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INVARIANT SUBSPACE LATTICES FOR A
CALSS OF OPERATORS

BooN-HuaA ONG

We study the invariant subspace lattices for a one
parameter family of operators {T,}. on L?(0,1), « a complex
number, where

T.f(@) = 2f@) + a rf(t)dt ,
and their adjoints 7%,
THf(x) = of(x) + a Slf(t)dt .

The closed invariant subspaces for 7, are in one-to-one
correspondence with certain closed ideals of %,, where %,

is a Silov algebra with unit and in which the range <2, of
the Riemann Liouville operator J,

((Jotta) = fo)go(x — b ftt)dt

is embedded as a closed ideal. When » is a positive integer,
there is a complete lattice isomorphism between the closed
ideals of -%7,. and the n-tuples (E,, E, ---, E,_;) of closed
subsets of [0, 1] where E, 2 F, 2 --+ 2 E,_, 2 derived set of

E,. Every closed ideal of «%, is the intersection of closed
primary ideals. Similar results carry over to « where the real
part of « is an integer and also to the adjoint operators.

1. Introduction. Not many operators have had their invariants
subspace lattices completely described. To name but a few, the in-
variant subspace lattice for the (simple) Volterra operator on L?*(0, 1)
was completely determined by Donoghue [4] and a more general result
by Kalisch [7], that for the (simple) shift operator on I* by Beurling
[1]. Further investigation of the invariant subspaces for the weighted
shift operators have been made by Donoghue [4], Korenbljum [12],
Nikol’skii ([14], [15]) and many others.

The main object of this paper is to characterize the invariant
subspace lattices for a one parameter family of operators {7T.}. on
L7(0, 1) (in general 1 < p < o, but in some cases 1 < p < o) where

T.f@) = af @) + a | f®t
feL?0,1), z€[0,1] and a is any complex number with integer real
part. (And hence for their adjoints, namely {T%} where T*f(x) =

385
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o f (%) + agl F(t)de.)

We co?wert the invariant subspace problem into an equivalent
problem where we characterize the closed ideals of certain Silov
algebras. Sarason [18] had employed this approach to characterize
all the closed invariant subspaces of T,. Our result is a generalization
of his. The equivalence of the two problems is established by using
analysis of Kantorovitz [10] on the funectional calculus of the opera-
tors T,.

We prove that there is a complete lattice isomorphism between
the closed invariant subspaces of T,(n € N, the natural numbers) and
certain closed ideals of a Silov algebra .2, where ., = { fif=" is
absolutely continuous, f™eL?(0, 1)} with norm |f|,=|/f"], +
Sz f9(0)| (Theorem 4.1). This correspondence is induced by the
Riemann Liouville operator J, on L?(0, 1) where

J.f(@) = _E_S”(x — #)*1f(t)dt, Re a (the real part of a) >0,
I'(a) o

I" is the gamma function.

There is a complete lattice isomorphism between the closed ideals
of &2, and the n-tuples (B, E, ---, E,-,) of closed subsets of [0, 1]
with B, 2 E, 2 --- 2 E,_, 2 derived set of E, (Theorems 3.19 and
4.3). Every closed ideal of <2, is found to be the intersection of
closed primary ideals. Several other algebras were known to have
this property. Stone [21] proved it for the algebra C[0, 1], Silov [19]
for C'[0, 1], Whitney [24] for C*[0, 1], Snol [20] for some algebras
lying between C[0, 1] and C'[0, 1], Osadchii [16] for the algebra of
functions on the unit circle for which the nth derivatives are square
summable, Daly and Downum [3] for a subalgebra of C"'[0, 1] con-
sisting of functions whose (n — 1)th derivatives satisfy a bounded
Lipschitz condition.

Similar results carry over easily to the more general parameter
«, where Rea is an integer, and also the adjoints of these operators.

When Re « is not integral, the situation is more complex. It is
not apparent that <2, the range of J, is an algebra. Via functional
calculus, we show that indeed it is, for Rea = 1. Moreover it can
be embedded as a closed ideal of a Silov algebra with unit, <2,
which is a natural generalization of .. As is in the case of T,,
there is a one-to-one correspondence between the closed T,-invariant
subspaces and certain closed ideals of <2, (and hence of #). We
conjecture that all the closed ideals of éa(n < Rea < n+ 1) are
completely determined as in the case of R,, by n-tuples of closed
subsets of [0, 1] satisfying certain conditions. We have not succeeded
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in proving this and we hope to return to the problem on a later
occasion. Kantorovitz ([10], [11]) showed that the operator 7T, has
Cr-functional calculus if and only if |Rea| < n. Imitating his argu-
ment, we found that for «, g€ C (the complex numbers) with Re o >
1 and 0 < Re 3 < Rea, T; has <7 -functional calculus.

Finally it should be remarked that Erdos [5] and Waterman [23]
had independently found all the invariant subspaces for the operator

T, on L?(0,1) where T, is defined as

Tyo@) = f@@) — | et

ge L0, 1), z€][0, 1] and f is a function with some suitable conditions.
The particular case when f(¢) =t¢ gives T,= T_,. Furthermore,

Waterman, in [23], claims to have found all the closed invariant
subspaces for the operators {7T_,}, n a positive integer, by using
recent results on L?-approximation by splines. However, our work

is conducted independently of his work which was not available to

us'.

2. The Silov algebra .ZZ,. The range ., of the Riemann
Liouville operator .J,,

J.f(x) = T(lT) S(x —orp(yde, fe 170, 1), [0, 1],

where ne N, 1 = p < co, is given by

A, = {g: g™ is absolutely continuous, g™ e L?(0, 1),
g9(0)=0,0=i=n—1}.

Clearly .2, is a subalgebra of the well known Banach algebra
C*[0, 1], the space of all complex valued functions with (» — 1)
continuous derivatives. But we will endow &, with its own norm.
As .2, has no unit, it is convenient to embed it in a larger algebra

@Nn with unit, namely
B = B DC PCrH - PCxPC
where the sum is direct. Thus
2, = {g: g™ is absolutely continuous, g L*0, 1)} .

Define a norm |- |, on .52, as follows: for ge. 2,

91, = g™ 1l + S 19O,

1 Still unable to locate this reference.
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where || - ||, denotes the L?-norm and [.| the absolute value. It is
easily seen that (L%A;, |1, is complete and .22, is a closed ideal of
Z,. The norm ||| - |||, defined as

gl = g™l + Sllg“ I, ge2,,

(where || - ||~ is the supremum norm) is equivalent to |-|,.

Since for any g, he .2, |hgl. < ¢|h|.|g|, for some constant ¢
independent of g, » and =, ., can be made into a Banach algebra
by the equivalent norm |-|, where |g|, = ¢|g|,. Moreover B, is a
Silov algebra. (A commutative semisimple Banach algebra 9 is a
Silov algebra if for any closed subset F' of the maximal ideal space
@, of A and x2€ 0, x ¢ F, there is an element k€A such that a(x) =
1 and A(F) = {0}.) Henceforth we shall use the norm |-|, on B
but the arguments used work for both norms.

Observe that for any fixed ¢ and a¢,0 < ¢ <n — 1, a€[0, 1], the
evaluation map E,,: <7, — C defined as E; (9) = g% (a), ge. A, is
continuous.

It will be seen that the collection & of all the closed ideals of
2, which are closed under multiplication by the function z are in
one-to-one correspondence with the closed invariant subspaces of
T.. % consists of precisely those closed ideals of <, which lie in
#,. The collection Z* of all the closed ideals of <2, (and hence

#) can be neatly characterized and every closed ideal of <2, is the
intersection of closed primary ideals.

3. THE MAIN THEOREM. Characterization of the closed ideals
of A#,.
For any closed ideal .7 in ., we define

Z(F)=Hull % and for 0 715 n—1,
Z(F)={xel0,1]: f9x) =0, VO j <, Vfe A}.

Whenever there is no confusion, we abbreviate Z,(_#)as Z,,0 =1 <
n — 1.

REMARK 3.1. For any closed ideal _# in .&2,, deriv 2, S Z,_, <
Z. < -+ & Z, where deriv Z, is the derived set of Z,.

Each closed ideal . not only determines an n-tuple of sets Z,
Zy v+, Ly, but in fact is completely determined by these sets. We
shall now state the main theorem.

MAIN THEOREM 8.2. For any n-tuple of closed subsets (E,, E,, - -,
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E,._,) with deriv E,.CFE, SFE, ,=---SE,Z[0, 1], there exists a unique
closed ideal # in #, such that Z, = E,,0<i1=<n — 1.

The following remark will be useful in establishing the uniqueness
part of the main theorem.

REMARK 3.3. Let E, F' be any closed subset of [0, 1] such that
derivF S EC F. Then F\E consists of at most countably many
isolated points.

The existence of a closed ideal of .22, satisfying the required
properties is easily established. There is an obvious candidate.

THEOREM 3.4. Given B, 2 E, 2 --- 2 H,_,, closed subsets of [0, 1]

such that E,_, 2 deriv E,, there exists a closed ideal 7 in %z such
that Z, = B, 0 =1 =n — 1.

Proof. 7 ={feRB:f=f0=...=fP=0 on B,0<1=
n — 1}, has all the required properties.

There are some special ideals which play an important role in
the proof of uniqueness. For any n-tuple (K, E,, ---, E,_,) of closed
subsets of [0, 1] such that deriv® C E, , S E,,< -+ S E,, define

AEoy By -, By ={feBf=fV= - =f9=0
on E,0<i1=<n—1}.
We shall abbreviate .#Z (K, E, ---, E) by _# (E). Let
~//0(E0, El; D) Eﬂ——l) = {fe‘/Z/(EO; Ely b ‘) En—l): f = O
in some neighborhood of E,_},

and for any closed set F' in [0, 1],

S ) = {(fe A, f =0 in some neighborhood of F} .

A (K, By, ---, E,_,) is clearly a closed ideal but _# (&, E,, -+, K,_,)
and _Z (F') are ideals which may not be closed.

Two general results quoted below will be useful.

THEOREM 3.5. ([13], p. 225, Thm. 4). Let U be a Silov algebra
and F a closed subset of the maximal ideal space of A. Let 7
be an ideal such that hull ¥ = F. Then _Z(F)S # and hull

_F(F)=F.

In other words, _# (F') is the smallest ideal with hull F.
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PROPOSITION 8.6. Let X be a Banach space and Y a dense sub-
space of X. If M is a closed subspace of X which is of finite
codimension, then MNY is dense in M.

Briefly, the process of establishing that every closed ideal of é,,
is uniquely determined by the closed subset Z,, 0 < 7 < n — 1, consists
of three major steps. First we analyze the structure of the closure
S (F) of _Z(F) where F is any closed subset of [0,1]. We then
prove that _#Z(Z,(.*), ---, Z,.,(F)) S # and lastly we prove
By e, Eyy) = A (Ey -+, E,_;). It is immediate from the last
two steps that 7 = _#Z,(Z,( ), -+, Zn ,(F)) = A (Z(F), -+,
Z o F)).

PROPOSITION 3.7. In .22,, _Z(\) = A~ ({(\), ve[0, 1].

Proof. Clearly _# ({\}) & .#Z ({\}), so it suffices to show .Z ({\})S

S (W).
Let fe #Z({\}), then f2(\) =0,0=<¢<n — 1. Define

K, = [0, 1]\[>u — % - %]

and

ful) = |7 e, Wt dr -
where m is a positive integer. Then f,e _#Z({\}) and f,, — f in G,
since fP(t) — f9(t) uniformly for 0 < j<n —1, and £ — f™ in
L?0,1). Thus fe_#Z({\}). This completes the proof.
As a consequence, the closed primary ideals of <2, are easily
identified. (An ideal is primary if it is contained in a unique maximal
ideal.) Indeed, they have simple structures.

COROLLARY 3.8. Any closed primary ideal _# of B, is of the
form #Z (A}, (M), <o, (A}, 8, -, #) where {\} = Hull _7 and the multi-
plicity of N whithin the parenthesis is 1+ 1 for 0 1< n — 1.

Proof. By Theorem 3.5, _ £ ({\}) & A~ Since _F({\}) = AZ({\})
and _#Z ({\}) has finite codimension, it follows that .~ also has finite
codimension. Thus &” N ._# is dense in _Z since the set &2 of all poly-
nomials is dense in .<,. This implies that Hull (Z#N.¥) = Hull .~
Further- more 2N _# is an ideal in & and thus is a principal ideal
whose generator must be of the form (x—\)'*' for some 0<i<n—1.
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Hence & = {fe. B, f(\) = ++» = fFP(\) = 0}, that is & = _Z ({7},
M) {7\'}’ 95; ) ¢)'

REMARK 3.9. The argument used in Proposition 3.7 still holds
when the point \ is replaced by an interval [a, b] < [0, 1].

LEMMA 3.10. Let F\, F, be disjoint closed subsets of the maximal
ideal space of a Silov algebra A. Let .74, 7 be closed ideals with
S F)=7,1=12 Then F(F\UF,)=_7NA4

Proof. Clearly S (F\UF,)S _FFYN_FF)=4nA% To
show the reverse inclusion, let fe. .4 N.%. Choose g,e,7=1,2
such that

B { S in a neighborhood of F
71 ina neighborhood of F,

and

_ { f in a neighborhood of F,
92 = 1 in a neighborhood of F.

Then f = ¢.9, + h where he Z(F,UF,). Observe that g,e.7 (by
a property of Silov algebras ([13], p. 224, Thm. 3")), so we can choose
U,.€_#Z(F,) such that U,,—g;, as k— c. Then U,,U,,+ h—f.
Moreover, U, U, + he F(F,UFy), thus fe £ (F,UF)).

REMARK 3.11. The above result, which holds for a general Silov

algebra, enables us to conclude that, in é,,, S ) = #(F) for any
closed F' which is a finite disjoint union of points and closed intervals.

The following observation will be used.

Observation 3.12. Let {[a,; b;]} be a countable disjoint collection
of intervals in [0, 1] such that f, f®, ---, £ vanish at all the a,’s
and b’s. Then clearly the truncated function fXi 0,065, e,
where X, is the characteristic function on E.

We can now describe _# (F) for any closed subset F < [0, 1],
for this general case can be reduced to the situation of Remark 3.11.

THEOREM 3.13. In .22, S ) = _#Z(F) for any closed F' < [0, 1].

Proof. We only need to show 2 (F) S _#(F). Let fe Z(F).
The set F°, the complement of F in [0, 1], being open, is a disjoint
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union of a countable number of open intervals (with the possible
exception that the interval with end point 0 or 1 might be closed
at that end). Let F°= Uz, (a;,b) (the union may be finite).
There exists N >0 such that || ™%y, w.epll, 18 very small. Let
G = UZ: (a;, b;). (Here G includes the interval with end point 0 if
there is one.) Define f = fX; then by Remark 8.11 fe FACH =
_# (F) and it approximates f, therefore f ¢ _#(F) and we have the
result.

COROLLARY 3.14. Let .7 be a closed ideal of B, then .7 2
A (Zo(F)).

Proof. A (Z( 7)) = _F(Z(F)) S A

LEMMA 3.15. Let .7 be a closed ideal of 2, and let he 7 be
such that h(a) = 0 for some 0 =i < n and some ac[0,1]. Then
for any meighborhood N, of a, there exists He€ _# such that support
(H)S N, and HV@) =0 for 0 <1< n,l+1, but H”(a) = 0.

Proof. Let k be the smallest positive integer < ¢ such that
h®(a) #= 0. Define

Q@) = (x — a)'~*-h(x)

and g(x) = Q@) -1 + X3V C;-(x — a)?), where the C;’s are constants
yet to be determined. For < i, g% (a) =0 while g¥(a) 0. The
fact that Q”(a) = 0 and Q™(a) = 0 for m < i, enables the C;,’s to be
suitably chosen successively so as to make ¢g®(a) =0 for 1 <I<n
while g”(a) remains unchanged for [ < 4. Let f be a C~ function
on [0, 1] such that support (f) & N, and f = 1 in some neighborhood
of a. Evidently H = gf has all the required properties.

For any arbitrary f in any ideal .# of ., the above lemma
annihilate its derivative (of any order < » — 1) at any point a € [0, 1]
by the addition of some appropriate funetion in _# but simultaneously
leaving all the other derivatives at a undisturbed.

LEMMA 3.16. For any closed ideal 7 of .9?%, I 2 AL F),
ooy Zn( ).

Proof. Let fe #Z,(Z(.7), -, Z,_,(7)); then f =0 in some
neighborhood U 2 Z,_,(_#). Sinee Z, ,(#)2deriv Z,(.#), the
closed sets Z;(_”)\U must be finite for all 0 < j <n — 2. Using
Lemma 8.15, repeatedly if necessary, we can find Ge .# such that
the function K = f + G has the property that K vanishes on
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Zy(”),0=1=n—1. Thus Ke_# by Corollary 3.14, and hence

fe A
The simple well behaved function given below is worth noting,
for it makes the calculation on annihilation work very neatly.

LEMMA 3.17. Let
Q) = So So1 o Son_lx[mﬂ]dt Ar,,---dry,

where [a, B] S [0, 1]. Then
Qx) =0 for zx=a«a

and

Q(i)(x)=(0€—n—'_£3;;—;i Jor asx=p8, 0=si=n-—1.

In the process of establishing _Z(&,, ---, E,_,)= # (&, ---, E,_),
several reductions occur but the chief and final burden is shouldered
by the miniature case described in the main lemma.

MAIN LEMMA 3.18. Let
K= ([ [rwaear,, - an,
0 0 0
where f e Lr0,1). Suppose {x;}7 is a sequence of distinct isolated

zeros of K such that o, <z, < --+ and x;—1. Given € > 0, there
exist consecutive points a, b {x;}° and a function G such that

Gx) = K@) for x=<a
G(x) =10 Jor b=x=1
and
K- G|, <e.

Proof. We may assume K to be a real function (for otherwise
we can write K as K, + 1K, with K,, K, real). Given ¢ > 0, there
exist a,, a, -+, a,€{&;)P such that 0<a, <0, < --+- <@, <1, the
a,’s are consecutive points in {x,}7, and |[|[K™X, ull, < e.

Denote the largest interval of {[a,, a.], [a, as], - -+, [@n_s, @,]} DY
[a, b]. Since K(a,) = K(a,) = -+ = K(a,) = 0, there exists ¢; € (a,, a,)
such that Ki(t;,) =0,1=j7=n — 1.

Ko@) = || K|
=é¢ln —1)b — a)]Y* (for p>1).
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Similarly |K9(®)| < e[(n — 1) — )]+, 0 < j < n — 2. When
p = 1, the estimates are

|K9®)| < el(n — Db — a)]* 7, 0=j=n-—1.

We shall confine ourselves to the case p > 1, for the same argument

works for the case p = 1. Denote the length of the interval [a, b]

by nd,6 >0. Let s,s, ---,s, be n equally spaced points in [a, b]

such that s, >s8,> - >s,=a and b —s; = 55,1 < =< mn. Let
L(x) = K(x) — 27, Q;(x), where

Q.‘I(x) = SO gol ot EOn—icjx[sj,b](t)dtd’)'n_l e d?’l y

and where the C;’s are constants yet to be determined.
Let G = L. We need L) = LY0)=--- = L*"®%) =0 so
that Ge <2, and we want |K — G|, < e. Now

K — Gl, = [ K™ %oy ll, + Z |Q;la

and
|Qs1n = [C;](b — 87)* = |C;|(40)"” .

Observe that L(x) = K(x) for z < a,

L) - — $, S4B

L9@®) = K9(b) — ZZ“ (.f)%)' , 1<i<n—-1.

Hence we require

_i C;(40) = K™1(b)
i=1

S Cy(50) = 2K™2(b)
i=1 .

(*) { :
3, €50 = (= DIK)

3 Gy = 0

and |C;|(40)* < e, 1< j < mn. Treating the C;’s as unknowns, (*) is
a system of simultaneous linear equations which can be solved by
Cramer’s rule. The determinant
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0 20 no
pofp @
3;‘ (2.3)” ('}:u?)”
= 0@8) -+ ) _T1_ (s~ )
and
K™=(b) 20 <+ Mo
2K"0(b)  (20) (nd)?
el =L ; : ;
D
(n — 1! K™(b)
0 (20)* -+ (mo)*|.

Since KY(b) < e[n(n — 1)o]* 7™, 0= j <n — 1, it is clear that,

dlean(n+l)/2—1+1/q

Gl =

5%(%—}-1)/2

where d, is a positive constant which depends only on n. Therefore
|C,|6Y* < d,e. Similarly there exist constants d; > 0 such that

[C;l(go)y*<de, 2Zj5=m,

where the d;’s depend only on » and are independent of the choice
of b. Thus |K — G|, < Be, where B is a constant dependent only
on n.

We are now ready to prove that .# is completely determined
by the sets Z,(_7), Z,(.7), -+, Z,_.(7).

THEOREM 3.19. For any closed ideal 7 of RB,, 7 = A (Z(7),
ooy Zy () = AL F),y ey Liga( ).

Proof. Clearly _AZ(Z( 7)), -+, Zo (7)) S F S A (Z(F), -+,
Z._( 7). Soit suffices to show . Z(Z,(7), -+, Z,_( 7)) & #(Z(F),
cry Ziga(SF)).

Case A. Z, ,(7) = ¢.
Since Z, () = ¢, A (Z,(F7), +++, Z,s(F)) = A Zy(F), *+,

Z, (7)) by definition. Hence _#Z,(Z,(_ %), - -+, Z,_(F7)) = A (Z(.7),
oy o ().

Case B. Z, .,(7)+ @.
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Let fe #(Z,(*), -+, Z,_,(.*)). Being open, (Z, () =
Ui (a,, b)), a countable (possibly finite) disjoint union of open intervals.
Given ¢ > 0, there exists N > 0 such that ||f* X, w0l <e.
AlS0 fXyeicpiapny € P Let fo = fligen L <k < N. It suffices to
show that each of the functions f, lies in _Z(Z(.F), -+, Z,_.(F)).
Note that each interval (a,, b,) contains at most a countable subset of
Z,(_#) whose only possible limit points are end points a,, b, (by Remark
3.3). By a linear transformation, we can assume without loss of
generality that a, = 0 and b, = 1. Now there exists points s, ¢ €[0, 1]
such that 0 <s<t<1 and [s,t]NZ(F)=¢. We can find C~-
functions ¥, ¥, such that y, + ¥, = 1 and ¥, is supported in [0, {] while
9y, is supported in [s, 1]. Let ¢, = fiy, and ¢, = fiy,; trivially f, =
&, + ¢,. It suffices to show ¢, #Z(Z,(7), ---, 4,_,(#)) for ¢, can
be similarly dealt with by applying the affine transformation x —
1 — 2. It should however be noted that for any He <7, the com-
position function defined as G(x) = H(1 — z) also belongs to A, sinece
GYx) = (-1)H"(1 —2),1 =i < n.

For ¢,, there are two subcases:

Subcase 1. F,= (Z(AN\Z,_.(F) Nt 1] is finite. Let F; =
Z{(AINZy (NN, 1,1 £5<n—2, and F,_, = Z, () N[t 1],
then F;C F,1=<j<mn—2and F,_,< {1}. Recall that by Theorem
3.13, #Z(Z)= _Z(Z) for any closed Z < [0,1]. Take Z = [0, s]U
F.. Since #(F, F, ---, F,_, ¢) is of finite codimension in .22, and
is closed, then by Proposition 3.6, £ (Z)N .# (F,, ---, F,_,, ¢) is
dense in #Z(ZUF, ---, ZUF,, Z). Thus ¢, _#(Z,(_#), ---,
Z, (7).

Subcase 2. F,= (Z,(F)\Z,_..(Z)NIt, 1) = {x, 2, ---}, Where
x;— 1. Note that Z, ,(.7) N [¢, 1]={1}. ¢,(0)=¢:"(0) = - --=¢"""(0)=

0, so ¢,€.2Z, and hence can be written in the form g¢,(x) =

Tn— 0 Jo

S ‘F(&)dr,_, -~ dr,, for some feL?0,1). The Main Lemma 8.18
0

implies that ¢, _Z(Z2°(.*), - -+, Z,_i,(_#*)). This completes the proof.

COROLLARY 3.20. Ewery closed ideal .7 in .58, is the intersec-
tion of closed primary ideals of 2,.

Proof.
I = H(Z(F), -+, Zui(F))
- ﬁl nf)%({)\l}’ 1S A LY A AERIK )

1=0 2e Z;(

where the multiplicity of A within the parenthesis is 7 + 1.
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REMARK 3.21. All the ideals in &7 are of the form # (&, ---,
E, )with0eFE,0=<:=<n — landderivE,C K, , < --- & E, where
the E.s are closed subsets of [0, 1].

4. Invariant subspaces of T, and closed ideals of 9%,,,: Their
correspondence and lattice structures. ./, is a homeomorphism from
L*(0, 1) onto .&Z,. Its bounded inverse, J;, is naturally the differen-
tiation operator of order # on .ZZ,, namely

Jg(x) = g;—ng(x), ge #,xel0,1].

Moreover, by Leibnitz’s rule and Fubini’s theorem,
J*MJ,f = T,.f for feL?0,1), where Mf(z) = xzf(x), z€[0, 1] .
This similarity relation achieves the following correspondance:
& is a closed T,-invariant subspace of L?(0,1) = J, €& .

(From here onwards < will include the improper ideal .2, and the
trivial ideal {zero funection}, similarly for the collection &".) We
have thus proved the following result.

THEOREM 4.1. The map J, establishes a one-to-one correspondence
between all the closed T,-invariant subspaces and all the ideals in
& wvia the relation J;*MJ, = T,. Thus the closed T,-invariant
subspaces are in one-to-one correspondence with the n-tuples (E, K,

--, E, ) of closed subsets of [0, 1] where E,2 K, 2---2 K, ,2deriv
E,and 0eE,0=1=mn — 1.

Observation 4.2. We note an interesting observation that falls
out immediately of our above discussion without further effort.
Let T* = T\T, --- T, (k times, k € N), then T? = J*M(x")J,, where
M(g)f(x) = ¢(2)- f(2) (since T, = J7*MJ,). So
Tha) = a*f(2) + ka* g e, feLr,1) .
0
The linear span {x*, 2*~, 2=, ...} is dense in L?(0, 1), therefore

the linear span of {x*, x*, «*, ---} is dense in the range of ., of J,.
Thus

& is a closed TF-invariant subspace = J.& is a closed
ideal of .z, .

Hence all the operators in {T}};., have exactly the same closed
invariant subspaces.
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The set Lat T, of all the closed invariant subspaces of T, is a
complete lattice under < where . < . &4 if 4 < &4, Theorem 3.19
puts &* in a one-to-one correspondence with the collection of all
n-tuples {(&, E,, - -+, E,_,): E;’s are closed subsets of [0, 1] such that
E,2E 2---2FE,,2deriv E}. Define an ordering on &* by
(B, B,y -+, B, )< Fo, Fyy -, F, )IfE,2F;;0<j=<n—1. This
makes (&, <) into a lattice.

To show completeness of the lattice, consider any subset of &7,
{((Es, Ef,---,Er,):aclan index set}. It is clear that V, {(Ef, E,---,
E:)=NE ---, N E)e&™, and since the smallest element
(o, 1}, ---, [0, 1) e&™, (", <, A, V) is a complete lattice ([2], p. 49).
However, it can be checked that

Q {(Eg, Efl, T %y E:—l)}

- (u E7, U E° U deriv (U E:), o, UBL U deriv(u Eo>> .
Similarly the subcollection &7 is also a complete sublattice of & .

THEOREM 4.3. The map J, induces a complete lattice isomorphism
+: Lat T, — & which is defined as

V() = (Z(SP), Z(P), ) Zpi(P))
where ¥ eLat T, and & = J ().

The proof is left to the reader.

5. The operators M + aJ, and M + aJf with Rea =n. We
extend our results on T, to the operator U,: L*(0, 1) — L*(0, 1) where

Unf @) = 2f@ — | f®)dt, f ¢ L0, 1), ne N,
0
and their adjoint operators T and U} on L0, 1)(1/p + 1/¢ = 1) where

Tif@) = of @ +n| fOd, Feli),
Uif@) = of@ — n| fOdt, feL¥0,1).

Furthermore, the parameter can be allowed to be complex with
integral real part.

Let us first deal with the operator U¥. We shall work with
1 <9< o instead of 1 < ¢ < .

Define an operator W, on L%0, 1), which is analogous to .J,, as
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Wof(@) = — | (@ — O"f O, £ € L0, 1)
r ( )
The same argument used in §3 can be applied with slight
modification and we have the following result which is analogous to
Theorems 4.1 and 4.3.

THEOREM 5.1. (1=5q¢<). Via the similarity relation W,*MW, =
UZ, there 1s a complete lattice isomorphism between Lat(U}) and the
lattice of all n-tuples (E,, E,, ---, E,_,) of closed subsets of [0, 1] where
E2FE2---2FE,,2derivE,and 1eE,0=¢<n — 1.

REMARK 5.2. The closed invariant subspaces of T} (respectively
U, on L*(0, 1)(1 < p < <o) are {$*: & is a closed invariant subspace
of T, (respectively U})}, where

= {qseL”(O, 1): §:¢(x)f(x)dw -0, ery} .

Now we turn to complex parameters with integral real parts.
The resulting operators are not more complex than those we have
investigated. In fact the real part of the parameter is the similarity
invariant of these operators. Kantorovitz ([10], [11]) and Kalisch
([8], [9]) had investigated the similarity invariants of the operators
M+ aJ, and M+ aJF where aeC. We shall quote their result.

THEOREM 5.3. For B,Y<R (the real numbers), the operators
M + BJ,and M + (B + iv)J, (respectively M+ BJ} and M+ (B + i7)J¥)
acting on L*(0, 1)(1 < p < ) are similar.

Through Theorems 4.1, 5.1, 5.3 and Remark 5.2, we have now
obtained a complete characterization of all closed invariant subspaces
for the operators M + aJ, and M + aJ} in the spaces L?(0,1),1 <
p < oo, for those complex values of o« where Rea is a positive
integer.

6. The case of the parameter with nonintegral real part.
When the parameter has nonintegral rerl part, the functions in the
range .22, of J, cannot be easily identified. Using results on funec-
tional calculus, we establish that <2Z,, for Rea =1, is an algebra
without unit, and that it can indeed be embedded as a closed ideal
of a Silov algebra with unit in the same manner as have done for
RZ

For n<a<mn+ 1, neN, it is clear that #'¢ FZ,forj<n — 1,
but the situation of x™ is governed by the values of p of the L*
spaces.
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PROPOSITION 6.1. For n < a<mn+ 1, neN,
(@ if 1=p<1/(a— n), then x" € .A,,
(b) if p = 1/(a — n), then x*¢ AZ,.

Proof. Observe that J,x~“* = ¢x*, for some constant c.

(a) is trivial since 2~ ¢ L?(0, 1).

When p=1/(a—n), then z~*=™ ¢ L?(0, 1), but for any ¢<1/(ax—n),
x~ @™ e L0, 1). Hence the fact that J,: L0, 1) — L%0, 1) is injective
implies that 2" ¢ .Z,.

We shall now define <2, accordingly: If 1 < p < 1/(a — n), define
B =B DC P Cr D --- D C; for p=1/(a — n), define ., =
B, PDCx"PCxr"*P---PC. We will show that for some natural
norm, .22, is a Silov algebra with <2, as a closed ideal.

There- are some known properties of T, and the Riemann Liouville
holomorphic semigroups {J,: « € C and Re a > 0} which are useful to
us. We shall quote them without proof and refer the reader to Hille
and Phillips [6], Kalisch [8], [9] and Kantorovitz [10], [11].

Recall that J,f(x) = l/F(a)Sz(x — £)*f (t)dt, f € L?(0,1). These
operators are injective and bo{)mded on L(0, 1)(1 = p < ) with
||l < 1/(B|'(@)|), where @ = 3 + v, ve R and 8 > 0. The inverse
Jz* (which will also be denoted by J_,), with domain .&2,, is thus a
closed operator. We also have the identity (d/dx)J...f(x) = J.f(x).
., is invariant under M; more precisely, MJ, = J,T..

For 1 < p < «, the semigroup {J,.ae€C. Rea > 0} admits a
boundary group of bounded operators {J;:ve R} on L*(0,1) with
purely imaginary parameters and || J;|| < ¢  For B, veR,
JyTsyod iy = Ts; and for B >0, Jsy = JJ,; which implies that
Fprir = Fpe

In the papers of Kantorovitz [10], [11], it was shown that the
operator T, is of class C* if and only if |Rea| =< n. We say that
T, is of class C™ if there is a continuous representation z: C*[0, 1] —
A (L°(0,1)) where <& (L*(0, 1)) is the set of bounded operators in
L0, 1), such that z(1) = I (the identity operator) for the function
1) =1,t€[0,1], and z(x) = T,. Imitating the argument of Kan-
torovitz for the C»-funectional calculus, we shall establish the é,,-
functional calculus for T,, denoting the map by z.,.. (When there
is no confusion, we shall just abbreviate z,, by 7). We will then
use this .27 -functional calculus to prove that .2, is a Banach algebra
under a norm |-|, which is a natural generalization of the norm |- |,
of 7?,,

For 1= p < o,neN,T, has .# -functional calculus.

~

PROPOSITION 6.2. The map tv: .2, — B (L0, 1)) defined by t(s) =
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J 1 M(g)J,, ¢e§2‘7%, 18 a continuous representation such that t(1) = I
and t(x) = T,, where M(¢) is the multiplication operator on L*(0, 1)

by ¢.

Proof. That 7 is a representation is trivial.

z(p) = i‘, (W:)M(gs‘f’)J,- (by Leibnitz’s rule), and therefore
=0\ J
Hz@f 1l = cllfllléla,
where n) =nl/jl(n — 7)! and ¢ is some positive constant depend-

ing only on n. Thus z is continuous and .ZZ,-functional calculus is
established.

REMARK 6.3. It is trivial but useful to note that the operator
T, which is just M also has an ,-functional caleulus for ne N, 1 <

p < o, namely =(9)f = ¢-f, 9€ ., f € L*(0, 1)
The next lemma is an imitation of an argument of Kantorovitz
[10].

LEMMA 6.4. (1 < p < ). Suppose that for some integer n =1
and some a,eC, Rea, = 0, T,, is of class F2,(1 < p < ), then T, is
of class ., for all a in the strip 0 =< Re a < Re «,.

Proof. Let Reay=38,=20 and a =8 + 17, 8, Ye€R. TFor any
fixed polynomial ¢ and vectors feL?(0, 1), g L0, 1)1/p + 1/g = 1),
define

O(a) = €“(THf, 90, aeC,

where ¢(T,) is the polynomial ¢ in T,. Observe that for Rea <
Reay, = B, || Tl =1 + (8; + v and |e™*| < e, Since #(T,) is a
polynomial in @, with operator coefficients, we thus have for any
e >0,

|@(a)| = 0(e”™) as [y]— oo
in the strip 0 < Rea < B,. Furthermore,
e s(To)f Il = e (T_ad(To)T i) f |l »
therefore

[ o) = 1 £, g, 16(T) |
= Y Ll 6Tl -

Now T, and T, are of class 1@‘7,‘, so there is some constant K > 0
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such that
6(T0)]l = Klgl, and [[¢(T5)] = K|8]. .
Thus

1900 + i) | = Allflls g[8l
108, + M| = Al f 119l 191

where A = Ke%+/9, By the Paragman-Lindelof Principle ([22], p.
180),

@) = Al fll,llgll,l¢l., for all 0 <Rea=p,.
Therefore for 0 < Rea < 3,
6Tl = Ae*-# 9], .

Since the polynomials are dense in 2., the homomorphism é— o(T,)
can be extended continuously to a homomorphism z on .22,. Thus
T, is class g??,,.

An immediate consequence of Proposition 6.2 and Lemma 6.4 is:

COROLLARY 6.5. For neN,0=<Rea=nl<p< ), T, has
Lé?,,-functional caleulus.

The .22, -functional caleulus of T, is explicitly determined below.

PROPOSITION 6.6. (1<p<). For 0=<Reaxmn, &, is invariant

under M(g), where ¢eén, and the B,-functional caleulus z: B, —
Z(L*0,1) for T, is given by

2(¢) = J_ M), 6 €., -

Proof. First let ¢ be any polynomial. Clearly M(g)J, = J.4(T.);
therefore ¢(T,) = J_.M(¢)J,. Since ¢ is a polynomial and 7 defines
the functional calculus, z(¢) = ¢(T,), and hence 7(¢) = J_ M($)J,.

Now let ¢ €.<#,. There exists polynomials {¢,} such that ¢,— ¢
in .&2,; in particular, ¢, — ¢ uniformly in [0, 1]. Therefore z(¢,) —
7(¢) and for any g€ L*(0, 1),

(1) ¢k'szg"——_)¢'Jag in LP(O; 1) ’
(2) J—a¢kJag = ¢k(Ta)g B Z'(¢)g in Lp(o’ 1) .

The graph of J_, is closed in .2, x L?(0,1). Thus (1) and (2)
imply that ¢-J.,9€ .2, and J_.¢-J,9 = 7(9)g.
This proves that ¢(¢) = J_,M(g)J,, for all ¢ € .=Z,.
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COROLLARY 6.7. For ReazZ 11 <p < oo)% 18 an algebra.

Proof. Without loss of generality, we may assume « to be real,
since A&, = Fre.. It suffices to consider only non-integral values of
a and we only need to show that <2, is closed under multiplication,
since &2, is invariant under M.

Writea = n + » where n isaninteger = 1,0 <r < 1. Letf,ge
L0, 1).

S (I ) Ju(9)) = JE:)O (/::)Ja—-j(f)']a—(n—j)(g) .

Proposition 6.6 implies that for 0 < j < n,

Jaui(f) Jaia-(9) € J(LH0, 1)) .

Thus J.(f)-J.(9) € J,+,(L*0, 1)) = J,(L*(0, 1)) and hence the result.
On &2, Rea >0, let us define |J,f|. = || fll,, £ €L,0,1). Then
J, is an isometry from L~(0, 1) onto .Z,.

PROPOSITION 6.8. (1 < p < ). For Rea =1, there exists a
constant ¢, > 0 such that for all f, g € L*(0, 1),

IJa(f)°Ja(g) la = ca]Ja(f) IaIJa(g) [a .

Proof. We need to consider only real nonintegral «. Write
a =mn+ r where » is an integer =1 and 0 < r < 1. By Leibnitz’s
rule,

T s F)-Turn(@)) = z(?)J,,+,_,-<f>J,,+,-(,,_,-><g) .

n
=0

Therefore |Jo1,(f) - Jurr(@)]e S Xio (;?')|J,,+,_j(f)-J,+,.(g)|,. For 1<
j < n, by Proposition 6.6,

Jr1i(9) (T i() = JTp (Lt (@S s () -
Now

1@l < ——L

= F(Tl——j)”g”p ’

therefore
lJn-l-r—i(f) ° Jr+5(g) [r = ” (Tr,l(Jr'Fi(g)))J‘n—j(f) ”P

i e T L

Similarly there exists a constant K, > 0, dependent only on «, such
that




404 BOON-HUA ONG

|t ()T = Kol fllollg ], -

Thus there exists a constant ¢, > 0 which depends only on «, such
that ’

[Jn+r(f)'Jn+r(g) |a é ca|Jn+r(f) IalJn+r(g) |ar ’ fOr au .f, ge Lp<0y 1) .

Now we can norm %‘Z a Banach algebra. Our attention will be
restricted to the case when 1 < p < 1/(a — n) since the same argument
holds for the complementary case.

Every element F of .2, is of the form J,f + S e, f € L?0, 1),
¢;€C. We extend the norm |-|, on <2, to 92, namely,

Fle= 151l + Z ledl

then .22, is a Banach space with <2, as a closed ideal. Furthermore,
| -], is equivalent to some Banach algebra norm, i.e., for any F, Ge
.#,, there exists a constant K, dependent only on a and p, such that

| FGle = K| Fla|Gla -

The map F'— F4Y(a), 0 < j < o — 1, is continuous on P,

As it would have been expected, the maximal ideal space of P,
is [0, 1] and it is then evident that B, is semisimple. With C=
being contained in .22, it is clear that .2, a Silov algebra.

By carrying out the same argument used previously for .2,

functional calculus, we can establish the .Z%-functional calculus,
Rea = 1.

THEOREM 6.10. (1<p<c). For a,BeC, Rea=l and 0=Rep=
Rea, T; has éa-functional caleulus ©: B, — 2 (L0, 1)),
o(¢) = J_s M($)J;, ¢ € G2, .

We conclude our discussion with the following remark.

REMARK 6.11. By virtue of the identity J_,MJ,= T, and the
fact that the polynomials are dense in .Z2,, Rea > 1, the closed T,-
invariant subspaces are in one-to-one correspondence with the closed
ideals of <2, which are closed under multiplication by the function 2.
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