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LOCALLY BOUNDED TOPOLOGIES ON F(X)

J O - A N N COHEN

It is classic that, to within equivalence, the only valuations
on the field F(X) of rational functions over a field F that are
improper on F are the valuations vp, where p is a prime of the
principal ideal subdomain F[X] of F(X), and the valuation iλ»,
defined by the prime X ] of the principal ideal subdomain
F[X~λ] of F(X) ([1], p. 94, Corollary 2). If ?Γ is the supremum
of finitely many of the associated valuation topologies, then :J is
a Hausdorff, locally bounded ring topology on F(X) for which F
te a bounded set and for which there is a nonzero topological
nilpotent a. In this paper we shall show conversely that any
topology on F(X) having these properties is the supremum of
finitely many valuation topologies.

A subset S of a topological ring R is bounded if given any
neighborhood V of 0, there exists a neighborhood U of 0 such that
SU C V and US C V. The topology on R is locally bounded if there is
a bounded neighborhood of 0. A bounded subfield of a Hausdorff
topological ring is discrete ([2], p. 119, Exercise 13). It is easy to see that
if limn_oc xn = 0 and if {αn}"=i is a bounded sequence, then limn_>o0αnxn = 0 .

An element c of a topological ring is a topological nilpotent if
limπ_ooCn = 0. Let ^ = {pG F [ X ] : p is a prime polynomial}, and let
0>'= & U{oo}. For each p G 0>', we shall denote by SΓP the topology
defined by the valuation υp. Then for any finite subset L of 0*', sup p e L SΓP

has a nonzero topological nilpotent. Indeed, let g be the product of the
members of L Π £?. If °o j£ L, g is a nonzero topological nilpotent for
sup p e L d~p if 30 E L, let q be a prime polynomial not in L and let r > 0 be
such that deg (qr) > deg g then g q~r is a nonzero topological nilpotent of
suppGL SΓP.

We recall that a norm || || ΌΠ a field X is a function to the
nonnegative reals satisfying ||JC|| = O if and only if x = 0, | | j c - y | | ^
||JC || + || y ||, and || jcy || ^ ||JC || ||y || for all JC, y e K. Clearly a subset of K is
bounded in norm if and only if it is bounded for the topology defined by
the norm; in particular the topology given by a norm is a locally bounded
topology. We shall use the following theorem of P. M. Cohn ([4],
Theorem 6.1): A Hausdorff, locally bounded ring topology on a field K
for which there is a nonzero topological nilpotent is defined by a norm.

THEOREM 1. Let F be a field and x a transcendental element over F
in some field extension. Let 3~ be a Hausdorff, locally bounded ring
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topology on F(x) for which the subfield F is bounded (and hence discrete)
and for which there exists a nonzero topological nilpotent go(x) E F[x], and
let J = {feF[X]ι \imn^f(x)n = 0}. Then

1. F[x] is bounded.
2. J is a proper ideal of F[X]] its monic generator h is the product of a

sequence ply -ypk of distinct prime polynomials of F[X].
3. J —

Proof. 1. By Cohn's Theorem there exists a norm || || defining
3~. Then | |go(*)n | | < 1 for some n § l ; let g = gl Then g{x) is a
topological nilpotent and | | g(x) | |< 1.

As F is bounded for ^ , there exists a positive constant M such that
|| α || ^ M, for all a E F. Let L = M ΣΓ-o II x \\\ where m = deg g. As F is
discrete, F contains no nonzero topological nilpotents, so m i 1. For
any polynomial / such that d e g / < m , f(x)= anx

n + an-ιXn~ι+ + α0

where n < m, α0, αi, , αn E F ; so

I* II = M λ . II* II = M L
i=0 i=0

Therefore, {/(JC) E F [ X ] : d e g / < m} is a bounded subset of F(JC).

We shall show next that | | / ( J C ) | | ^ S for all f E F[X], where S =
L/( l- | | g (x) | | ) . Given / £ F [ X ] , there exists an integer n έ O and
polynomials qo, — -,qn such that / = gnqn + - + gφ 4- ̂ 0 and for each
i £ [0, n], g, = 0 or deg qt < m. Therefore,

Thus F[JC] is bounded.

2. Let /i, /2 E /, and let t E F[X]. Then

ii σ . + / 2 ) 2 n (x) n = I Σ ( 2

f c

n ) / ? " - ^ ) n i*
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Thus, (fi + /2)
2(x) is a topological nilpotent, whence (/, + f2)(x) is. Also

\\ψnx)\mmx)\\\\r(x)\\SS\\mx)\\-*0,softtEJ. Hence as lgJ,
j is a proper nonzero ideal of F[X], a principal ideal domain. Let h be
its monic generator, and let h = Πf

fc

=1p? where p1? , pk are distinct prime
polynomials. Let h0 - Uί=iph and let r = max{r1? , rk). Then h \hτ

0,
so hoEJ and hence, ho(x) is a topological nilpotent. Therefore, h0

belongs to /. So as ho\h, ho= h.

3. We shall first show that the topology induced on F[x] by SΓ is
weaker than that induced on F[x] by

For all n S 1, let Un = {f(x) E F[x]: p^fΛ^i^k). Then (I7n)n ί l

is a fundamental system of neighborhoods of zero for the topology
induced on F[x] by suρlgίgk 9~pix). But clearly p" \f for all ί G [1, fe] if
and only if hn\f as h =pr-pk. Thus t/n = F[x]^n(jc).

For each 6 >0, let B, = {y G F(x): || y || < e}. It suffices to show
that there exists N G N such that F[x]hN(x)CB€ Π F[x].

Let N be such that \\h(x)N | |< e/S. then for any g(x)GF[x],

TΓ = €.

Hence F[x] hN(x)C B€ Π F[JC].

We next show that Si C sup^,^ ^x), that is, that given e >0, there
exists i? ^ 0 such that for every y G F(jt), if vp<x)(y)> R for all i G [1, fc],
then || y || < e.

Let 6 > 0. As the mapping (y,z)-> yz is continuous at (1,0), there
exists δ, y > 0 such that (Bδ + 1)BΎ C £j . By 2, there exists k0 such that
||ή(jc)*°||< γ. Then (βδ + 1)C h(x)-k°Bι and so h{x)^Bx is a neighbor-
hood of 1. As the topology ^ is given by a norm, y —> y"1 is continuous
for 5" on the set of nonzero elements of F{x) (the proof is the same as for
normed algebras found in [3], p. 75, Proposition 13), so there exists η
such that 0< η < 1 and (Bη + I)' 1 C ft(jt)~*°Bi. Since the topology in-
duced on F[x] by 5" is weaker than that induced on F[x] by sup^,^ 3~pix),
there exists N such that F[x]h(x)N C Bη. Then for all f G F[X],
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Choose R EN such that \\h(x)R || < e/||Λ(x)-*»||S. Suppose
R for all i = 1,2, , fc. Then

where r, /, q E F[X], and in F[X], p, X f, p,, Jί q, i = 1,2, , fc. Thus Λ N

and q are relatively prime, so there exists polynomials s, t E F[X] such
that <7(jc)s(x)=/iN(jt)i(x) + l.
Thus,

v =
y

r(x)s(x)f(x)
hN(x)t(x)+l

and therefore

To complete the proof of the theorem it remains to show that
supj^fcJp^C ST. For this, as both SΓ and sup^^STp^ are locally
bounded topologies, it suffices to show that Bx C {y E F(x): ϋpi(Jt)(y)^ 1,
1^/^fc}. Let y G B , and let y = Pι(x)ei " ' Pk(x)ekf{x)/q(x) where
β, E Z, /, q E F[X], and p, /̂  /, p{ X q for all i E [1, fc], and / and q are
relatively prime. Let / = {/ E [1, fc]: e, ̂  0}. Then yq(x)UiEIpi(xye' is
a topological nilpotent in 5" as F[x] is bounded. But

F[x],

so / Π f ^ / p f E / = (ft). H e n c e as h - p x - - - pk, [ l , f c ] ~ / = [ 1 , fc], i.e.,
/ = φ . S o β , ^ 1 for a l i i E [ 1 , fc], a n d t h u s v H x ) ( y ) ^ 1 for a l l / E [ l , f c ] .

COROLLARY. Lei Si be a Hausdorff ring topology on F(x) for which
the subfield F is bounded and let p be a prime polynomial in F[X]. Then
3~ = ^p(χ) if and only if SΓ is locally bounded and limn_oop"(x) = 0.

THEOREM 2. Let F be a field, x a transcendental element over
F. Let Si be a Hausdorff, locally bounded ring topology on F(x) for which
the subfield F is bounded and for which there is a nonzero topological
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nilpotent y. Then there exists a finite subset S of 8P' such that SΓ =

sup s e s SΓS.

Proof As each valuation υ on F(x) that is improper on F is
equivalent to vs for exactly one s G f ([1], p. 94, Corollary 2) it suffices
to show that SΓ is the supremum of finitely many valuation topologies
where each valuation is improper on F.

Let y = g(x)/h(x)/0 where (g(x), h(x)) = 1. By Cohn's
Theorem, there is a norm || || defining the topology on F(JC).

Case 1. deg h < deg g. Let n = deg h, n + r = deg g. We shall
show that

F[x] C F[y] 4- F[y]jc + 4 F [ y ] x n + r l ,

that is for each f E F[X] there exists Q G F[y] [X] of degree < n 4 r
such that f(x) = Q(x). For this it clearly sufficies to show that for each
fc^O, xn+r'k= Qk(x) for some Qk E F[Y][X] of degree < n + r.

Let g(x) = αn+rjc
n+r + + axx + αjX 4- α0, where each ax E F, and let

h (x) = bnx
n + + &!jc + fe0, where each fc G F Then yfcnx" +

ybn-xx
 n~λ + + yfco = αn+rx "+r + + axx + a0. Sox" + r = Q0(x) where

Assume xn+r+k= Qk(x) where Qk is a polynomial of degree ^
n + r - 1 over F[y]; let Ok = go(y)jcn + r l + Λ where g0 G F[X] and Ffc is
a polynomial in F[y ] [X] of degree ^ n 4- r - 2. Then

= go(y)Qo(χ) + χPk(χ)= Qk+ι(χ)

where Ok+,(X) = go(y) Q0(X) + XPk(X\ a polynomial over F[y] of
degree ^ n + r - 1 . Therefore

F[x] C F[y] + F[y]jc + + F [ y ] x n + Γ l .

By 1 of Theorem 1, applied to F(y) with its induced nondiscrete topology
which is given by the induced norm, F[y] is bounded in norm, and hence
F[x] is also. Thus F[x] is a bounded subset of F(x). Consequently,
h(x)y is a topological nilpotent; but h(x)y = g(x), so g(x) is a topologi-
cal nilpotent. Then by Theorem 1, SΓ is the supremum of p.-adic
topologies for some finite sequence of primes in F[x].
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Case 2. deg h = deg g.

Choose N such that

T h e n

is a topological nilpotent. Since deg g = deg ft, d e g ( X g N ) >
deg/ιN. By Case 1, Sf = sup^,^ 3~Pι for some sequence pu- ,pk of
primes in F[x].

Case 3. deg g < deg h and there exists ao^F such that X — a0 X
g. Since the substitution mapping /—»/(* - α0) is an automorphism of
F[x], let g(x) = gι(x ~ ao\ h(x) = hλ(x - α0) where g
Λ,G F[X]. Then deg g, < deg ft, and as X - a0 X g, X X gi. Let g, =
C X π + + C0, Λ ^ f t ^ Λ ^ + + δo. Then C 0 ^ 0 as X ^ g i .
Hence

,,

=

/i(x) bn+r(x - α 0 Γ r + + bo

= (JC - αo)n+Γ C(JC - q 0 Γ + - • + C0(x -
(x - ao)

n+r bn+r + + 6o(* - aoy
(

= gQ((x - aoy
ι)

=

ho((x - flo)'1)
where g0 = C0Xn + r + + CnX\ a polynomial of degree n + r as Co^ 0,
and ft0 = b0X

n+r + + ftπ+r, a polynomial of degree ^ n + r. Let z =
(x-aoy\ Then F ( z ) = F ( x ) and go(z)/ho(x) is a topological
nilpotent. By Cases 1 and 2, SΓ = sup lg/^ fc 5^, for some sequence of
primes in F[(x — α0) *]•

Case 4. deg g < deg h and for all a E F, X - α | g.
In this case F is a finite field; let /? be the characteristic of F and let q

be its order.
By the corollary to Theorem 1 applied to the prime polynomial Y of

F[Y], the topology induced on F(y) is the y-adic topology. Moreover,

Let K be a maximal subfield of F(x) such that K contains F(y) and
the topology induced on K by Si is the supremum of finitely many
valuation topologies, each of which is discrete on F. Let Ko =
{z E F ( x ) : z is separable over K). Then by Theorem 5 of ([5]), the
topology induced on Ko is the supremum of finitely many valuation
topologies. Hence K = Kθ9 that is F(x) is a purely inseparable exten-
sion of K. Let n be such that xp" E K.
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Let ϋi, * ,ϋΓ be valuations on K such that 3~\κ = s u p ^ ^ ^ .
Since every valuation on K admits an extension to F(x) ([1], p. 105,
Proposition 5), we may assume each υt = vSi \κ for some s, E £?'.

By Theorem 4 of ([5]) there exist ring topologies 2Γu- ,SΓr on
F(x) = K[x] such that SΓ< \κ = ̂  and 5" = s u p ^ , ^ ^ . Furthermore, as
SΓ is a locally bounded topology, by the proof of Theorem 4 of ([5]), each
ZΓ{ is locally bounded. Therefore it suffices to show that for 1 ̂  i ^ r, if ,
is the supremum of finitely many valuation topologies, each of which is
discrete on F

Let 1 ̂  i ^ r. Suppose that v{ = υs j κ where 5 is a prime polynomial
of F[X]. As g(x )//*(*) is a topological nilpotent for the given topology
it is also a topological nilpotent for the weaker topology induced on K by
vn and hence Vi(g(x)/h(x))>0. Furthermore by our assumption on υn

vl(x)^0. Let m be such that pnm >deg/ι. Then Vi(xp"mg(x)/h(x))>
0. so xp"m g(x)/h(x) is a nonzero topological nilpotent for SΓVl and hence
for !Γt. Furthermore, deg Xp"mg > deg h. As F is a finite field, F is a
bounded set for 3Ί and therefore by Case 1, 3r

ι is the supremum of
finitely many valuation topologies on F(JC), each of which is discrete on F.

So we may assume that vι = ι>oc|κ. Let t be the highest power of X
occuring in the factorization of the polynomial g. Choose m such that
mpn > t. Let go, h0 be relatively prime polynomials such that go/Λo —
g/h l/Xp"m. Since ϋ.(g(jc)/Λ(jc))>0 and ̂ ( l / X ' " m ) > 0 , go(x)/h0(x)is a
nonzero topological nilpotent for 2ΓVl and hence for SΓt. Moreover,
X )( g0. Therefore by Case 3, SΓt is the supremum of finitely many
valuation topologies, each of which is discrete on F This completes the
proof of the theorem.

COROLLARY. Let F be a field, x a transcendental element over
F Let J be a Hausdorff locally bounded ring topology on F(x) for which
the subfield F is bounded and for which there is a nonzero topological
nilpotent. Assume further that the completion of F(x) for 2Γ is a
field. Then 5" is either the p-adic topology for some prime p in F[x] or ?Γ
is ^ o o .

Proof. By Theorem 2, there exists a nonempty finite subset S of &'
such that SΓ = sup s G S SΓS- As the completion of F(x) for SΓ is a field, the
cardinality of S is 1 by the Approximation Theorem ([1], p. 136,
Theorem 2).
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