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ON EXTENSION OF ROTUND NORMS II

K. JOHN AND V. ZIZLER

It is proved that if X is a Banach space, YaX with
XIY separable and || |l is an equivalent locally uniformly
rotund norm on Y, then |[ || can be extended to such a norm
on X.

This generalizes [2] where it was shown that any locally uniformly
rotund equivalent norm on a closed subspace of a separable Banach
space X can be extended to such a norm on X.

By a subspace we mean a closed linear subspace, sp L denotes
the linear hull of L and x—>x stands for the quotient map X-+X/Y
if Y is a subspace of X.

Let us recall that a norm 11 11 on a Banach space X is locally
uniformly rotund (LUR) if whenever Iim2(||α?||2 + | | ^ ||2) — \\x + %||2 =
0, x,xάeX, then lim ||x — xά\\ — 0. || || is rotund (jβ) if for any
x, n e l , x Φ y, 2(\\x\\2 + \\y\\>) - \\x + y\\2 > 0.

THEOREM 1. Let X be a Banach space, YaX a subspace of X.
Suppose X/Y is separable and Y admits an equivalent norm || ||
which is LUR (R). Then || || can be extended to an equivalent norm
|[ || on X which is LUR (R).

Proof. Let us start with the case of LUR.
First extend the given LUR norm || || on Y to an equivalent

norm || || on X: This can easily be done as follows: Take the
closed unit ball Bf of Y with respect to |] || and the closed ball B
of X such that B Γ) YaBl. Then, easily, the Minkowski functional
of conv (JB U Bl) is the desired norm on X(cf. e.g., [4], [2]).

Furthermore, let {α J^U aX/Y, anΦθ be a dense subset of Xj Y.
Let S: X/Y—> X denote the Bartle-Graves continuous selection map
(Sx e x) and an = Sdn.

For neN (N positive integers), choose fn e X*, fn{an) — 1, | |/Λ | | =
P J Γ 1 , /» = 0 on y and denote by Pn(x) = fn(x)an, Pή = I — Pn where
I is the identity map on X.

Consider

IIMH2 = (1 - c)|W|2 + Σ 2 - ( l + HPJir lî  - Pnχ\\2 + P l l 2 ,

where c = Σ?=i (1 + \\Pn\\)~22-n, || || is an equivalent LUR norm on
X/Γ([3]).
Then ( i ) ||| ||| is an equivalent norm on X which agree with || |[
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on Y,
(ii) HI ||| is LUR.

(i) is easily seen.
To see (ii), assume there is an ε > 0 such that

(1)

and

(2) I l l s-a JII > e

and find a contradiction.
From (1),

(3) l im2(P| | 2 + PJ |«) - ||x + £ J | 2 = 0 ,

(4) l i m 2 ( | | P > | | * + | | P X | | 1 ) - | | P . ' ( α + ajJll1 = 0, for neN
TO

( 5 ) I i m 2 ( | | * | | 2 + | | s j | f ) - | | s + a?J|2 = 0 ,

( 6 ) K = max (sup 11 xn | |, 1) < °o .

If xe Y, then x = 0 and form (3), lim \\xm\\ = 0, so there is a sequence
x'me Γ with lim | K ~ a i | | = 0 and so, by (5), (6) Iim2(| |α| | 2 + | K | | 2 ) -
\\x + x'm\\2 = 0 and therefore by LUR of || || on Y, lim \\x - x'm\\ = 0
and thus lim ||cc — # w | | = 0 , a contradiction with (2).

If x g Y, write x = y0 + α0, α0 = >Sx, i/0 e Y. From LUR of || ||
on Y, there is δ e (0,1/2) such that whenever

1/6 Γ, \\y - »0 | | ^ S,^e Y, and 2(||τ/||2 + | |^| |2) - \\y + ^| |2

^ δ ,

then, | |y - z\\ ^ ε/2. By (3) and LUR of | H | ,

( 8 ) l i m | | ί n - «| | = 0

and thus,

( 9 ) lim Sxm = Sx — a0 .

Let

(10) an 6 {αw}, lim dn = d0 = x (and thus lim αΛ = α0) .

Furthermore,

(11) l i m | | P J | - | | α o | | llδoll"1

Let δ, - min {[1 + (5(| |αo | | | | α o | | - 1 + 2)f{K + l ) ] " ^ , ε/8}(δ from (7)).
Choose noeN so that

(a) IIPJI^HαolMlfioir + l
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(b) \\an — ot-o|| < δt for each n ^ n0

(c) | | * m — x\\ < δi for each m ̂  n0.
Keeping this n0 fixed, choose nt ^ n0 so that

(d) 2(| I P:ΰ(x) 112 + 11 P;(z J112) - 11 P:0(x + aj J 1 | 2 < 8, for each m^n,.
Choose zno e ano such that

(12) | | « . β - « | | < δ 1

and 4 , ε « , , such that

(13) llxi.-x.JK^.

Since «;„ = αBo + un<j, znn = ano + vno for some %β0, vno e Y,

(14) P ; « o ) - < - P.β(aj^) = t ί , , e F and PL0{zno) = vn<ie Y.

Furthermore, by (d), (a), (12), (13),

xαip ooii + II-P WII + ιi-p;«)iι + WP^JW)

^ 3,(1 + (5( | |α o | | p o | r + 2)) 2 (ίΓ+ l))£δ.

Thus, by (7) and (14),

e/2 ^ I I P ; « ) - p;0(2»0)iι = ι κ - ̂ o ι ι .

So, H ^ - χ| | ̂  ||a;;0 - zno\\ + \\xni - 4 0 | | + \\zno - x\\ 5Ξ (7/8)ε<e,
a contradiction.

For the case of rotund norms we define the norm ||| ||| by the
same formula as above.
Again, suppose

(Γ)

and

(2') \\x-y\\ > ε > 0 .

From (1'),

(3') 2(P||2+||£||2)-P + £||2 = 0

(4') 2(||P;(!B)H1 + ||P;(i/)Π - ||P,;(!F + i/)H* = 0 for neN

(5')
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If xe Y, x = 0 and from (3'), # = 0, s o i / e Γ and from R of || || on
Y and (50, x = y.

If a? ί Γ, then by 22 of | | and by (3'), x = y. So, write α? =
a0 + Vo, V = do + Zo, Vo, 20e Y, a0 = S i . By 22 of || || on Y, there is
a (1/2) > δ > 0 such that whenever

1/6 7 , z e Γ , \ \ y - y o \ \ ^ δ , \ \ z - z o \ \ ^ δ ,

then

\\y-z\\^sl2.

Denote by δ, = min{[l + (5(||αo|| | |α o | Γ + 2))\K + 1)]-% ε/8},
where K — m a x ( | | # | | = \\y\\, 1). Let dn e {άn}, l imd% = d0 = x, an = Sdn.
Then lima, - a0, l im| |PJ | = | |ao | | | |ao | |-1.

Thus we can choose noeN so that | |P Λ o | | ^ | |α o | | Hαdl"1 + 1,
l | α » 0 - " α ° l l < δ i Choose y n Q f z n Q e a n o s u c h t h a t \ \ z n o - x \ \ < δ 1 9 \ \ y n o - y \ \ <
δt. Since

Furthermore,

- y)\\

1)) g δ .

Thus, by (6')f (7'), e/2 ^ | |P;(ί/B o) - P ; - ( O H = HfΛ., - O | . So,
||» - 2/|| ^ | |» - 2«0|| + Hl/Mo - 2Ko|| + \\yΛB + »|| ^ (3/4)β < ε, a con-
tradiction.

We finish the note with the following

Question. Can Theorem 1 be generalized for the case of weakly
compactly generated XjYt
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