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MAXIMAL FUNCTIONS FOR A SEMIFLOW IN AN
INFINITE MEASURE SPACE

RYOTARO SATO

Let (X, .5, 1) be a o-finite measure space and I” = (6,: £ = 0)
a measurable semiflow of measure preserving transformations
on (X, #,p). The maximal function f* of a function
fe€Li(y) + L.(p) is defined by

1 b
[*x) = sup—g | f(0,x) | dt .
»>0 b )

The purpose of this paper is to prove that if x(X)= oo and
the semiflow [" is conservative and ergodic then for every
constant a >0

ap{f*>a}=§ \Flde .

{(f*>a}

As a corollary we also prove that if w =0 is a constant then
C I_J—('—l w+1 -
S”W”Iﬂ(log , > dp < for every ¢ >0
if and only if
S f* (Iogﬁ>wd,u < oo for every ¢ > 0.
{f*>t) t

It is well known in ergodic theory (see e.g. [2], Chapter VIII)
that if 1 <p < o« and feL,(#) then f*e L,(1); while if p#(X) < oo
and | f|log*|f|e L,(p) then f*e L(x). In 1979 Petersen [8] proved,
under the hypothesis p#(X) < o, that if (0, —cc <t < o) is an
ergodic flow of measure preserving transformations on (X, .7, p)
then f*e L,(y¢) implies |f|log*|f|e L,(x). This is the continuous
parameter version of Ornstein’s result [7] for an invertible, ergodic
and measure preserving transformation on the finite measure space.
Petersen proved his result by using a reverse maximal ergodic
theorem. Later, Marcus and Petersen [5] improved Petersen’s
maximal ergodic theorem as follows:

If ((X)=1, 0= f e L) and a;gfdy, and if (6, — o<t <o)
18 ergodic, then

aufe>ay=\  fip.

{f*>aj}
(A slightly different form in which f need not be nonnegative, may
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be seen in [5].) In the present paper we shall show that a similar
maximal ergodic theorem holds for a conservative and ergodic
semiflow (6,:¢t = 0) on an infinite measure space, and that a ratio
version of the Marcus-Petersen maximal ergodic theorem holds.

Our proof uses Derriennic’s reverse maximal ergodic theorem
[1], together with familiar approximation techniques. The referee
has remarked that the proof given in [5] yields also our result for
a conservative and ergodic flow on an infinite measure space, and
then the semiflow result follows from standard extension techniques.
The author thinks that the approach given below remains to be of
some interest since it is more direct.

2. Results.

THEOREM 1. Let I' = (6,:t =2 0) be a measurable semiflow of
measure preserving transformations on a o-finite measure space
(X, 7, ). Assume that I' is conservative and ergodic. Then the
following hold:

(I) If (X) = o then for any 0 =< feL,(#) + Lo(¢) and any
a>0

(1) aplf*>ap =\ fdp;

{f*>a
(I) Given f, ge L, () with f = 0 a.e. and g > 0 a.e., define
f2@ =su (| romae) /(| g0mat) .
Then for any a > S fdp /3 gdy

(2) “Su;>a;gdl‘ = S(f;n:)fd# :

For the proof of the above theorem we need two lemmas.
Before mentioning these, we note that the function f* may be
defined for any f, ge L,(#) + L.(¢) with f=0 a.e. and g > 0 a.e.
With this understanding we have the

LEMMA 1. Given f, g€ L,(¢t) + L.(¢t), with f=0 a.e. and g >0
a.e., for any a > 0 we have

aglfpu}gd#é S(f;>a>fd# .
Proof. First suppose 0 < fe L,(¢#). For m =1, let

2
0

rw =2 soma, g@=2{ gomd
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and
k k
fia) = sup (5 Ti6.@) (S Tigu@)
k=0 1=0 =0
where T,h(x) = h(0,-»x) for he L,(¢) + L.(¢). Then, directly,
k
157 and {f> ) = {sup 3y TH(, — ag) >0} .

Since T, is a positive contraction on L,(¢) and (f, — ag,)* € L,(¢)
because (f, — ag,)” < f.€ L(p), it follows from Garsia’s proof (see
e.g. [3], p. 23) of the Hopf maximal ergodic lemma that

S‘f,’n>a)(f7‘ - agn)d# _Z_ 0 .

On the other hand, since ge L,(#) + L.(¢), it follows from [6]
that lim, g,(x) = g(x) a.e. Furthermore we see that lim, || f, — fl.=
0. Hence, by Fatou’s lemma,

ag‘f?a)gdy = hm”mf a g{f}n>a)g"d#

<tim |, fdp =1 siz.

Next let us consider the general case 0 < fe L,(¢) + L.().
Choose ,feL,(#),n =12 ---,s0 that 0 < ,f1f Then ,f*1fF
and thus ‘

aS{f;>a)gd# = lile “S‘,,f;mgd”
= li,{nS(,‘f;w) nfap = S{f2>a)fd# !
whieh completes the proof.
LeEMMA 2. Let 6 be a measure preserving transformation on a

o-finite measure space (X, 5, ). Given f, ge L(¢) + L.(¢) with
f=0ae. and g >0 a.e., define

, k k
fit@) = sup (5 70') ) [( 5 906 -
k20 =0 1=0
If 0 is conservative then for any a > 0 we have

<
S[f;,ga]mfpaxfd# = aS[féga]m(fpa)u0—1<f,;>an gap

where [f, < a] denotes the smallest G-invariant subset in F which
contains the set {f, < a}.
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Proof. See Derriennic [1]. (A minor change is sufficient for
the proof.)

Proof of Theorem 1. Since the proof of (I) is similar to that
of (II), we only prove (II). For n =1, let f,, g, and f, be defined
as in the proof of Lemma 1. It follows that

liqfn an - f”l =0= li"nl Hgn - g”l
and
LT fr.

Denoting by ,[f. < a] the smallest subset in % which is invariant

with respect to 6,-» and contains the set {f, < a}, we have, by
Lemma 2, that

= .
S,.[f;,ga]mf;pa) f"d# = ag,‘[f;‘éa]ﬂ(lf,’,‘>a)U<92_—ln-’f.;‘>a)) g,,d;t

(Recall that the conservativity of the semiflow implies the conserva-
tivity of each 6,.) On the other hand, from an easy continuous
version of Hopf’s maximal ergodic lemma, we observe that

Hfr < al >0 for every a > Sfdp/ggd)u .

Then the ergodicity of the semiflow implies that
AfF s alT X
and therefore

liminf [f, S a]l=1lim,[ff = a]l=X.
Consequently
S(/jwrfd/“‘ = liin S,.[f,’,‘éa]ﬂ(f,’,yal fadpe .
Similarly

lim

n

h? Sn[fg,ga]ﬂ((f;pa)U«?{—ln(ff,pa))g"d#— S(f,’,‘>a}U0{-ln(f;‘>a)gd#’

and let us prove that

lim S{f;pawﬁ;—lntf,',pa) gdy = S(f;‘>a)gd# )

n

To do this, given an ¢ > 0, choose E e % so that
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ME) < oo and SX_Egd/J <e.

Next put B’ ={f* >a}NE, E,={f, >a}NE and E,={f. > a}n
(X — E). It is easily seen that

lim (B2 E) = lim || 1, — 1,06,-4], = 0,
lim ﬂ(E’A&;—InE,) = O y
lim (E' — E)) =0,

and

C(X — E) U (E46:2.8) .
Hence

lim sup g gdp < SX Egdpt <e,

W2alf > ah—1f ) >al

and since ¢ > 0 was arbitrary,

lim S(f;pa)ua;—ln«f;ga;gd# = Ilin S(f;pmgdf“ = Saf}a)gd# ’

n

which shows that
S{f;>a}fdp é ag(f;>a)gd# -
This, together with Lemma 1, completes the proof of (II).

As a corollary of Theorem 1 we obtain the following dominated
ergodic theorem.

THEOREM 2. Let I' = (0,;:t = 0) be conservative and ergodic, and
let w=0 be a constant. Then the following hold:
(I) If (X) = oo and 0 = feL(t) + L.(), then
S f(log—£>w+ld# < oo for every t >0
(f>t) t
if and only if
S f* <Iog —ﬁ>wd# < oo for every t > 0;
(FE>t) t
(II) Given f, g L,(y), with f= 0 a.e. and g >0 a.e.,

[, o L) an<
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if and only if

S(fpnfg*(logfg*)wgd# < oo,

Proof. For the proof of (I) it suffices to consider the case t=1.
Then, by Fubini’s theorem and the above theorem, we have

S(f*>1) f*log f*]*du = g(f*x) Slf*m[(log‘ £)* + w(log t)*~'|dtd(x)
= g?[(lOg ) 4+ w(log t)**'|p{f* > t}dt

”%[(log t)* + w(log t)’”"l]g  fpdt

{f*
oo 1 »
g ) SM Fdpdt
f(z) 1
f(x)sl —(log t)"dtds(z)

— 1 w+1
N w + lg(f>1) f(log f) dlu

On the other hand, Lemma 1 together with a standard argu-
ment gives

>t = —?—SWM) fdy for every t >0,

thus
\,,.., f*llog £1dp
{f*>1}

< g:o—?-[(log £)* + w(log t)’”“]g | Japdt

{r>t

= 2w + V(log 2" + (og 2/)"ldze,
and the last integral is finite if the first condition of (I) is satisfied.
So (I) is proved.
The proof of (II) may be done similarly and omitted.

REMARK. The linear subclasses R, (%), w =0, of L,(¢) + L.(z)
defined by

Ru() = { £: SWM | fl(logl—{l)wd;z < o for all > o}

were originally introduced by Fava [3] in order to obtain a weak
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type inequality for a product of maximal operators. In view of
[3], [6] and [10], these subeclasses are important in pointwise ergodic
theory.

REFERENCES

1. Y. Derriennic, On the integrability of the supremum of ergodic ratios, Ann. probabil-
ity, 1 (1973), 338-340.

2. N. Dunford and J. T. Schwartz, Linear Operators. 1. General Theory, Interscience,
New York, 1958.

3. N. A. Fava, Weak type inequalities for product operators, Studia Math., 42 (1972),
271-288.

4. A. M. Garsia, Topics in Almost Everywhere Convergence, Markham, Chicago, 1970.
5. B. Marcus and K. Petersen, Balancing ergodic averages, Ergodic Theory (Proceedings,
Oberwolfach, 1978), Springer Lecture Notes in Math., No. 729, pp. 126-143, Springer, Ber-
lin-Heidelberg-New York, 1979.

6. S. A. McGrath, Local ergodic theorems for noncommuting semigroups, Proc. Amer.
Math. Soc., 79 (1980), 212-216.

7. D. Ornstein, A remark on the Birkhoff ergodic theorem, Illinois J. Math., 15 (1971),
77-79.

8. K. Petersen, T he convetse of the dominated ergodic theorem, J. Math. Anal. Appl., 67
(1979), 431-436.

9. R. Sato, Two local ergodic theorems on L., J. Math. Soc. Japan, 32 (1980), 415-423.
10. R. Sato, E7godic theorems for d-parameter semigroups of Dunford-Schwartz operators,
Math. J. Okayama Univ. 23 (1981), 41-57.

Received August 20, 1980.
Oxayama UnNiversiTy
Oxayama

700 Japan








