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A DECOMPOSITION OF COMPLETE
BOOLEAN ALGEBRAS

S. ARGYROS

Denoting by |B| the cardinality of a Boolean algebra
B and by S(B) the least cardinal « such that every family
of mutually disjoint elements of B has cardinality less than
x, we prove that: if B is a complete Boolean algebras, then
there is a finite family B, - - -, B, of complete Boolean algebra,
such that B is isomorphic to the product B, X---x B,, and
|B;|S82 = |By| for i =1,2, -+, n.

Pierce has proved in [2] that |B|® = |B| for every infinite com-
plete Boolean algebra. Comfort and Hager in [1] extended this
resut to the class of infinite countably complete Boolean algebras,
and also provided some counterexamples of complete Boolean algebras,
such that |B|* > | B| for some cardinal » < S(B), the Souslin number
of (the Stone space of) B. In the present paper we examine the
structure of the class of infinite complete Boolean algebras for which
the above inequality holds.

The organization of the paper is as follows.

In §1 we establish some simple relations on cardinal arithmetic.

In §2 we give the proof of the main result in topological form
(via Stone’s duality). Also we give some sufficiency conditions for
the equality |B[|¥2 = |B| and the extension of its validity to the
class of k-disconnected compact Hausdorff spaces.

The author wishes to thank the anonymous referee for his very
constructive suggestions.

0. Preliminaries. The symbols & o denote ordinals and the
symbols a, B3, --- denote cardinals.

For a cardinal @ we denote by ¢f(a) the least cardinal B such
that a is a sum of B many cardinals less than «. The cardinality
of a set A is denoted by |A].

For a, £ we set at= 3, . a’

A cardinal a is strongly k-inaccessible if for each 8 < a and
A < £ we have 8 < a, if in addition a@ > £ then we write a > k.

We consider only infinite T,-topological spaces. Let X be com-
pact topological space. The weight of X, denoted by w(X), is the
least cardinality of a base for the topology of X. The Souslin
number of X denoted by S(X), is the least cardinal £ such that
there is no set of open mutually disjoint subsets of X of cardinality
K.
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1. Roots of cardinals and their properties.
DEeFINITIONS 1.1. Let a, £ be cardinals.
We set
Yo = min {8: 85 = a}
Va =min{¥a:p¢ <«}.
It is clear that

if A<k, then 2< Va < ¥Ya £ a, also
¥ a = min {8: there is M < £ with 8 = a} .

REMARK 1.2. If Va <8< a then Va = ¥3.

(Indeed, it is clear that V8 = Va; if ¥ 8 < ¥ a then
Va s (VB)y<a
and hence
(Vay =(Vey =W"e)r<a

a contradiction.)

ProprosITION 1.3. Let a, £ be infinite cardinals and suppose
that

2< Va <a.

Then, setting 8 = ¥ a we have
(1) ef(B) =k and cf(B) < B
(ii) B = g*.

Proof. Since ¥'a >2 we have that 8> k. We prove that

cf(B) = k.

Indeed, suppose that ¢f(8) > k. Let v be a regular cardinal such
that ¥'a@ <v=<a. By Remark 1.2 we have Vv = 8. Since g* = v
it follows that there is one-to-one function

fiv— 6",
Define ¢: v — 8 by
$(&) = sup (fE)(K) .

Since ¢f(B) > k, ¢ is well-defined; since v is regular and g < v it
follows that there is », < 8 and AcC v with |A| = v such that
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é@E) =mn, for all cec4d;
hence
flA: A—— nf is one-to-one
and from this

v =|A]| = |n|* and

B> |m| = ¥ a contradiction .
For the proof of (ii) we observe that
*) Va »kt.
So if {B,: ¢ < ¢f(B)} is a family of cardinals such that

oI (B Bo =@ then
Rt = («%(ﬁ) ) '8")‘ - <o<:c[fl(ﬁ) B")E B I;.[ (B.)*
— B = g®

a<cf(B)

where B; < B by (%).

PROPOSITION 1.4. Let a, £ be cardinals with 2 < ¥Va < a.
Setting 8 = ¥ a we have

(i) ef(B) <k, ef(B)Y<RB

(ii) ef(B) =min{A <k: Va = ¥ a}

(i) B = pE= D - B

Proof. By Definition 1.1 and using the Proposition 1.3, we im-
mediately prove (i). In order to prove (ii) we observe that for a
¢ <k such that ¥a =1V a, we have g® = g* (by Proposition
1.3). On the other hand using Tarski’s recursion formula [3] and
the fact that g > ¢f(B8) we have

G =B for every 7 <ecf(B).

So the proof of (ii) is complete.
Using (ii) we have

BE=S8'= 3 B=Zk-BYP=pIWD

A<k cf(B)=2<k

which proves (iii).

2. Itis known that for each complete Boolean algebra B there
is an extremally disconnected space X(B) such that B is isomorphic
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to the algebra of open-and-closed (clopen) subsets of X and conse-
quently

w(X(B)) = |B|,
S(B) = S(X(B)) (Stone’s duality theorem) .

In the sequel, we consider extremally disconnected compact spaces
instead of complete Boolean algebras.

LeMMA 2.1. Let X be compact extremally disconnected space and
{(Up:1€I} an infinite family of open monempty mutually disjoint
subsets of X with w(U,) = ©; for all 1€ I, then

w(el (U U;)) = max (2'”, 11 z-1> .

iel

PROPOSITION 2.2. Let X be a compact extremally disconnected
space with w(X) = a. We set

© = min {&: there s UC X clopen with
w(U)=a and SU)=k}.

Then

o' =a for ech T<p.

Proof. Suppose that there is a space X for which the proposi-
tion is not valid. Then there is V clopen subset of X and = < p
such that

w(V) = a and & >a. By Remark 1.2 we have ¥'a@ = ¥a® which
implies ¥a° < @°. By Proposition 1.4 we have either

Va =2, or
ef(B) < p and
B =Rge>a where 8= Va .

In the case of ¥ @ = 2 there is 7 < o such that 2° > a. Choosing
a family {V.:¢ <<t} of mutually disjoint clopen subsets of V we
have w(cl(U V,)) = 2° > a (by Lemma 2.1), which is a contradiction.
Assuming 2 < ¥ a the following two cases can be considered.

Case 1. There is clopen UcCV with w(U) =« and for each
clopen TcU, w(T)=p= VY«a.

In this case, there is a family {T.:¢ < cf(B)} of clopen non-
empty mutually disjoint subsets of U, since S(U)=p and ¢f(B) < p.
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This implies a = w(el (Uicorip Te)) = P = 82> a which is a con-
tradiction.

Case 2. For each clopen UCV with w(U) = a there is Tc U
clopen with w(T) < g.

Using Zorn’s lemma we choose a maximal farmily {T;:7eI} of
clopen disjoint subsets of V such that w(T,) =7, < g for all 1e 1.

We assert that sup{r;:i€l} =7=08. Indeed, if 7 is less than
B then, since |I| < p and g is strongly p-inaccessible, we have

T[II<:8
and
B<w(V)=wCl(UTy)) = ]:[Ifi <7l <g

which is a contradiction.
So there is a family {i.: £ < ¢f(B)} such that sup {7,,: & < ¢f(B)} = B
and using Proposition 1.4 and Lemma 2.1 we have
wel(UT, )= 1l 7, =B"">a

£<ef(B)

a contradiction. The proof is complete.
In the following corollary we give a different proof of the well-
known result of Pierce which is contained in [2].

COROLLARY 2.3. Let X be a compact extremally disconnected
space and w(X) = a. Then a® = a.

Proof. For each T,-space the Souslin number is uncounable; so
the cardinal p as it is defined in the previous proposition is un-
countable, so this proves the desired statement.

THEOREM 2.4. Let X be a compact extremally disconnected space
with w(X) = a and S(X) = k.
Then either

(i) for each M < k a* = a, or

(ii) there are U, U, disjoint clopen sets such that

X= UlU Ug,
w(U,) < a,
S(U) <k, and

as™ = a .

Proof. Assume that (i) fails. Let {U;:ielI} be a maximal
family of pairwise disjoint clopen subsets of X such that for each
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1el w(U,) =a, S(U,) = p, and for each ¢ < p, we have a* = a. It
follows from Proposition 2.2 that if we set V = {,.; U, then
wX—-V)<a.

Setting S(V) = ¢ we prove now that, for each <7, a* = a.

Let p = sup {p;: ¢ €I} and we assume first that o < |I|. Then
it is obvious that ¢ = |I|* and since w(U,) = w(X) = a for each i ¢ I,
and X is an extremally disconnected space, we have that a''' =«
(Lemma 2.1).

So it remains to examine the case where |I| < p. In this case
we assert that either

(1) there is 4,€I such that o = p,,
or

(2) of(p) <o.

In fact, if we assume that o > p, for all icl, then p is a limit
cardinal; and if o is regular then we have that |I| = p, a contradic-
tion. Now under the assumption that |I| = o we have that = = p
if p = p,, for some 4,€ I, and that = p*, otherwise.

If ¢ = p = p,, then the definition of p, implies that a* = a for
all £ < 7. In the case where ¢ = p* we choose a family {0,: 0 < ¢f(0)}
such that o, < p and 3, p, = p; since for each ¢ < ¢f(o) there is
i, I with o, > p, it follows that a’ = a and so

a=Jla=Jla=a’" =a.

Weset U, = Vand U,= X — V; it is easy to see that these two
clopen sets satisfy condition (ii) of the theorem.

The following result is an immediate consequence of Theorem 2.4.
COROLLARY 2.5. Let X be an extremally disconnected compact
space, for every monemply clopen subset U of which either.
wlU)=wX)=a,
or
S(U)=8X)=«.
Then at= «a.
REMARK 2.6. Sufficiency conditions for the equality w(X)5® =

w(X) for extremally disconnected compact spaces X are also given
in Theorem 4 of [1].
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COROLLARY 2.7. Let X be a compact extremally disconnected
space. Then there is a finite family {U, U, ---, U,} of clopen non-
empty mutually disjoint subsets of X with

(i) X=UL U

(ii) w(U,) = a,, S(U,) = p, and a¥ = a,
for all i =1, -+, n.

Proof. We inductively choose U,, U,, - -, U,, - - - clopen sets such
that

(i) w(U)=a, S(U,) =p, and a* =«

(ii) assuming that U, have been chosen such that

wU,) =a,, SU,)=p, and
aZ =a, forall n<mn,,

we set V, = X — U, U..
If V,,= @ then we set U, = U, for all n >n,. If V, # @& then
setting w(V,) = @,+, and S(V,) = 7,, we consider two cases:

Tno

(1) aml=a,ﬂo+1.

In this case we set U, = V,, for all n > n,

(2) al >a

Using Theorem 2.4 we choose U, ., CV,, such that
W(Uop4) = Wnpsr s S(Uppr1) = Qg s
WV, — Unpr) < w(V,) and

Pag+1

”F'/l = Qygtr -
Since the cardinals are well-ordered and the family {a,:n < w} is
decreasing there is N < @ such that for each n > N U, = U, and
N is the least with this property. That means that the family
{U, ---, Uy} is as desired.

REMARK 2.8. Analogous statements can be proved for compact
k-disconnected spaces i.e., for spaces which have a basis of clopen sets
such that for any collection % of its elements with cardinality &
the set el (U%) is also open.

In particular, the following results can be proved with the same
arguments as Proposition 2.2 and Theorem 2.4.

PROPOSITION 2.2.a. Let X be a k-disconnected space with

wX) =a.
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Then either
af =,
or there is UC X clopen such that

w(U) = a, SU)=p=k and a*=a.

THEOREM 2.4.a. Let X be k-disconmected space with w(X) = «
and af > a. Then there are U, U, clopen subsets of X such that
U,uU,= X, S(U, = p, at=a and w(U,) < a.

THEOREM 2.7.a. Let X be a compact k-disconnected space with
w(X) =a and a* > a. Then there is a finite family {U, U,, ---, U,}
of clopen nonempty mutually disjoint subsets of X with

(i) X=UnU,

(11) w(Uw) = Oy, S<Ut) = 0y a? = i
for 1=1,---,m and

(iii) U, is a complete Boolean algebra for each i =1, ---, n — 1.

REMARK 2.9. Proposition 2.2.a implies, also, that if X is an
w-disconnected compact space then w(X)® = w(X) which has been
proved in [1] (Theorem 2).

REMARK 2.10. Comfort and Hager in [1] constructed a class of
r-complete Boolean algebras for which |B| = «, S(B) > k, and a* > «;
furthermore, Theorem 6 in [1] implies that, under some additional
set-theoretical assumptions, for example G. C. H., it follows that
every k-complete Boolean algebra with |B| = a, S(B) > &, and a* > «
is (isomorphic to) a product A, x A4, where A, A, are Boolean
algebras with

(1) [Al=a, |4 <a,

(ii) if 0~£be A, then |(d)] =«

(where we set (b) = {a e A,: a = b)),
(i) S(4) £ k, and
(iv) A, is complete.
Theorem 2.4.a implies that if B is a k-complete algebra with
S(B) > £ and |B|* > | B|, then without any set-theoretical assumption,
B is isomorphic to a product A, x A, so that conditions (i), (iii),
and (iv) are satisfied. (To the best knowledge of the author, condi-
tion (ii) may fail in general, although I know of no specific example).
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