges to 0 in LΦ(Ω, Ssζ μ).

THEOREM 8. If h(x) = Σr=i hi(x)et is_ in LΦ(Ω, X), and
i ||Λ<|| < °o, then f = E(h, M) is in LΦ(Ω, X).

Proof. Recall t h a t \\E(g, M)\\ ^ \\g\\ for any geLφ(Ω, JSζ μ).

Let ψ be the complimentary function to Φ, and let g be a nonnegative

.immeasurable function on Ω such that I ψ(g)dμ^l. Let C=ΣΓ=i ll^ll-

Then jj |/(ίc)| |?flr(»)d/i=joNΣΓ^Λί^β,||2i(ic)d^^Sp(ΣΓ=i l/i(«)I)flr

ΣΓ=i \o\Uχ)\g(χ)dμ £ Σ?=i IIIΛIII ^ 2 Σ Γ β l ll/.ll ^ 2 Σ " - i P J I = 2C.

Hence" ||/(a?)||f e LΦ(Ω, J < ^) , so / e Lφ(i2, X).

Let {MJΓ=i be an increasing sequence of sub σ-lattices of
and let M be the ex-lattice generated by U*U Mk. If fk = #(/&, Mfc),
then {/fc, Jlffc} is called a martingale.

THEOREM 9. Suppose heEφ(Ω,X) and ΣΓ=i l l^ ll < °°. //
{fk, Mk) is a martingale, and f = E(h, M) = Σ Γ = J A , then fc—>f as
&-> oo i n L (Ω, X).

Proof Since, by (11), \ht(x)\ ^ 2K\\h(x)\\j for each i, we have

< \
N(2K)-1

for all N > 0. Referring to Lemma 2, this implies ht e Eφ for each i.
Hence also f e Eφ for each i.

Let ε > 0. Since, by hypothesis, ΣΠ=i ||&<|| < °°> w e
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ΣΓ=i I I/ill < °° also. Let p be a positive integer such that
Σ^p+illΛII < e/8. Since /?->/, in IS{Ω, Af, μ) for each ΐ, (Thm. 3),
we can find a positive integer Q such that for q >̂ Q, |||/? — ΛM < e/2p,
i = 1, •••, p.

Let ^ be a nonnegative, J^-measurable function such that

[f{g)dμ S 1. Then for q ^ Q,

έ ( \f!(x) - Ux)\9(x

Σ (
ι=p+l J.Q

Σ (IIIΛ
i

2 i=2>+i 2 2

Hence | | | | |/ g — / | | i | | | < ε for q^Q, and the proof is complete.

REFERENCES

1. H. D. Brunk, Conditional expectation given a σ-lattice and applications, Annals.
Math. Statist., 36 (1965), 1339-1350.
2. H. D. Brunk and S. Johansen, A generalized Radon-Nikodym derivative, Pacific J.
Math., 34 (1970), 585-617.
3. R. B. Darst and G. A. DeBoth, Norm convergence of martingales of Radon-Nikodym
derivatives given a σ-lattice, Pacific J. Math., 40 (1972), 547-551.
4. S. Johansen, The descriptive approach to the derivative of a set function with
respect to a σ-lattice, Pacific J. Math., 2 1 (1967), 49-58.
5. M. A. Krasnosel'skii and Ya. B. Rutickii, Convex Functions and Orlicz Spaces
(translation), Groningen, 1961.

Received May 5, 1976.

INDIANA UNIVERSITY-PURDUE UNIVERSITY-FORT WAYNE




