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A NOTE ON QUASISIMILARITY II

LAWRENCE FIALKOW

Let Ή denote a separable, infinite dimensional complex
Hubert space, and let 5£{'j{) denote the algebra of all bounded
linear operators on %€. An operator X in i?(5ίf) is a quasiaffi-
nity (or a quasi-invertible operator) if X is injective and has
dense range. An operator A on $f is a quasiaffine transform of
operator B if there exists a quasiaffinity such that BX =
XΛ. A and B are quasisimilar if they are quasiaffine trans-
forms of one another. The purpose of this note is to study the
quasisimilarity orbits of certain subsets of '£("#) containing
quasinilpotent, spectral, and compact operators.

In response to a question of E. Azoff [5], we show in §2 that each
countable direct sum of spectral operators is quasisimilar to a spectral
operator. This result is used in §5 to give a sufficient condition for an
operator with a family of spectral parts to be quasisimilar to a spectral
operator. In §3 we give two examples concerning the problem of
characterizing membership in ΆqS9 the quasisimilarity orbit of the set of all
quasinilpotent operators in i?($f) (cf. [11]). Let T and 5 denote
quasisimilar operators. In [21], Sz.-Nagy and Foia§ proved that if S is
unitary, then LatΛ (Γ), the lattice of hyperinvariant subspaces of Γ,
contains a sublattice that is lattice isomorphic to Lath (5). In §4 we give
a generalization of this result to arbitrary operators from which the result
of Sz.-Nagy and Foia§ is easily recovered. For the case when S is
spectral, we obtain an analogous result involving the lattice of spectral
subspaces of S. We show that in the general case LaU (Γ) always
contains a sublattice that is lattice isomorphic to the Riesz lattice of
S. In §5, as another application, we determine the quasisimilarity orbit
of a class of compact operators.

For T in S£{W\ σ(Γ), ρ(T), and r{T) denote, respectively, the
spectrum, resolvent, and spectral radius of T. We will use basic facts
about essential spectra from [12] and about quasitriangularity from [7].

The author is grateful to E. Azoff, F. Gilfeather, and D. Herrero, for
their many helpful comments and suggestions. The author is also
grateful to Professors Moore and Nordgren for the opportunity to attend
part of the N.S.F. summer research institute in operatory theory, held at
the University of New Hampshire, during which this paper was written.

2. Quasisimilarity and direct sums of spectral
operators. In [15] F. Gilfeather proved that each direct integral of
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quasinilpotent operators is unitarily equivalent to a countable direct sum
of quasinilpotent operators, and in [11] it was proved that each such
direct sum is in Άqs. E. Azoff [4] extended Gilfeather's result by proving
that each direct integral of spectral operators is unitarily equivalent to a
countable direct sum of spectral operators. The following examples of
such direct sums were pointed out in [4]. Each operator in a finite type I
von Neumann algebra is a direct integral of operators acting on finite
dimensional spaces, and is thus a direct sum of spectral operators by
Azoff's result. In [14] it was proved that each root of an abelian analytic
operator-valued function is unitarily equivalent to a countable direct sum
of spectral operators (see [14] for terminology and details). We now
show that each direct sum of spectral operators is quasisimilar to a
spectral operator.

Recall that by a theorem of Dunford (see, for example, [18, §2]) an
operator 5 in 5£{^C) is spectral if and only if S = R~ιNR + Q, where JR is
invertible, N is normal, Q is quasinilpotent, and Q commutes with
R~ιNR. This decomposition is unique and is called the canonical
decomposition of 5; moreover, if S is spectral, then σ(S) = cr(JV).

THEOREM 2.1. The countable direct sum of spectral operators is
quasisimilar to a spectral operator.

Proof For each i ^ 1, let S, = .R̂ Ni-JR,- + Q denote the canonical
decomposition of the spectral operator S, acting on the complex Hubert
space % the norm || ||, on <Mi is induced by the inner product (,),. We
will prove that if {|| S, ||} is a bounded sequence, then the operator
5 = Σ φ Si acting on %ί = Σ φ CXΪ is quasisimilar to a spectral operator.

For each 4 ^ 1, let 7] denote the quasinilpotent operator
iRiQiRi1. We define a new inner product (,),;o on % by (x, y)i,0 =
Σ"=0(ΓΓχ, ΓΓyX for each x and y in %. It is shown in [17, page 278] that
the preceding series converges and induces a complete norm || \ιS) on Sίζ
that is equivalent to || ||,. Let ^ 0 denote Sίζ equipped with this new norm
and let Jx•: S^ —> %CUQ be defined by Jxx - x for each x in %C{. It is shown in
[17] that Jt is bounded and that \\JiTiJjι\\ifi<l (where || ||.-o now also
denotes the operator norm on ££(%&)).

Since N, is a normal operator that commutes with Th Fuglede's
Theorem [19, Cor. 1.18, page 20] implies that % commutes with
N*. Thus, for each x and y in $%5 we have

(JiNJTlx9 yh = (JVΛ yXo = Σ (ΓΓNΛ Tΐy), = Σ (NJfr, ΓΓy),
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This identity implies that (JιNj71)* = JiN*Jj\ and thus JiNJ;1 is a normal
operator in £β(fflφ). In particular, we have

UNJ7%o= r(JiNJ:1)= r(Ni) = riSJ^llSil

so we may define the normal operator N - Σ 0 Λ/V,/;"1 in J£(X0), where

If A, = J.R&RJ'J;1, then ||A, | |w = ||J; (l/i)Γ ί/rio< 1/i, and it fol-
lows that O = Σ 0 A , is quasinilpotent. Indeed, for z EC-{0}, let n
be a positive integer such that 1/n < | z |. For / > n, || A, ||i,0 = 1/i < 1/n <
|z I and thus

([(A, - zΓMI.o ̂  (I z I -1) A, lU)-1 < (I z I - I/O"1 < (I ̂  I - 1/n)-1.

Now

sup||(A, - z Π U S m a x ( sup | |(Λ - z)-%,(\z\ - 1/n)"1) <oo,

and thus z £ σ(Q). Since N commutes with <?, So = N + O is a spectral
operator. To complete the proof, we note that since 5, is similar to
JiNJ^1 + Ai for each ΐ, then [18, Theorem 2.5] implies that 5 is quasisimi-
lar to So.

REMARK. We note several relationships between the spectrum of a
direct sum of spectral operators and that of any spectral operator
quasisimilar to it. Let Γ = Σ 0 S , denote a direct sum of spectral
operators and let S be a spectral operator quasisimilar to T. If
σ = U^(S,), then [11, Corollary 2.12] implies that σCσ(S)Cσ(Γ), and
[10, Lemma 2.1.] implies that each nonempty closed-and-open subset of
σ(Γ) has nonempty intersection with σ.

3. Examples concerning quasisimilarity and
quasinilpotent operators. In [11, Theorem 3.1] it was proved that
if T is in Άqn then T satisfies the following properties: 1) σ{T) = σe(T),
2) if P is a nonzero projection such that (1 - P)TP = 0, then σ(T \ P%) is
connected and contains 0; if additionally P/l, then σ ( ( l - P ) Γ |
(1 - P)%) is connected and contains 0, 3) T and Γ* are quasitriangular;
4) (TI PVty is quasitriangular (P as above). It follows from the spectral
characterization of quasitriangular operators [3] that the preceding
conditions are equivalent to the following one: if P is a non-zero
projection and (1 - P)TP = 0, then 0 E σ(T \ PX); if additionally P^ 1,
then 0 G σ((l - P)T \ (1 - P)W). In the following example we show that
σe(T I PX) need not contain 0 and may be disconnected, and that T
may be nonquasitriangular.
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EXAMPLE 3.1. Let {en}™=ί denote an orthonormal basis for 3€ and
let kn = n(n + l)/2 (n ̂  1). We define an operator A by the equations
Aej = ei+ί if kn^j^kn+,-2 (n ̂  1), and Aef=0 if j = kn+ι-l
(n ^ 1). Since A is a direct sum of nilpotent operators, A is quasisimi-
lar to some quasinilpotent operator B. Let an = l/2"/2 (n ^ 1), x =
Σ^=ianekn, and Λί = (Anjc)"=i. We will show that A \ M is non-
quasitriangular. Let fn = Anx (n^ 1). Then (fn,/m) = 0 for n^ m, and
\\fn ||

2 = Σ ^ α 2 - = ΣΓ.Λl/2' = 1/2""1 (n ^ 1). If gn = (l/||/n | | )/ w then Agn =
(ll/-+i||/HΛ ll)gn+i = (l/21/2)gn+i (n S 1). Let 1/ be the unilateral shift on M
defined by Ugn = gπ+1 (n ^ 1). Since Λ | M = (l/21/2)ί/, Λ | M is non-
quasitriangular and σe{A \ M) = {z \\z\ = 1/21/2}. To show that a part of
an operator in Άqs may have disconnected essential spectrum we may
consider A 0 (aA) for | a \ / 1.

For Γ in #(#?) we set M(T) = {JC G 5ίf: || T"x||1/n ^ 0 } ; also S β / =
{Γ E ϊ£{$ty. T is a quasiaffine transform of some quasinilpotent
operator}, and Ά*af= {T<Ξ &(%): T* G Άaf}. In [2] C. Apostol proved
that if M(T*Y = W, then T is in Άaf9 and in [11] we asked whether
&qs = Xf ΠΆ% or equivalently, whether M(Ty =? ̂ ( Γ * ) ~ = W implies
that Γ is in Άqs. If Γ is decomposable and M(T*)~ = %t, then T is in Sa/,
and [11, Corollary 2.12] implies that T is quasinilpotent. If T is
hyponormal and M(T)~ = 3ίf, then T* is in Άaf9 and [11, Theorem 3.6]
implies that T = 0.

For injective weighted shifts the situation is different. In the
following example we show that there is an injective weighted shift T
which is not quasinilpotent but for which M(T)~ = M(T*)~ = $f. We
are unable to decide if T is quasisimilar to a quasinilpotent operator.

EXAMPLE 3.2. For each integer n ^ l let m(n) =
n(n + l)/2+ n. Let T be the injective weighted shift defined by Te, =
αiβi+i (ί = 1), where {βi}Γ=i is an orthonormal basis for $f, af = 1 if
ίV m(n) for all n ^ l , and a m ( n ) = l/nm ( n + 1 ) (n ^ 1). Since the weight
sequence {αj contains arbitrarily long strings of consecutive Γs, it
follows that σ(T) is the closed unit disk. Since Γ*neπ = 0 for n ̂  1,
M(T*y = 2t. A calculation shows that for / ̂  m(n), || T'eJI1^ ^ 1/n, and
thus ej is in M{T). Using the relation || Tek+ι\\υi =

)1/(i+1) | |Γ ί+1ek | |
1/('+1))(1+1//), it follows by induction that each efc is in

, and thus M(T)' = %.

4. Quasisimilarity and hyperinvariant subspaces. We
recall two simple facts concerning the similarity of two operators A and
B: (i) if / is an invertible operator such that AJ = JB, then a subspace M
is invariant for B if and only if JM is invariant for A (ii) the restriction of
J to a B -invariant subspace M induces a similarity between B \ M and
A I JM. In this section we examine the extent to which (i) and (ii) have
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analogues for quasisimilarity. If we persist in considering arbitrary
invariant subspaces, the analogue of (ii) cannot be obtained, for there
exist quasisimilar operators A and JB, and an A -invariant subspace M,
such that A \ M is not quasisimilar to any part of B. To see this,
consider the operators A and B of Example 3.1. Now A \ M is
nonquasitriangular, while each part of B is quasinilpotent; thus [11,
Theorem 3.1] implies that A \ M is not quasisimilar to any part of B.

The principal occurrence of quasisimilarity in the literature is in
relation to Hoover's result [18] that if A and B are quasisimilar
operators and A has a nontrivial hyperinvariant subspace, then so does
B. However, as is discussed in [8], the structure of an operator is not
likely to be revealed by the presence of a single nontrivial hyperinvariant
subspace for B, but more likely by the presence of a collection of
hyperinvariant subspaces {Ma}a(ΞI for which the structure of B\Ma is
well understood. Thus the ultimate value of the quasisimilarity relation
may lie in the extent to which it preserves the lattices of the hyperin-
variant subspaces of quasisimilar operators. In [21, Prop. 5.1, pg. 76] it
was proved that if A is quasisimilar to a unitary operator J3, then there
exists an injective mapping of Lath (B) into LatΛ (A) which respects the
lattice structures. In [18] this result was extended to the case when B is
a normal operator. Using the proofs of these results as motivation, we
next give a generalization of these results to non-normal operators.

For T in S?(3ίf), let (T)' denote the commutant of Γ, i.e. (T)' = {X in
£(%): TX = XT}, and let (T)" denote the second commutant of Γ, i.e.
(Γ)" = {Y in £(%): YX = XY for each X in (Γ)'}. Let φ(S€) denote
the set of all closed subspaces of $ί, and let γ(Γ) denote the set
{Λί ε φ(%): M = QM% for some operator QM in (Γ)"}.

PROPOSITION 4.1. // T is in Ϊ£(W\ then γ(Γ)CLat, (Γ). // S is
quasisimilar to T, then there exists a function q: y(T)—> φ(ffl) such that
the following properties are satisfied.

(1) q{M) is a hyperinvariant subspace of S for each M in γ(T).
(2) q is injective.
(3) q({0}) = {0};q(W)=?e.
(4) i / l / 6 y ( Γ ) and M CM, then q(M)Cq{N).
(5) // μ θ « e / C γ ( Γ ) and ΠaMa = {0}, then Πaq(Ma) = {0}.
(6) if{Ma}aGICy(T)andVaMaGy(Tlthenq(VaMa)= V aq(Ma).
(7) 5 I q{M) is a quasiaffine transform of T \ Mfor each M E γ(T).
(8) if R is a nonzero part of S \ q(M), then each nonempty closed-

and-open subset of σ(R) has nonempty intersection with σ(T \ M).
(9) if V is a nonzero part of T \ M, then each nonempty closed-and-

open subset of σ(V) has nonempty intersection with σ(S | q{M)).

We acknowledge at the outset that the proofs of (1) and (3)-(6) are
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essentially the same as the proofs of the corresponding results in [6,
Theorem 4.5, page 56] and [21, Prop. 5.1, page 76]; they are included
here for the sake of completeness. We note also that the case y(T) =
{$£} may arise. In [13] Gellar and Herrero give examples of weighted
shifts T such that for each A^O commuting with Γ, A is injective and
has dense range; clearly y(t) = {%€}. We will repeatedly use the simple
fact that if 3ΓC$f and U is in iP(Sίf), then C73Sf= UX.

Proof of Proposition 4.1. For M in γ(T) we have M = QM^ for
some QM in (Γ)". If JR commutes with T, then

RM = RQMWCRQM% = RQMW= QMRXCQMW= M,

and thus M is a hyperinvariant subspace for T.
Suppose that X and Y are quasi-invertible operators such that

SX = XT and TY = YS. For M in γ(T) we set q{M) = V RS(syRXM; it
is clear that q satisfies (1), (3), and (4), and the proofs of (5) and (6) are the
same as in the case when T is unitary (see [21]). To show that q is
injective it suffices to verify that Yq(M) = M for each M in γ(Γ). First,
note that if R is in (S)', then YRX is in (T)', sinc^_Y£XT = YRSX =
YSRX = TYRX. Let O^ in (Γ)" be such that Q ^ = M. Now

Yq(Jί)= Y v RXMCy YRXM= v Y#X<2^= v
KG(S)' R ' R R

C v YRXQM%= V Vi?XQ^= v QMYRX%CQM%= M.
R R R

Thus Yq(M)CM and so YXJί= YXiίC Yq(M)CJt. Since we also
have

= YXQMX= YXQMW= QMγχπ= QMYXW= QMW= M,

it follows that Yq(M) = M.

The identity Yq(M) = M shows that Y \q(M)\ q(M)-> M is a
quasiaffinity, and we have {T\M)(Y \q{M)) = (Y\q{M)){S\q{M))\
also, X \ M is an injective mapping of Jί into q(Jί) and (S\q(M))
(X\M) = (X\ Jt)(T\M). Properties (7)-(9) now follow from the pre-
ceding identities and [11, Theorem 2.5].

REMARK. The preceding result includes Hoover's as a special case,
since when T is normal γ(Γ) = LatΛ (Γ). Indeed, suppose M is in
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LaU (T) and let P denote the projection onto M. If S commutes with Γ,
then Fuglede's Theorem implies that S* commutes with T, and thus 5
commutes with P. Since PW = Jt and P is in (Γ)", Jί is in γ(T).

Let Γ be an arbitrary operator in $£{%€). If / is a function that is
analytic in a neighborhood of σ(T), then /(T), as defined by the Riesz
functional calculus, is in (T)" (see [19, pages 26-32]), and thus /(T)^is in
γ(Γ). It follows that γ(T) contains the Riesz lattice of T defined by
{Eβt: σ is a closed-and-open subset of <τ(T)}, where Eσ - χσ{T) and χσ

is the characteristic function of σ. In view of these remarks, Proposition
4.1 implies the following result.

COROLLARY 4.2. If S and T are in t£(ffl) and S is quasisimilar to Γ,
then Lath (S) contains a sublattice that is lattice isomorphic to the Riesz
lattice of T. If q: γ(T)-» Lath (S) is a function that is given by Proposi-
tion 4.1, and σ is a closed-and-open subset of σ(T), then S \q(EJ%) is a
quasiaffine transform of T\EJf6.

COROLLARY 4.3. // S is quasisimilar to T and M is a finite dimen-
sional subspace in γ(T), then S \ q{M) is similar to T \ M.

Proof. We retain the notation of the proof of Proposition
4.1. Since Yq(M) = M and Y is injective, q(M) is finite
dimensional. Now Yq(M) is closed, so Yq(Jί) = M, and in particular
dim(q(Jί)) = dim(M). Since X(M) is a.subspace of q(M) and
dim(X(M)) = dim(Jί) = dim(q(M)), we have X(M) = q(M), and thus
X\M\M-+ q(M) induces a similarity between S \ q(Jί) and T | Jί.

Let E denote the spectral measure of a spectral operator T in
J£(2£). The lattice of spectral subspaces of T is determined by
Latsp(T) = {E(σ)ffl: σ a Borel set}. Since E(σ) is an idempotent in
(Γ)" (see [18]), then Latsp (Γ)Cγ(Γ), and Proposition 4.1 yields the
following result.

COROLLARY 4.4. // T is a spectral operator and S is quasisimilar to
T, then LaU (S) contains a sublattice that is lattice isomorphic to the lattice
of spectral subspaces of T. If q: γ(Γ)—>LaU (5) is a function given by
Proposition 4.1, and σ is a Borel set, then S \ q(E(σ)ffl) is a quasiaffine
transform of T\E(σ)W.

REMARK. For an analogue of Corollary 4.4 for the case when T is
only assumed to be decomposable, but the sets are closed rather than
Borel, see [6, Theorem 4.5, page 56].

5. The quasisimilarity orbit of a class of compact
operators. If K is a compact operator in ££{ffl) and A is a nonzero
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member of σ(K), let 0l(K,λ) = {x E Vt\ (T- λ)nx = 0 for some integer
n ^ 1}. Let % denote the set of all compact operators K in 5£{dfί) which
satisfy the following properties:

(1) V*=1 <%, = $? (where {AjΓ=i is the sequence of distinct nonzero
members of σ(K) and &tt = 9t(K, A,));

(2) nr.,(vr» ia k) = {o}
Each injective compact normal operator is in ^ moreover, % is

closed under similarity. We next characterize the quasisimilarity orbit
of ζ€. Following [1], we say that a sequence {Mi} of closed subspaces of
X is a fozsic sequence if ^ and V kjίiMk are complementary for each i.

THEOREM 5.1. An operator T in i?($?) is quasisimilar to an operator
in % if and only if T satisfies the following properties:

(i) There exists a basic sequence {Mi}°°=ι of finite dimensional
hyperinvariant subspaces of T\

(ii) σ(T\Mi) = {λi}J A.^0, and A,-*0;

(in) nr , , (v k δ i ^ k ) = {o}.

We note that noncompact operators may satisfy (i)-(iii); if A^O,

λ. -^0, and if A, is the 2 x 2 matrix ( ^ , ), then A =ΣT=i0A, is

non-compact and satisfies (i)-(iii).

LEMMA 5.2. If K is in %, then {3?, }Γ=i is a basic sequence in y(K)
such that Vitk9ti and V ^ S ^ are in y{K) (k ^ 1).

Proof Let f denote the characteristic function of {Aj. Then f is
analytic in a neighborhood of σ(K) and Et = f(K) is a finite rank
idempotent whose range is S4, (see [9, p. 579], [20, p. 424]); in particular,
&ti is in γ(K). For i? k, (1 - /k)f = fh so ^ = E& =
(\-Ek)E^C{\-Ek)df( and thus V ^ ^ - C ( l - £ k ) ^ S i n c e ^ i s

finite dimensional,

V

Since 0lk and (1-Ek)3€ are complementary, it follows that V ( V k ^ =
(l-JBk)Sίf and is thus in γ(K); this also shows that {5?,-}Γ=i is a basic
sequence. To show that V ,-sic+i Sδ, is in γ(K), it suffices to verify that
VU>*+I % = (1 - £ , - - E * ) ^ For fc = 1 this identity follows from
above, so we assume that (1 - JS, - - Ek^^t = V^ f c^. Since 0lk is
finite dimensional, V ^ k ^ = ζkk + V^ k + 1 ^, and since, from above,
Vίέfc+1 9?,- C(l - £k)5ίf, it follows that
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jafc+1

Now EkE} = δjkEk, and thus

= (1-Ek)(.v ^')%Y+i&»

so the proof is complete.

LEMMA 5.3. Let {4,}J»i fee α feαsic sequence of subspaces of X, and
for each n, let Pn denote the (bounded) idempotent such that Pn^t-Mn and
ker(Pn) = ViμnJίι. Then Πf= 1( VΓ=1Mk) = {0} if and only if there is no
non-zero vector x for which Pnx=0 for each n.

Proof. Since V*=1J<n = $f, for each x in 5ίf we have x =
liπii-^ΣJLi wi/y), where mi; E Mh and where for each /, mtJ = 0 for all but
finitely many /. If Pxx = 0, then

0 = Pi x - lim 21 Pi Ήi; = lim m J b

and so x = liml_+OoΣ7

3O=2'wi/.. Thus x is in Vk^2Mk, and by repeating this
argument inductively, it follows that if each P n x=0, then x is in
ΠΓ=i(Vfc=lMk). Conversely, if x is in Vΐ=iMk (CVk?i-xMk), then
Pi_,JC = 0 ; thus if x is in Π^ι(V0O

k=ιMk), then P,x=0 for each i.

Proof of Theorem 5.1. We retain the notation of the proceeding
results. Suppose that T is quasisimilar to an operator K in <€. Let
q: y(K)-*Lath (T) be a function given by Proposition 4.1, and for / g 1,
let Jiι = <?(£%,). Since έ%{ is finite dimensional, Corollary 4.3 implies that
T\Mt is similar to K \ 2fth and thus Mx is finite dimensional, σ(T \ M^ =
σ ( X | 98f) = {A,}, A,7^0, and A,->0. Lemma 5.2 implies that V ^ , ^ is
in γ(K); since ΓlΓ=i( Vfc=I3?fc) = {0}, Proposition 4.1 shows that

Similarly, since $lk and V,^k9ϊ, are complementary elements of γ(X), we
have

/ J \ ί π\ i Λ

I y MAC) Mk = q[ \j mΛCλ q(Sfίk) — {0};
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by the finite dimensionality of Mk we also have

Mk

Jr\/Mi-Mk\ι\ι Mi = v q{%)

Thus {Λt }Γ=i satisfies (i)-(iii).
For the converse, since Mi is finite dimensional, T \ M{ is of the form

λi + Ni, where Nj is nilpotent. Thus there is a Hubert space Sίζ and an
invertible operator 5 t: ^ -• <̂  such that || S,(Aζ | Mi)Sjί\\ < ί/i. It fol-
lows that K = Σ7=ι^Si(T\Mi)Sjι is in <€ (with respect to i?(3Γ), where
3Γ = ΣΓ=i 0 $f, ). We now procede as in [1] by choosing numbers ah b, >
0 such that Σf-i Λ, ||SrMI < °°> ΣΓ=i ^ Ί l ^ II ll^ll <°°, and by defining
operators A: 3ίf-> 3ίf, B: 3ί?-» 9ίf by A ( 0 7 - Λ ) = ΣΓ-i a^r1^ (^ in ^ )
and β c = φΓ=i Ŝ.P.oc (x in 3ίf). Property (iii) and Lemma 5.3 imply that
B is injective, and it follows readily that A and B are quasiaffinities such
that TA = AK and KB = BT. Thus Γ and K are quasisimilar, and the
proof is complete.

In [1] C. Apostol proved the following characterization of the
quasisimilarity orbit of the set of all normal operators in

THEOREM 5.4. (Apostol [1]). An operator Tin J£($e) is quasisimi
l if d l if h i b i {M}™

THEOREM 5.4. (Apostol [1]). An operator Tin J£($e) is quasisimi-
lar to a normal operator if and only if there exists a basic sequence {Mn}™=x

of T-invariant subspaces such that T \ Mn is similar to a normal operator
and nr = i(V^,Ji n ) = {0} if m =oo.

We next give a partial analogue of this result for spectral operators.

THEOREM 5.5. An operator T in Zβffl) is quasisimilar to a spectral
operator if there exists a finite or infinite basic sequence {Mn}

rZ=ι of
T-invariant subspaces such that (i) T\Mn is spectral and (ii)
Πr=i(V-= I^n) = {0} if m= oo.

Proof By a straightforward modification of Theorem 5.1, it follows
that if T satisfies (i) and (ii), then T is quasisimilar to a direct sum of
spectral operators. An application of Theorem 2.1 completes the proof.

Question 5.6. Is the converse of Theorem 5.5 true?

The proofs of the results in this section indicate the usefulness of
basic sequences of invariant subspaces in constructing a quasisimilarity
between a given operator and some reducible operator. In [18] Hoover
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showed that quasisimilarities can be produced by direct sums of
similarities and he also showed that not every quasisimilarity arises in this
way. Using a theorem of Sz.-Nagy and Foia§ [21], he showed that an
irreducible operator may be quasisimilar to a unitary
operator. (Gilfeather [16] proved what may be regarded as a strong
converse to Hoover's example: every normal operator N without point
spectrum, on a separable Hubert space, is the uniform limit of irreducible
operators each similar to N.) Thus, in the constructions of all of the
quasisimilarities of this section, and in those of [1] and [18], at least one of
the quasisimilar operators is reducible. It is possible, however, for two
irreducible operators to be quasisimilar (but not similar). In Example
4.4 of [11] it is shown that there are injective bilateral weighted shifts that
are quasisimilar but not similar, and since the weight sequences of these
shifts are both nonperiodic, it follows that both shifts are irreducible (see
[17, page 83]).

Added in proof, (i). E. Azoff has given an alternate proof of
Theorem 2.1 based on the following observation of his: if Q is a
quasinilpotent operator and e > 0, there exists an invertible operator / in
the C*-algebra generated by Q such that || JOT"1!! < e (for the proof, with
6 = 1, let / = (Σ;=oO*Ό")1 / 2).
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