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NONSMOOTH ANALYSIS ON PARTIALLY ORDERED
VECTOR SPACES: PART 1 — CONVEX CASE

NIKOLAOS S. PAPAGEORGIOU

Convex analysis provides the tools to extend results of differential
calculus to nonsmooth real valued functions. The purpose of this article
is to study those extensions for convex vector valued mappings. We
study their continuity properties, develop a subdifferential calculus and a
duality theory, similar to the one existing for real valued functions. We
conclude with some useful deconvexification results.

1. Introduction. During the last two decades, many essential con-
tributions to the theory of extremal problems were made. Beginning with
the development of convex analysis by Brensted [1], Rockafellar [29], [31],
[32], [33] and Moreau [20], [21], we have the first important generalizations
in optimization theory. By substituting the smoothness assumption with
the convexity one and using the rich functional analytic theory of convex
sets (see [5]), they were able to obtain a complete, interesting in its own
sake, theory, which is known today as “Convex Analysis”. Its usage in
optimization turned out to be extremely fruitful and produced a harmoni-
ous duality theory for convex problems. These achievements are exem-
plified by the work of Brensted [1], Ekeland-Temam [6], Ioffe-Levin [11],
Ioffe-Tichomirov [12], [13], Pshenichnyi [26], Rockafellar [29], [30], [33],
[34], Valadier [37], [38] and others. All this work on the one hand
extended the range of treatable problems and, on the other hand, intro-
duced new concepts and techniques, useful in solving old problems also.

The next natural step in this program was to try to get rid of the
convexity assumption too. The first important contribution in that direc-
tion was the work of Clarke [2], [3]. Following Clarke, Hiriart-Urruty [9],
[10], Ioffe-Tichomirov [13], Lebourg [17] and Penot [23] have significantly
contributed to this or neighboring areas.

In the last few years, there has been a growing interest in vector
optimization problems (see [7], [14], [15], [16], [19], [27], [28], [38], [39],
[40], [41], and [42]). For those problems, although we have a Hahn-Banach
type theorem due to L. Kantorovich, we do not have any functional
separability results. So the arguments that led to the development of the
analytic foundations in the scalar valued case, break down. So we have to
find new ways to approach the problem.
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In this work, we undertake this task. In the present paper, which is
the first in a series of two papers, we deal with the convex case. Having as
our starting point the paper of Valadier [38], we generalize several of its
results and also obtain new ones. So we develop a duality theory for
convex operators, a subdifferential calculus and even go further and
introduce some deconvexification methods, like quasidifferentiability and
quasiconvexity and obtain new results there, too.

In the second paper [22], which is a continuation of this one, we pass
to the nonconvex theory and we develop an analog of Clarke’s calculus of
generalized gradients for vector valued mappings.

In both papers, our approach is topological, as opposed to that of
Kutatelazde [14], [15], [16], which is completely algebraic in nature.

We hope that this work will be helpful in developing a unified
approach to necessary conditions of vector valued and multiobjective
optimization problems. In fact, this is the topic of a forthcoming paper by
the author.

For the necessary background from the theory of ordered vector
spaces, we refer the reader to [24], [35], and [36].

Finally we constantly assume that all mappings involved are proper,
i.e. they do not take the value —oo.

2. Preliminary material. In this section, which is preparatory in
nature, we present the necessary definitions and notational conventions
that we will be using in the sequence and also prove some general facts
about ordered topological vector spaces for future reference.

In what follows, X and Y will be, in general, Hausdorff locally convex
vector spaces and Kj will be a convex cone of positive elements that
makes Y a partially ordered topological vector space. We adjoin to Y a
greatest element + oo and extend the vector space operations in the
natural way. Therefore we have automatically adjoined also a smallest
element —oo. We will denote the augmented space Y U {00} by Y. We
will always assume that Y is order complete. By that we mean that every
nonempty subset of Y that is majorized in Y has a supremum. This is, in
fact, equivalent to saying that every minorized subset of Y has an
infimum.

If C C Y then the full hull [C] of C is defined to be the set

[Cl={zeY:x<z=<yforx,y € C}
=(C+Ky)Nn(C—Ky).
If C = [C] then C is said to be full (or order convex).
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We say that Y or (K7 ) is normal for the topology 7 if there is a local
basis of the origin consisting of full sets. In the sequence, we will often
assume that Y is normal, since normality is one of the most fruitful, but
also natural, topological restrictions on the order structure of an ordered
topological vector space. For further characterization of normality, see
[24] and [35].

If Y is an o.t.v.s., we say that a sequence {x,},c, of elements order
converges (o-converges) to x if and only if there are sequences { p,},cn
and {g,},cn such that (a) p, =x, =g, and (B) p, 1 x and g, | x, where
by p, 1 x we mean that V ,cyp, = x and by g, | x that /\ ,cyg, = x.
This, in vector lattice, is equivalent to saying that there is a sequence y,
decreasing to zero such that |x, — x|<y,. In the L?(Q, Z,Y) spaces
(1 < p < o0) o-convergence is equivalent to p-a.e. convergence.

There are some other notions of convergence that we will be using.
We mention them briefly. For further details, we refer the reader to [24]
and [35].

(1) A sequence {x,},cy 0*-converges to x if and only if from any
subsequence {x, },cy We can extract another subsequence {x,,kl} 1en Which
converges to x.

(2) A sequence {x,}, <y converges relatively uniformly to x, denoted by

ru
X, >X

if and only if there is an element z € K3 such that | x, — x |< Xz, where

A, € R* and A, | 0. Similarly we can have relative uniform *-convergence.
. . .o, . ru . .

It is easy to see from the above definitions that x, — x implies that

o . . . .
x, = x. The converse, however, is true only in a special class of linear
lattices.

A vector lattice is said to have the diagonal property if whenever
{xnm}n,mEN - Y and

(1) x,, >x, Vn€N and

(2) X, =X

then there is a diagonal subsequence {x,,,, }, .y Which order converges
to x.

An obvious example are the L?(, 2, Y) (1 < p < «0) spaces.

Now in an order complete vector lattice with the diagonal property

order convergence and relative uniform convergence are equivalent (see
[24)).
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An element e of an ordered vector space Y is said to be an order unit
if and only if for each x € Y thereisa A > 0 s.t. x < Ae.

Also in an ordered vector space, the order topology T, is the finest
locally convex topology for which every order bounded set is bounded.

Finally a Banach lattice is an ordered Banach space in which the
following monotonicity relation holds: | x |[<|y|—= llx|l = I yll.

In the sequence, we give some easy results that we will need on several
occasions in the next sections.

First, it is very easy to see that if Y is as above, then we have that
¥, =y andy, >y’ imply that y, V y; >y V y'.

Also the following fact is useful:

LEMMA 2.1. If K7 is closed then if y, <y, Vn € N and

theny <y’.

Proof. Since by hypothesis, y, <y, Vn € N, we have that y, — y, €
K} V¥n € N. Also

*

D M e 4

and since K7 is closed, we conclude that y < y’. O

Finally, we have the following result.

LEMMA 2.2. If Y is a Banach lattice and x, 5 x then X, 5x.

Proof. Since by hypothesis x, gx, we have that |x, — x|< A,z for
some z € K and for A,l0,A, €ER". Fix n €N. Then x,—x €
[-A,z, A ,z]. Since Y is normal, the order interval [-A, z, A, z] is bounded.
So there is u > 0 such that [-A,z/u, A ,z/u] € U where U is the unit ball
in Y. Hence, for ¢ > 0, we have [—e),z/p, e\ ,z/u] € U. Since A, |0, we
know that there is m, € N such that for A,, with m = m, we have

eN,z €N,z

[Nz, A,z] C [— , ] CeU
pooop

->Xx,—x€eU form=m,

- llx, —xll<e

N
- X, >X. (]
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We close this section with a notational clarification. By L( X, Y) we
denote all linear operators from X to Y and by £(X, Y) we denote all
continuous linear operators from X to Y.

3. Convex mappings; continuity and subdifferentiality.

DEFINITION 3.1. We call a mapping f: X — Y midconvex if and only if
f(3x + 1z2) = 2f(x) + 3f(z) for all x,z € X. We call a mapping f:
X - Y convex if and only if f(Ax + (1 —A)z) <Af(x) + (1 — N)f(z2)
forallA €[0,1]x, z € X.

Its effective domain, denoted by dom f= {x € X: f(x) < +o0}.

LemMa 3.1. If f; X = Y is midconvex and finite and there is X € X
such that f is majorized in a neighborhood of x then f is locally o-bounded.

Proof. By hypothesis there is a neighborhood U(x,) = x, + U of x,
(U = neighborhood of the origin in X) such that f(z) <y for all z’ €
U(xy) = x,+ U.

By considering if necessary the mapping f(2)=f(z) = f(xq + z) we
can assume without loss of generality that x, = 0. Let U be a symmetric
and convex neighborhood of the origin. Then if z € U - —z € U. So by
midconvexity, we have that

fGz + 4(-2)) = £(0) = 3f(z) + 3/(-2)
- —3f(=z) + f(0) = 3f(z) » -y + f(0) = 3/(z)
- -y +2£(0) = f(z).

This is true for any z € U. So we conclude that f is also minorized in U
and therefore it is order bounded in U. Now let x be any point of X.

Let w = 2x and consider the neighborhood V' = ;U of 0. Then x + V'
is a neighborhood of x and x + V' = 3w + 3 U

fGw+ 3z) = 3f(w) + 3f(z) = 3f(w) + 3y VzEU.

So f is majorized in x + V. Repeating the initial argument, we see that f is
also minorized in x + V. So it is o-bounded in that neighborhood of x.
Since x was an arbitrary point, the Lemma follows. O

COROLLARY . If f: X — Y is convex and majorized in a neighborhood
of x, then f is locally o-bounded at every point of intdom f.

COROLLARY 2. If, in addition, Y is normal then f is Ty-locally bounded
(Ty = the topology of Y).
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Proof. By the normality of Y every other bounded set is 7,~-bounded
(see [24] and [35]). O

We will use the above material to obtain some continuity results
about convex mappings. The first of these appears also in Valadier [38]
and we include it here for completion and because we added a second part
to it. Furthermore, our proof is more transparent with the use of the
previous results.

THEOREM 3.1. If Y is normal and f: X — Y is convex then the following
two statements are equivalent

(1) f is majorized in a neighborhood U of X € X

(2) Y has an order bounded neighborhood of the origin intdom f # &
and f is continuous there.

Proof. (1) — (2). Statement (1) implies that there is a neighborhood U’
of £ > Xsuch that forallz € U f(z) = y.

By considering if necessary U — % and f(x + X) — f(X) instead of U
and f respectively, we see that we can assume without loss of generality
that £ = 0 and f(x) = f(0) = 0.

By Lemma 3.1, we know that f is also minorized in U, i.e. there is a
—y" € Y such that -y’ =< f(z) for all z € U. Now consider the order
interval [-y’, y] and let V be any neighborhood of the origin in Y. Let
1 = & = 0 such that e[-y’, y] = [-€)’, ey] C V. This is possible since Y is
assumed to be normal and so every o-bounded set is bounded (see [24]).

Let U, = €U and take z” € U,. Then we have from the convexity of f
that

(1) f(2') = flez) = flez + (1 = €)0) < ef(z) + (1 — &) f(0) = &f(z)
- f(z') =ef(z) <ey.
Also since f(0) = 0 by the convexity of f, we have
f(2) = (=2") zef(-z) = &)’
since —z € U by symmetry. So we have
(2) f(z’) = -y’ forallz’ € U.
From (1) and (2) above we conclude that

f(eU) C[-ey’, ey] C V - fis continuous at £.
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Since by Lemma 3.1 we know that f is locally o-bounded on every
x € infdom f we deduce that f |, 4o ;1S continuous.

(2) » (1). Let f be continuous at X. Let ¥ be the order bounded
neighborhood of the origin in Y. Then V C [-y’, y] where y = sup ¥V and
-y’ = inf V.

Now f(X) + V'is a neighborhood of f( ).

By continuity there is a neighborhood U of £ such that

fU) Cf(2) +V Cf(2)+[",)]
- f1is locally bounded at £
- f1is locally bounded at every point of int dom f. O

Before stating the next theorem, we will introduce a new class of
mappings that will play a central role in the second part of this work
which deals with the nonconvex case (see [22]). Assume now that X is a
Banach space and Y a Banach lattice.

DEFINITION 3.2. f: X - Y is said to be locally o-Lipschitz if and only if
for every bounded open set U of X thereis ay € K7, such that

| f(x) —f(z)|=yllx—zIl Vx,z€U.

THEOREM 3.2. If f: X~ Y is a convex mapping majorized in a
neighborhood of x, € intdom f then f is locally o-Lipschitz in intdom f.

Proof. By Lemma 3.1, we know that f is locally bounded on the
interior of its domain.

So let € >0 be such that for z € U(x,) = {x: llx — x,ll <€} we
have that | f(z) |<y. We will show that in U, ,,(x,) we have | f(z) — f(x)|
=<y'llz — x|l wherey’ = 4y/e.

Suppose that there are z,, z, € U, ,,(x,) such that f(z,) — f(z,) £
Yillz, — z,|l.

Let z; =1z, + AN(z, — z;) for A>0. Since z,, z; € U, ,5(x,), it is
possible to pick A > 0 such that z; € U(x,) and |[z; — z,|| = Allz, — z||
=¢e/2.

Let o(A) = f(z, + Mz, — 7).

Then we have that ¢(A) = f(z;), $(0) = f(z,), ¢(-1) = f(z,) and it is
easy to see that ¢ is a convex mapping defined on R. Using the properties
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of such mappings we have that

$(0) —o(=1) _ ¢(A) — 4(0)
1 = )

L 20) —¢(-1) _ o(A) — ¢(0)

lz, =zl 7 Allzy — 2l
| 90 —¢(-1) _ o(A) — ¢(0)
lz, =z, = llzz—zI ~

Since by hypothesis f(z,) — f(z,) £ y’llz, — z,|| then we have
f(z3) — f(2,)

”23 - 22”

£y =2y/(e/2).

But recall that z, was chosen so that ||z; — z, || = ¢/2. Hence we get that

(1) f(z3) = f(z,) % 2y.
But by hypothesis, z;, z, € U(x,) = f(z;) <y and
(2 ~f(2,) —y = f(25) — f(z,) =2y.

From (1) and (2) above, we get a contradiction. So there do not exist
23, 2, € U, /5(%p) such that
f(z,) — f(z)) £ Y'llzy =zl
Now suppose that there exist z{, z; € U, /,(x,) such that
f(z3) = f(z) = »'llz; — z]l.
But then f(z]) — f(z5) £ y’llz} — z{|l contradicts the first part of the

proof.
So we conclude that for all z, x € U, /,(x,) we have

V'llz = xl =f(z) = f(x) =y'llz — xIl
= f(z) = f(x) |=y'llz = xI
— fis locally o-Lipschitz as claimed. O
ReEMARK. We will have a more detailed study of locally o-Lipschitz
mappings in the second paper. At this point, we just mention that
local-o-Lipschitzness implies local-norm Lipschitzness. This is very easy to

see. For x,z € U | f(x) — f(z) |[=yllx — zIl = Il f(x) — f(2)ll =
|yl llx — z|l fis locally-norm Lipschitz.

Now we will introduce the notion of the subdifferential for convex
mappings and we will have a straightforward generalization of Valadier’s
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Theorem 6 (see [38]), which nevertheless will turn out to be very useful in
the sequence.

DEFINITION 3.3. Let f: X — Y be a convex mapping. We call the
algebraic subdifferential of f at x, to be the set

3% (xy) = {A €EL(X,Y): A(x — x,) <f(x) — f(x,) Vx € dom f}.
Similarly we call the (topological) subdifferential of f at x, to be the set
f(x,) = {4 €L(X,Y): A(x — x,) = f(x) — f(x,) Vx € dom f}.

The elements 3%f(x,) and 9f(x,) are called the algebraic subgradients and
the subgradients of f at x, respectively.

The next result is an easy generalization of Theorem 6 of Valadier
[38].

LEMMA 3.2. If Y is normal and f is continuous at X € dom f then
9%f(x) = 3f(x) for all x € X.

Proof. 1t is clear that in general 9°f(x) D 9f(x) and for all x €
intdom f0%(x) # @ (by Valadier’s Proposition 4 (see [38]) and the
Hahn-Banach-Kantorovich (see [24], [35])).

Now let A € 9°f(x). We will show that 4 is continuous at £ and then
by linearity A € £( X, Y'), which will give us the desired equality.

For that, we pick a neighborhood ¥V of the origin in Y such that V is
symmetric and full. Since Y is a topological vector space there is a
neighborhood ¥ of the origin such that ¥} + V; C V and V] is absorbing.
This implies that there is no A > 0 such that A[4A(x) — f(x)] € V| = A(x)
— f(x) € Vi/A.

Also for V| = V; + f(%) there is U a neighborhood of 0 such that for
U’ = U + X we have from the continuity of f at £ that f(U") C V' /A.

Now let z be any point in U’. We have

A(x) =A(z+x — x) = A(x) + A(z — x) = A(x) + f(z) — f(x)
=[4(x) = /()] + 1(2).
But [A(x) — f(x)] € V,/A and f(z) € (V, + f(%))/\ = V!/\. So
(1) A(z) <[A(x) — f()] +/(2) € [ + Vi +1(9)]

- l[V+f()2)] = %V’.

>
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Also since U’ is symmetric —y’ € U’. Then
A(=z) =A(-z+ x —x) = A(x) + A(-z — x) = A(x) + f(-z) — f(x)

= A(z) = [A(x) — f(x)] = f(-2).
But since [A(x) — f(x)] € V,/A, by the symmetry of V; we have that
~[A(x) — f(x)] € V;/\ and similarly —f(-z) € V] /A.
So

@  -[AG) ()]~ f=2) € 3 Vi + 3V + 3 (2)

C 3V +f(2) =1V’
~ A(z) = [A(x) — f(x)] — f(z) € 1V

From (1) and (2) above we deduce that
A(z) €[-[A(x) — f(x)] = f(2), A(x) = f(x) + f(2)].

Since the two end points of the above order interval are in ¥’ /A and V" is
full by the normality assumption on Y, we get that A(z) € V'/A - A(U’)
CV'/A-> ANU") C V' > Aiscontinuous at £ > 4 € £(X,Y) - 9%f(x)
= 3f(x) Vx € X. a

REMARK. From this result, we also conclude that df(x) # @ for all
x € intdom f.

We will conclude this section with some results concerning the
o-directional derivative of integral operators. The results that we obtain
here will be used in the second paper to get a formula for the generalized
gradient of an integral operator (see [22]). Similar results in the real valued
case were obtained by Ioffe-Levin [11]. Although with a small additional
effort the results hold for nonseparable Banach spaces too, in order to
avoid unnecessary technical complications, we will constantly assume that
our spaces are separable. For the definition and properties of the Bochner
integral, that we will use in the sequence, the reader can refer to Hille-
Phillips [8].

So let (2, Z, p) be a positive measure space, X a separable Banach
space and Y a separable Banach lattice. As is always the case in this paper
Y is order complete and we adjoin to it the elements { = o0}

Let f: @ X X - Y be a mapping satisfying

(i) f,, are convex and proper for p-almost all w € Q

(i) f( -, x) are weakly (Pettis) measurable for every x € X.
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Notice that since Y is separable then (ii) implies that f(-, x) is
strongly (Bochner) measurable for every x € X.
Now let U be an open subset of X and let x, € U. Assume that

w = | f(x)] is an L(£; Y) mapping for every x € U and y*(f(x)) €
L (R, R) for every x € U. Define

f(x) = [ £.x) dp(w).
Q
We start with some auxiliary general results.

LEMMA 3.3.If g\, 8, € L|(R, V), 8, = g, pra.e. and y*(g;) € L(Q, R),
i=1,2Vy* € Y* then

[[8:(0) du(@) = [ g:(0) du(w).

Proof. Consider

[&i(@) (@) = [ga(w) du(0) = [[a1(«) — £:(w)] ().
Let y* € (K5 )*. Then we have

| (810 = g2(0)) @) = [y7(s(0) ~ g2(0)) ().

But since by hypothesis g, = g, p-a.c., we have that y*(g,(w) — g,(w)) =0
p-a.e. and because p is a positive measure we get that

[(81(0) = £:(0) du(@) =] [ (5:(0) = g:()) (@] 0.
Since this is true for every y* € K} we get that
J(8:(0) = £:(@) di(@) 20 > [ (1) di(w)

= fﬂgz(w) dp(w). O

Now we can prove the following proposition which is also interesting
in its own sake. (For the definition of f'(x,; &), see §4 and [38].)

PROPOSITION 3.1. f'(xo; h) = [q fl(x0; h) dp(w).
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Proof. First let us check that the integral [ f'(x4; h) du(w) is well
defined.
By the convexity of f (),

folx0) = fuxo — h) = Jolxo + M)’\) — fu(x0)

for A € R* and

o 1) = ing LI TA ZL),

So by Valadier’s Lemma 8 (see [38]) we conclude that

f4(x3 h) = wilim fulxo + MQ — £(x,)

- f!(xq; h) is strongly measurable.

Now assume without loss of generality that x, = 4 € U. Then
fo(xo) = f(xg — ) = filxo; k) = f(x0 + 1) — fi(xo)
=|fi(x0; B)| = fi(x05 h) V (+£2(x05 h))
=< (fulxo + 1) = £(x0)) V(fulxo — B) — £.(x0))-
But
(fu(xo + h) — fu(x0)) V (fo(xo— 1) — £.(x0))
= 2 [ Ao + ) = fulxo) + Lo — B) = £i(x0)
+,fw(x0 + h) _fw('x() - h)”
< 3 [Ifuxo + ) + fulxo — )|

Hfulxo + 1) = £(xo = W) + 21 (x0)I]
=f(x0 + W) VIf(xo — )| +£.(x0)]
(using the properties of | - | (see [36]))

'<_|fw(x0 + h)| +|fw('x0 - h)l +|fw(x0)l'

Since Y is a Banach lattice we conclude that

1foCxos W <[ | fulxo + B) |+ | £lxo = B) 1] +1 | £ulx0) |
= |f(x; k)] is integrable.
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This, together with the fact that it is measurable, imply that f/(x,; &) is
B-integrable. So the integral is indeed well defined.
Then we have for f( )

f(xo + Ah) -f(xo) = o-lim f(xo + Ah) = f(xo)

f'(x3 1) = gf) A A0 A
—_ . fw(xO + Anh) _fw(xO)
= qlim | X, ().

Using our initial observations and Valadier's Lemma 8 (see [38]) we
deduce that

f(xg; h) = M;-”lilon

js;fw(xo + Arz}\h) "fw(xo) dp.(w).

n

So for every y* € Y*, we have

JolXo + A,h) — £,(xo)
A

(f'(x03 B), y*) = nlirgo( x dp(w), y*)

. ( Mt ) )

n—oo A,

Now if y* € (K7 )* by the monotone convergence theorem, we have that

() (e 1), %) = fim B RM L) e )

n

= fﬂ(fa’,(xo; h), y*) dp(w)

= | [ x5 ) ()]
Q
But since by hypotehsis K} is normal, (K7 )* is generating, i.e. (K} )* =

Y* (Krein’s Theorem, see [35]). So for any y* € Y*, there are yf, yf €
(K7 )* such that y* = y¥ — y¥. Using that in (1), we conclude that

(f'(xq; h), y*) = (fﬂf.,’,(xo; h) du(w), y*) Vy* € Y*
f(xq3 h) = fﬂ (x5 h) dp(w). 0

ReMARK. Clearly the result of Proposition 3.1 holds for any x € U.
Now define the operators ®, F: X = L ({2, Y) by the formulas

[@(m)](w) = fi(xo3 k) and F(x,) = f(-, o).
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Make the following additional assumptions
“f.(+) is continuous at x, € U for p-almost all w € Q.

Then we have the following result about this operator.
PROPOSITION 3.2. F'(x; h) = ®(h) and ® is demicontinuous at 0.

Proof. In L (9, Y) we consider the ordering induced by Yi.e. ¢ = o if
and only if ¢(w) = Y(w) p-a.e.on Y.
Then by the definition of the directional derivative, we have

- F(xy+ Ah) — F(x,)

F(xo3 h) = )fgo A
S AR (%)
A>0 A

=f(, xo; h) = ®(h).
So we deduge that ® is a sublinear operator.
Let 2, —» 0 in X. Then for every w € 2, we have

fo(xo) = fuxo — h,) < filxo5 h) = f(x0 + h,) — f(x,).

But

tim (f5(xo; ), y*) = lim (f(xo) = fu(xo = h,), ¥*)
N oo n—oo
(1) y* € (Ky )* - lim (£i(xo; k), y*) =0.

Similarly again for y* € (K5 )* we get that

(2) lim (fw(x() + h,) — f.(x0), y*) > lim (f«.l,(xo’ h,) y*)

n—>o0 n— oo
> 0 = lim( f(xo; k), ¥*).
From inequalities (1) and (2) above we get that
lim (fi(xo; k), y*) =0 Vy* € (K3 )*.
n— oo
From Krein’s Theorem, (K7 )* is generating. Therefore we get that

f(x0; h,) S0 p-ace. - ®(h,) >0 =®(0) foranyh, - 0.

So indeed ® is demicontinuous as claimed. O
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Now if f(x) < ¢(w) p-a.e. for all x in a neighborhood of x, and
¢ € L,(2,7), then it is easy to see from the continuity of f (-) at x, and
the Lebesgue dominated convergence theorem for Bochner integrals, that
F(-) is also continuous at x,,.

So we have that 9°F(x,) = 0F(x,) (by Valadier’s Theorem 6) and
0°F(x,) = 0®(0) (by Valadier’s Lemma 4).

Therefore we conclude that 0 F(x,) = 0®(0).

Hence, the following result is true for Z = L,(, Y).

PROPOSITION 3.3. If A € L(X, Z) is such that A(h) =< ®(h) VhE X
then A € 3®(0) i.e. A € R( X, Z).

Proof. The fact that A(h) =< ®(h) Vh € X implies that 4 € 3°F(x,)
= 9°®(0) = 3®(0). So 4 € £( X, Z). O

Finally, using Valadier’s Theorem 6 and Corollary 7 (see [38]), to-
gether with our previous observations and results, we get the following
Proposition.

PROPOSITION 3.4. 0F(x,) = 0®(0) is equicontinuous, convex and com-
pact subset of 2( X, Z) with the weak operator topology. Also

F'(x; h) = ®(h) = max{R(h): R € 3F(x,) = 3®(0)).

4. The subdifferential calculus. First we recall some useful notions
from Geometric Functional Analysis.

DEFINITION 4.1. Let D be a subset of a vector space Y. The algebraic
interior of D, denoted by D, is the set of points x, such that for each
X € X there is a A, > 0 such that for A € [-Ay, Aj]Ax + (1 —A)x, €D
or which is equivalent that D — x,, is an absorbing set.

Intuitively this means that we can move from x, towards any point in
X along a ray by staying in the beginning for a while in the set D.

The relative algebraic interior of D denoted by D' is the algebraic
interior of D relative to aff D.

If f: X > Y is a convex mapping, then for every Xy € (dom f)* the
o-directional derivative exists in every direction and is given by
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inf f(x0+}‘h) ~f(x0)

f'(xo; ) = inf Y
= otim Lot AR) = f(x0)
10 A

(see [38]). Again, we point out that this doesn’t imply convergence in the
topology of Y since in general order convergence and topological conver-
gence are disjoint notions. For more details about this issue, we refer to
[24], [35], and [38].

In the sequence, we will generalize several formulas of the subdif-
ferential calculus. Results in this direction were obtained by Kutatelazde
[14], [15] and [16], but from a purely algebraic point of view. Our
emphasis however is topological and so our approach relies more on the
work of Valadier [38].

We start with a generalization of the Moreau-Rockafellar formula.

THEOREM 4.1. If Y is normal f,, f,: X — Y are convex mappings with f,
continuous at x, € dom f, then

a(fl +f2)(x) = afl(x) + afz(x) Vx € X.

Proof. 1t is easy to see, directly from the definitions, that in general
we have 9(f, + f,) D 9f(x) + 9f,(x) for every x € X. Let 4 €
A(fy + £)(x). Then A(h) < fi(x + h) + f(x + h) — fi(x) — fo(x). De-
fine g(h) = fi(x + h) — fi(x) and p(h) = A(h) — fo(x + h) = f(x).
Clearly by their definitions, ¢ is convex and p is concave. Since

(dom £,)* N'dom f, D {x}, # @ - (domg)™ N dom p # @
- 0 € (dom g — dom p)~.

So by applying Zowe’s sandwich theorem (see [42]), we know that there is
A, € L(X,Y) such that

p(h) =A,(h) < q(h)
= A(h) = H(x + h) = f,(x) = 4,(h) < fi(x + h) = fi(x).
So A, € 9%f(x) = df\(x) and setting A(h) — A,(h) = A,(h), we have
that A,(h) <f,(x + h) — f,(x) Vh € X. So A, € 9%f,(x), while 4 €

3% fy + H)(x).
Hence finally 4 € 9( f; + f,)(x) and 4, € 3f,(x) and so we have that
a(fi + £L)(x) = 0fi(x) + 3f,(x) Vx € X. O
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Now we will get formulas for the subdifferential of composite map-
pings.

The first concerns the composition of a convex mapping with an
affine continuous operator.

The second is about the composition of two convex mappings.

For that purpose let Z be an o-complete ordered topological vector
space.

Let A € £( X, Y) such that Im 4 = Y (surjective) and for somey € Y
consider the affine continuous mapping of a(x) = Ax + y.

Let f: Y — Z be a convex mapping and consider the mapping f © a:
X-Z

Then the following result is a generalization of Goldstein’s formula
for real valued functions.

THEOREM 4.2. If f and «a are as above then

fea)x)= U Rod VxeX.
RE3f(a(x)

Proof. Following the definitions, it is easy to see that, in general, we
have that 3( fo a)(x) D UReaf(a(x))R o A. So we need to show inclusion
in the opposite direction. For that purpose, let B € d( f o a)(x). Then by
definition we have that

B(h)=(fea)(x+h)—(fea)(x) VREX
- B(h) =f(A(x +h) +y) — f(Ax + ).

Now if h € ker A, we deduce that
B(h)=f(Ax+y)—f(Ax+y)=0

and since —h € ker 4 similarly we get that B(-h) =<0 — B(h) =0. So
B(h) =0 and therefore we conclude that ker B D ker 4. So we have
A €R(X,Y), B €L(X, Z), ker B D ker A and by hypothesis Im(A4) = Y.
By the factorization theorem, we know that there exists ® € £(Y, Z) such
that ® o 4 = B.

We claim that in fact ® € 9f(a(x)). If we show this, then clearly we
are finished with the proof of the theorem.

Let w € Y. Then there is 2 € X such that Ah = w.
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Hence ®(w) = ®(Ah).Since B=® o A € 3( f° a)(x), we get that
A(h) = @(4h) = (feo a)(x + h) = (fo a)(x)

= fla(x + h)) — f(a(x))
= f(A(x + h) +y) = f(4x + )
=f(Ax+w+y)—f(Ax +y).

Because this is true Vw € Y, we deduce that
O cdf(Ax +y) > ® € df(a(x)).

So the theorem follows. O

Before going on to our next subdifferential formula for the composi-
tion of two mappings, we need some auxiliary material.

Suppose that Z is an order complete locally convex o.t.v.s. and both Y
and Z are weakly sequentially complete with K3 and K3 closed.

Let f: X > Y be a convex mapping and g: Y —» Z be a convex
increasing mapping with g(*o0) = *oo.

It is a trivial exercise to check that g o fis in fact convex.

We start with a chain rule for directional derivatives.

LeMMA 4.1. If x € (dom f)* and g(f(x) + h) — g(f(x) + hy) <
p(hy — h,) where p: Y - Z is sublinear and continuous at 0O then

(g° f)(x) = g'(f(x)) ° f1(x).

Proof. By definition we have that

(e B) = ofim (82 )(x +AR) — (go f)(x)
(g° f)(x; h) = olim =8 2

_ o g+ ) — g(J(x))
A L0 A :

Because of our assumptions on the spaces Y and Z, we have that

e ) = i BT AR) — g(/(x)
(g 1) (x; 1) = wiim £ )= slflx)),

But by the definition of the directional derivative we have that

f(x +Ah) =f(x) + Af'(x; h) + O(N)
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where O(A)/A 0asA 10 - O(A)/A %0 as A 10. Hence we have that

g(f(x) + Af(x; h) + O(N)) — g(f(x))

(g0 f)(x; h) = wlim N
= otim EUG) AN (x5 B) + O(;\)) — 8(f(x) + Af'(x; )
ALO
L 8Uf(x) + Af’();\; h) — g(f(x))

But from our hypothesis about g, we have that the first quotient tends to
zero while the second one tends to g’( f(x); f'(x; h)). So the chain rule
follows. O

We will also need the following result.

LEMMA 4.2. If g2 Y —> Z as before then g'(x;-) is an increasing
sublinear operator. -

Proof. We have to show that if y,, y, € Y and y, = y,, then we have
g'(x; 1) Z 8'(2 »2)-
But x + Ay, = x + Ay, and from the monotonicity of g we get that

glx +Ay) = g(x +Ay,y).
Hence

glx+Ay) _ glx) _ glx+Ay)  gx)

\ X X X forallA >0
- o-lim g(x + }\yl) — g(x)
AL0 A
> O‘Iim g(‘x + AyZ) - g(x)
AL0 A
- g'(x; 3) = g'(x; »,)
which is what we wanted. O

In the sequence we will need the Mazur-Orlicz Theorem, which for
completeness we state here. For a proof of it, look in the original paper
[18] or in Peressini [24].



422 NIKOLAOS S. PAPAGEORGIOU

THEOREM ( Mazur-Orlicz). Let p: X — Y be a sublinear operator.
Let ¢ and u be mappings defined on an arbitrary set S with values in X
and Y respectively. In order to exist A € L( X, Y) such that

A(x) =<p(x) and A(¢(s)) =u(s).

It is necessary and sufficient that for any {s,}i— {A;}i=1 > 0 we have the
inequality

PEWIEN SP(kélxkqs(sk)).

Now we are ready to state and prove the second subdifferential
formula about composite mappings which can be considered as a kind of
chain rule for the subdifferential calculus.

For that purpose, let X be a Banach space and Y an order complete
Banach lattice.

THEOREM 4.3. If f, g are as before and for an x, € (dom f)* f is
continuous at x, and g is completely continuous at f(x) then

Agef)x)= U 340 f)(x)Vx € (dom f)*.

A€dg(f(x))
Proof. First let T€ U ,, (/o0 (A4 © f)(x). Then by definition we
have that there is A € dg( f(x)) such that
T(z) — T(x) < A(f(z)) — A(f(x)) Vz € dom f.
Also, since A € dg( f(x)), we have
A(w) — A(f(x)) = g(w) — g(f(x)) Vw € domg
- A(f(2)) — A(f(x)) = g(f(2)) — 8(f(x))
- T(z) — T(x) = g(f(z)) — g(f(x)) Vz € dom f
> T€Ed(ge f)x).
So we conclude that, in general, we have that
dgeNx)2 U 340 f)(x).
AE(f(x))

In the sequence, we will try to show that opposite inclusion also holds.
So let R € 3(ge° f)(x). By Valadier’s Proposition 4 (see [38]), we
know that for x € (dom f)*

R(h)<(go f)(x;h) VheEX.
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But by Lemma 4.1, we know that
(g° f)(x; k) = g'(f(x); f'(x; h)).

So R(h) = g'(f(x); f'(x; h)) Vh € X.
The problem now is to find a linear operator 4 from X to Y such that

(1) A(d)=g'(f(x);d) VdeY
and
(2) R(z) — R(x) =A(f(x) — f(x)) Vz€EX.

At this point, we employ the Mazur-Orlicz Theorem. According to that,
such an operator exists, if and only if, V{z,};_, C dom f and V{A, };_,
C R™ we have

S AR(z — z,) = g'(f(x)élxk(f(zu - 1)

k=1
But

R $ e =) =e 00 30 3

<o 1) S NS 20— x)) (by Lemma 4.2)
k=1

< 1(x); é]xk(f(m —f(x)))

(the last inequality comes from Lemma 4.2 and the definition of f).

This is what we wanted.

So there is an 4 € L(Y, Z). By (1) we see that A € 3g*( f(x)) and
3°g(f(x)) = 3g(f(x)).

Therefore we conclude that R € U ;. 4,,0(4 © f)(x) for x €
(dom f)“ and so the claim of the Theorem follows. a

The next formula will be for the subdifferential of the supremum of
two convex mappings.

So again let X be a Banach space and let Y be a weakly sequentially
complete Banach lattice. This means that Y is a (KB)-space (the terminol-
ogy is due to Vulikh (see [34])) i.e. Y is an order ideal of its bidual.

DEFINITION 4.1. By A(Y') we denote the following set of operators
AY)={meL"(Y): m=<1dy}.

These are called multiplier operators.



424 NIKOLAOS S. PAPAGEORGIOU

DEFINITION 4.2. A linear operator A: Y — Y is said to be o-continu-
ous if and only if

Va iy implies that Ay, z>Ay.

We have the following easy result characterizing the multiplier opera-
tors.

LemMMA 4.3. Multipliers are o-continuous operators.

Proof. Let C be an order bounded subset of Y. Then it is easy to see
that for any m € A(Y), we have

m(sup C) = sup m(C).

Similarly, since 0 < m < Id, and so (Id,, — m) € A(Y), we also have that
(Idy — m)(sup C) = sup(Idy — m)(C). Furthermore

sup C = m(sup C) + (Idy — m)(sup C)
= sup(m(C)) + sup(Idy, — m)(C) = sup C.

Hence we conchgde that sup m(C) = m(sup C).
Now let y, —y. By the definition of o-convergence, there are {q,},cn

{Polweny € Y such that Vn €N p,<y,<gq, and p, 1y, g, y. Since
m € L*(Y), we have m(p,) < m(y,) < m(q,). From the first part of the
proof, m(p,) 1y and m(q,)! y. Hence m(y,) i>m(y) and so m is o-con-
tinuous. O

LEMMA 4.4. If f: X - Y is continuous or o-continuous at x then for any
m € A(Y) m o fis also continuous at x.

Proof. First assume that f is continuous at x. Then if x, ix, we have
that f(x,) N f(x). But in a KB space s (= strong) and o* convergence are
equivalent. So f(x,) % f(x) which means that for some subsequence of
{x,},en We have that f(x,) 5 f(x). By Lemma 4.3, we get that
m( f(x,)) = (f(x)) = m(f(x,)) >m(f(x)).

Now let f be o-continuous at x. Then if x, — x, we have that

f(x,) > f(x) > m(f(x,)) >m(f(x)) (by Lemma 4.3)

- m(f(x,)) >m(f(x)) - mo fis continuous. O
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LEMMA 4.5. If f;: X - Y is convex and continuous at x; fi X>Yis
convex and o-continuous at x then

(AVAH)X)=f(2) VH(z) VzEX

is convex and continuous at x.

Proof. Let x,, % x. Then by the continuity of f,, fi(x,) 5 fi(x) and by
the o-continuity of f,, ,(x,,) 2 H(x).

Now if fi(x,) N fi(x) = fi(x,) 5 f(x) (since Y is a KB-space) and so
there is {x,,kl} ren C {X,}nen St fl(x,,kl) 5 fi(x). By the o-continuity of the
lattice operations, we have that

fl(‘xnk,) VfZ(xnkl) _>fl(x) sz(.X'),
“')fl(xnk,) vfz(xnk, - fi(x) V h(x).

So by passing from the beginning, if this is necessary, to a subsequence of
x,, we conclude that f is continuous at x. Finally, it is trivial to check the
convexity of f, V f,. O

Now we are in the position to formulate and prove the following
Theorem about the subdifferential of the supremum of two convex
mappings.

THEOREM 4.4. If f, and f, are as in the previous Lemma with dom f,
and dom f, in general position then

AAVAN)= U {(3(mef)(2) +3((1dy — m) o £,(2)))}

meA(Y)
Vz € X.

Proof. By Kutatelazde’s result (see [15]), we have

(AVE) = U (8%(mef)+0%((1d, — m)o )}

meA(Y)
Combining Lemmas 3.2, 4.4 and 4.5, we can see that

9*(fi VAHI2) = (A V f,)(2),
9%(m e fi)(z) = d(mo f)(z)
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and
3*((Idy — m) o f,(z) =9(ldy — m) © £,)(z) Vz€EX.

So the formula of the Theorem follows. O

Also based on another result of Kutatelazde (see [15]), we obtain the
next Theorem.

THEOREM 4.5. If f, and f, are as above with x € (dom f,)* then

A(fiVHIz) = U {moaf1(2)+(IdY'—m)°af2(Z)}

meA(Y)

for every z € (dom f, N dom f,)*.

Proof. Again this follows by a corresponding algebraic result of
Kutatelazde (see [15]) and Lemmas 3.2, 4.4 and 4.5. O

We will continue our study of the subdifferential calculus of vector
valued convex mappings by relating the subdifferential with the usual
Gateaux differential when the latter exists. In the process of doing that,
we get a result which is the natural completion of Valadier’s Theorem 6
(see [38)]).

So we have for x € (dom f)*

ap{ LA M) 1 o) [ M ENR = 10) )

A -A

- _inf{f(x i }‘(‘;\’)) B(CIIPN o} = —f(x; —h).

Now since 0 = f(x;0) = f'(x; h — h) =< f'(x; h) + f'(x; —h) we have
that for every h € X —f'(x; -h) =< f'(x; h).
Next let 4 € 0f(x). Then we know that
A(h) =f(x;h) VheEX

o A(-h) = f'(x; -h)

o —A(-h) = —f'(x; -h)

= A(h) = —f'(x;-h).
So for x € (dom f)* we have that 4 € 3f(x) < A(h) = —f'(x; —h).

The next proposition is the natural completion of Valadier’s Theorem 6
(see [38]).
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PROPOSITION 4.1. If Y is normal and f: X — Y is convex and continu-
ous at x then —f'(x; —h) = min{A(h); A € 3f(x)}.

Proof. By Valadier’s Theorem 6, we know that
f'(x; h) = max{A4(h): 4 € 0f(x)}
= f'(x; ~h) = max{A4(-h): 4 € 3f(x))}
- —f'(x;-h) = —-max{A(-h): 4 € 3f(x)}
= ~f'(x; -h) = min{A(h); 4 € 3f(x)}. O

This observation will help us in achieving our next goal which is to
relate the subdifferential and the G-differential.

First we have to introduce some auxiliary material.

Assume that Y is normal and K7 is closed.

Recall if (14)-lim, _o[( f(x + Ah) — f(x))/A] exists for all h € X and
belongs to £( X, Y), then f is said to be Gateaux differentiable at x and
the limit is called the Gateaux or G-differential and it is denoted by

Je(x; h).
We already know that
+Nh) —
Pp = flx "}\,) flx) for A’, < 0 increases as A/, 1 0
and

_ fx +Njh) — f(x)
q, — }\/n/

for A’ > 0 decreases as A/, | 0.

Combine {A’,},cy and {A’}}, <y in one sequence {A,},cy and let

_ D)~ fx)

r, X

n

By repeating terms, when this is necessary, we have
(1) p,<r,<q, Vn€EN.

Since f is a G-differentiable we know that p, i f.=flandq, id fi=f.
But by Peressini’s Corollary 3.2 (see [24], p. 91), we have that

(2), pn TfG, and qn‘l‘f(;
Relations (1) and (2) above imply that 7, 5 fé-
So we have proved the following result.
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PROPOSITION 4.2. If f, X, Y as before then
f(x +Ah) — f(x)
X .

fe(x; h) = 0}:1_1)1(}‘1

In the next result we achieve what we wanted. For a similar result, but
under more restrictive assumptions, see Zowe [39].

In the sequence, let Y be a normal and weakly sequentially complete
Banach lattice.

Then the following result is true.

THEOREM 4.6. If f: X - Y is convex and continuous at x then f is
G-differentiable if and only if 9f(x) is a singleton.

Proof. Let f be G-differentiable at x.
Then we deduce that

fi G h) = f2x; h) > f'(x; h) = ~f'(x; -h)
(again by the result of Peressini (see [24], p. 91))
- max{A(h): A € 0f(x)} = min{A4(h): 4 €93f(x)} VhEX
- 9f(x) is indeed a singleton.

Now let 3f(x) be a singleton.
Then

max{A(h): A € 3f(x)} = min{A(h): 4 €3f(x)} VheEX
f'(xs ) = ~f"(x; -h).

From the assumptions on Y, we deduce that this is a KB space. So we
have

f'(x; h) = o-lim flx + Ah) — f(x)

A0 A
= (i PRI < g s
and
i) = oy L4 M)~
= (rypim LEFA ZIC) iy )

AT0
Therefore f' (x; h) = f/(x; h) Vh € X, fis G-differentiable. O
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Finally, we close our study of the subdifferential calculus with a brief
look at the subdifferential of the composition of a multiplier and a convex
mapping. In the light of Theorems 4.4 and 4.5, this is a very useful result
to have. So let X be a t.v.s. and Y an order complete o.t.v.s.

THEOREM 4.7. If a € A(Y) N R(Y) and f: X - Y is convex then
aodf(x) Cdao f)x)and if a is invertible equality holds.

Proof. First observe that since a is linear monotone and f is convex,
then a o fis convex.
Now let A € df(x). By definition we have

A(z—x)=f(z) — f(x) Vzedomf
- a(A(z —x) = a(f(z) — f(x)) (since a is monotonic)
~ (a0 A)(z = x) =(a°f)(z) =(aef)(x)
Vz € dom f = dom(a ° f).
So we get the first part of the Theorem, namely that
aedf(x) Cd(ao f)(x).

Now assume, in addition, that « is invertible.
Let B € 8(a o f)(x). Then we have

B(z—x)<(acf)(z) = (ao f)(x) Vz€&dom/f
- B(z — x) = a(f(2) — f(x))
Bz — x) = (a0 a)(f(2) — f(x)

(since a”! is monotone, too. See Kutatelazde [15]).

= (oo B)(z — x) = f(z) — f(x).

So a'o B € df(x) > B € acdf(x). Hence we conclude that « o
df(x) = d(a e f)(x). U

In the hypothesis of Theorem 4.7, we had that « € £(Y). So it would
be nice to have conditions under which this is in fact true. The next
Proposition answers this question. First we need a definition.

DEerFINITION 4.3. An o.t.v.s. which is a vector lattice is a topological
vector lattice if there 1s a neighborhood basis of solid sets. If it is locally
convex, then it is called a locally convex lattice.



430 NIKOLAOS S. PAPAGEORGIOU

PROPOSITION 4.3. If a« € A(Y) and Y is a topological vector lattice then
a € L(Y).

Proof. Let V be a solid neighborhood of the origin in Y. Then for
x € V, we have that a(x) < x since a < Id,. But
a(x) =xand a(-x) < —x > a(x) Va(-x) =x V (-x)
- a(x)V (-a(x)) =x V()
sla(x)|<=|x|-alx) €V VxeV.
Soa(V)CV-oa€cl(X,Y). ]
As an epilog to this section, we include a result which is not directly
connected to the subdifferential calculus but which nevertheless gives us a
better understanding of the multiplier operators which, as we saw, play a

key role in obtaining subdifferential formulas.
First, another definition.

DEFINITION 4.4. If X, Y are o.t.v.s. which are lattices and 4: X > Y a
linear operator which preserves the lattice operations, then A4 is called a
Lattice or Riesz homomorphism.

PROPOSITION 4.4. If A € L (X,Y) is bijective then A is a lattice
isomorphism if and only if A™' is positive.

Proof. Necessity: Obvious. Sufficiency: Suppose that 47! =0. We
know that since 4 = 0,
(1) A(xVz)=A(x)and A(x V z) = A(z)
- A(xVz)=A(x)V A(z).

Also A(x) V A(x) = A(x) and A(x) V A(z) = A(z). Using the fact that
A7 =0, we get

A (A(x) VA(x)) =x

@) A (A(x)VA(z)) =z

} > A (A(x) VA(z))=xVz

> A(x)VA(z) = A(x V z).
From (1) and (2) above, we deduce that
A(xVz) = A(x) V A(z).

So indeed A is a lattice isomorphism. a
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COROLLARY. If a € A(Y) is bijective then a is a lattice isomorphism.

This concludes the fourth section. In the next section, we will develop
a duality theory for convex mappings.

5. Lower semicontinuity and duality theory of convex mappings. In
this section, we will extend the Young-Fenchel theory of conjugate convex
functions to convex operators.

Let X be a just countable locally convex t.v.s. Let Y be a locally
convex lattice which is normal. Assume that int(K} )= (K} ) # @.
Then we know (see [24]) that Y is normable. As in the previous sections,
adjoin to Y a greatest element + oo and a smallest element — co and
denote the augmented space by Y. For Y an open set will be of the form
UU {+o0} or UU {—co0} where Uis open in Y. Clearly with the induced
topology Y C Y is the initial o.t.v.s.

We will denote the topology of X by 7y and that of Y by 7.

DEFINITION 5.5. Let f: X - Y be a mapping.

If £ is finite at x € X, then it is said to be lower semicontinuous at x
(abbreviated by Ls.c.) if and only if for every y € (K} ) there is a
neighborhood U of x,, in X such that for everyz € U, f(z) +y — f(x,) €
(I?}; ). Since our mapping is allowed to take also the value + co we
complete the definition by saying that fis 1.s.c. at x & dom fif and only if
for every y € (K} ) there is a neighborhood U of x such that for all
z €U, f(z) — y € (K} ) (this actually is equivalent to saying that dom f
is closed in X). Finally if f(x,) = —o0, then fis L.s.c. at x,,.

In the sequence we will study in more detail this new class of
mappings.

We start with the following characterization of 1.s.c. mappings.

LeEMMA 5.1. If fis l.s.c. at x, € X then ﬁ_ﬂxn-»ng(xn) = f(xg)-

Proof. If f(x,) = +oo this is obvious from Definition 5.1. So let
f(x,) < + o0 ie. x, € dom f. Let x, > x,and A, |0 so that A,y =y, 10
for y € (K7 ) by the Definition 5.1 there is a neighborhood U of x such
that for all z € U f(x,) <f(z) + y,. Also for n=n,, x, € U since
x, = xyand so f(x,) <f(x,) +yforn=n,.



432 NIKOLAOS S. PAPAGEORGIOU
Using the definition of the superior limit, we have

lim f(x,)= V A flx,)

n,EN n=n,

= V f(x0) =yu= V f(x5) =y = f(x).
n,€EN n €N
So indeed l_iI_n_x"—,xOf(xn) = f(xy). ]

Now assume that for any y € Y the order intervals that contain y in
their interior form a local basis of neighborhoods of y, and for y € (K7 )
the order intervals [ y,+ oo] form a filter of neighborhoods of “infinity”
(in the extended topology).

Using this assumption, which in the sequence we will call assumption
H, we have the following partial converse of Lemma 5.1.

LEMMA 5.2. If K5 is complete and Y satisfies assumption H above then
Ergxn_,x‘)f(xn) = f(x,) VX, > x, implies that f is l.s.c. at x,,.

Proof. First consider the case f(x,) =+ co0. Then li_mxﬁxO f(x,) = f(x4)
= +oco0 means that lim,_ f(x,) = +oo0. Now suppose that f was not
Ls.c. at x,. Then there is y € (K7 ) such that for every U € %(x,) (filter
of neighborhoods of x,) there is x € U such that f(x) F y. So we form a
sequence {X,},cn such that x, - x,. By hypothesis then lim _ f(x,) =
f(x,) while f(x,) & y Vn € N. Observe that by hypothesis H, the set {x:
f(x) =y} =[y, o]¢ is closed in the extended topology. Now let B, =
N wenf(x,) =y. Then B, =lim_ _ f(x,) and since, from our assump-
tions on Y, 7, = 7, = order topology, then by a result in [24] (see p. 160),
B, —»™""lim _ _f(x,) — by the closedness of the set {x: f(x) +y) we
conclude that lim _ f(x,) belongs to that set which is a contradiction
since lim, _ f(x,) = + 0. So fis Ls.c. at x,,.

Now let f(x,) < + o0 1.e. x, € dom f. Again we proceed to prove the
Lemma by contradiction.

So suppose that the claim of the Lemma is not true. Then there is a
y € (K} ) such that for every U € %(x,) there is x € U such that
f(x) +y & f(x,). So we can form a sequence {x,},c, such that x, > x,.

By hypothesis then

lim f(x,) = f(x,)

n— oo

lim f(x,) +y>f(x,) fory e (K7 ).

n—- o0
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Let y, = f(x,) + y = f(xo). We have that Vn € Ny, & (Ky ) and
lim,_ y, =y where y € (K 7). This, with the help of our hypothesis, will
give us the desired contradiction. Let B,= /\ ,=,y, Then B, 1 Lim, _ .y,
= y,- If y, = + oo then, since B, —>11mn_m ¥,, by hypothesis H there will
be an 7, such that, for n = n,, B, € (K} ). If y, < + oo then y, € (K7 ).
But then (8,,2y,) form a local basis of y,. So for some n,, we will have
for n = n, that B, € (I%J; ). Hence in any case B8, € (I%;”, ) for n-large
enough. Therefore, since 8, <y, = f(x,) +y — f(x,) we get that y, €
(K7 ) for nlarge enough — f(x,) + y — f(x,) € (K% ) for n large enough
which is a contradiction.

So fisls.c. at x,,. O

We can have the same result with a different set of hypotheses. So
again we assume that for y € (I%; ), the order intervals [ y,+ oo] form a
filler of neighborhoods (in the extended topology) of “infinity”. Call this
assumption H .

LEMMA 5.2". If H_ holds, Y has the diagonal property and K7 is closed
then lim__ _f(x,) = f(x,) for every x,, — x implies that f is l.s.c. at x,,.

T n—>™

Proof. First consider the case f(x,) = +o0. Again we continue by
contradiction. We form x, - x, such that f(x,) F y for some y € (K} ).
Let B, be as before. Then B,=f(x,) and 8,1 hmnqoof(xn) = +o00 —

B, 5 lim f(x,) (by the diagonal property) — S8, —>11m,Hoo (x,) (by the
normality of Y which we assumed once and for all in the beginning of this
section). So by H_ there is an n, such that, for n = n,, B, € (y, 0] -
f(x,) € (y, o] for all n = n, a contradiction.

So fis Ls.c. at x,.

Now consider the case where f(x,) < + o0 i.e. x, € dom f. Again the
proof is by contradiction. So suppose that the claim of the Lemma is not
true. Then thereisay € (I&’; ) such that for every U € %(x,) there is an
x € U for which f(x)+y — f(x,) & (I&; )- So we form a sequence
{x,},en such that x, — x,. By hypothesis then we have that

f(xo) = lim f(x,)
= f(xo) < lim f(x,) +y fory € (K7} )

n—> oo

~lim fx) +y — f(x0) € (K3 ).

n— oo
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Call y, = f(x,) +y — f(x,).- So we have y, & (K5 ) Vn € N; but
lim, _,y, € (K} ).

I { lim, y,= +oo it is easy to see, using Hoo, that we get a
contradiction. If lim, _y, < +oo then let 8, = N\ ,..,y, <y, We see
that B, 1 lim which by the dlagonal property of Y implies that

n—»ooyn
B, —>11m"é°°y,, and since Y is normal, S, —»hm ~w)n So for n =n,, we
have that 8, € (K} ) - y, € (K3 ) for n = n,, a contradiction.

So fis L.s.c. at x,,. O

Now we will introduce some notions that we will be using in the
sequence.

DEFINITION 5.2. We call the set ULy = {x: f(x) — y € (0,+ 0]} the
upper level set of fat y.
Similarly, we call the set Ly = {x: f(x) <y} the lower level set of f at

y.

DEFINITION 5.3. We call the set hgf = {[x, y] € X X Yf(x) —

(0, 0]} the hypograph of f.
Similarly, we call the set epi f= {[x, y] €E X X Y: f(x) — y} the

epigraph of f.

Then we have the following complete characterization of the lower
semicontinuous mappings.

THEOREM 5.1. The following are equivalent:

() f: X - Yisls.c.

(2) ULy isopenVy € Y.
If in addition Y satisfies the assumptions of Lemma 5.2 or of Lemma 5.2,
then (1) and (2) are equivalent to (3) below and they all iimply (4) and (5).

(3) hgfis openin X X Y.

(4) Ly is closed in X for everyy € Y.

(5) epi fis closed in X X Y.

Proof. (1) = (2). Let ULy = {x: f(x) —y € (0, 0]} and take x, €
ULJ. If f(x,) = + oo then for every y € (K7} ), there is a neighborhood
U of x, such that, for x € U, f(z) > y. Let y be such that y = p. This is
possible since every interior point of K3 is an order unit. Using that y, we
are done with the case where f(x,) = + 0.
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Now suppose that f(xy) < +oo. Then we have f(x,) =y € (K%).
By the lower semicontinuity of f at x, for every y € (K+ ) there is a
neighborhood U of x, such that, for all z € U, f(x,) —y <f(z). Let
y = f(x,) — 9 € (K3} ). Let U’ be the neighborhood of x, corresponding
to this particular choice of y. Then for z € U’, we have f(x,) — (f(x,) —
P)<f(z) »y<f(z)forallz € U - U' C ULy —» ULy is open in X.

(2) - (1). Let y € (K} ). If f(x,) = + o0, then (2) is just the second
part of Definition 5.1. If x, € dom f then f(x,) > f(x,) — y. By (2) there
is a neighborhood U of x, such that for all z € U f(z) > f(x,) — y which
is just our definition of lower semicontinuity.

Now consider Y with the assumption either of Lemma 5.2 or Lemma
5.2".

(1) < (3). Consider the mapping F: X X Y — Y defined by
F(x, y) = f(x) =

Under those assumptions F is Ls.c. if and only if fis. So (1) < (3) follows
from (1) « (2).

(1) (4. Let x, €Ly and x, —» x. Then since f(x,) <y
- lim _ f(x,) <y. Butf(x) =lim  f(x,) <y (by Lemma5.1) -> x €

Ly - Ly is closed in X.

(1) - (5). Again by considering the mapping F(x, y) = f(x) — y, this
follows from (1) — (4) above. O

Next we will present a Weierstrass type theorem for our class of lower
semicontinuous mappings.

For that, let Y be a Frechet o.t.v.s. which is a vector lattice and which
satisfies the assumptions of Lemma 5.2 or of Lemma 5.2".

THEOREM 52. If f: K— Y where K C X is compact and Im f is
o-complete then f attains its infimum on K.

Proof. Let y, = inf . f(x) € Im f by its o-completeness. So there are
x, € K such that f(x,) - y,.

Since, by hypothesis, K is compact, there is a subsequence of x,
(which for simplicity in the notation we will denote again by x, ) such that
x, > x €K.
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By the lower semicontinuity of f, we deduce that
lim f(x,) = f(x).
Also f(x,) = yo = f( xn)*:;uyo (see Peressini [24], p. 162) f( x"k,)o—_)myo

(ust from the definition of *-convergence). But lim, f(x,,kl) = f(x). So
f(x) = y, or otherwise we will contradict the choice of y,. O

DEFINITION 5.4. A mapping f: X — Y is said to be u.s.c. at x, if and
only if —f is lower semicontinuous at x,,.

Hence using Definition 5.1 we have the following topological descrip-
tion of upper semicontinuity.

“f: X - Y which is finite at x, is u.s.c. there if and only if for every
y € (I&;L, ) there is a neighborhood U of x, such that f(x,) +y — f(z) €
(Ié;“, ) for all z € U. If f(x,) = —oo0, then fis u.s.c. at x,, if and only if for
every y € (—I&t ) there is a neighborhood U of x, such that f(z) <y

vz e U".
The next result shows that our definition of semicontinuity is the

appropriate one.

THEOREM 5.3. If f: X — Y is finite at x, and both u.s.c. and l.s.c. there
then f is continuous at x,.

Proof. Let V € %(0) where %(0) is the filter of neighborhoods of the
originin Y.

Takey € (Ii’;ﬁ ) such that [-y, y] C V. This is possible by the normal-
ity assumption, since in that case order bounded sets are bounded.

Now form the lower semicontinuity of f at x there is a neighborhood
U, of x, such that

(1) f(xo) <f(z) +y Vz€EU,.

Also from the upper semicontinuity of f at x,, there is a neighborhood U,
of x, such that

(2) f(2) <f(xo) +y Vz€EU,.

Let U= U, N U,.
Combining (1) and (2) above we get that

» <f(z) = f(xo) <y Vz€U
= f(z) = f(xo) €[, ¥l CV VzEU
- f(U) CV+ f(x,)
- fis continuous at x. O
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A converse of this result can be obtained if we note that the first part
of hypothesis H holds, since K # 9.

THEOREM 5.4. If f: X - Y is finite and continuous at x then f is both
u.s.c. and l.s.c. at x,.

Proof. By the continuity of f at x, for every ¥V € %(0) which is
symmetric, there is a neighborhood U of x,, such that

+(f(xo) —f(x)) €V forallze U

Let V = (—y, y) for some y € (Ii'}?) (this is possible by H). Then
f(xy) <f(z) +y - fis ls.c. at x, and also f(z) < f(x,) +y = fis us.c.
at x,. O

An important class of mappings that will have a key role in the
second paper is the class of o-Lipschitz mappings. By that we mean those
functions for which for U, a bounded, open subset of X, and for all
x,z € U, thereis ay € K7 such that | f(x) — f(z) |<yllx — zIl.

So we see that X must be a Banach space. Let Y be an order complete
Banach lattice. Recall that since Y is a Banach lattice, then K7 is
automatically closed (see [35]).

PROPOSITION 5.1. If f € L( X, Y) then f is L.s.c.

Proof. Fix any x € X. Let U be an open bounded subset of X
containing x such that for some y € K3, we have

| f(x) = f(z) |=ylix — zIl.

Letd = diamU < oo0. Then yllx — z|| < dy.

Consider y € (K3 ). Then being an interior point of K3 is an order
unit. So thereisA € R* suchthatdy <Ay - dy/A < ). Soifz € B = {z"
Ix — z'll <d/A} then f(x) <f(z) + )y —f is ls.c. at x. Since x was
arbitrary in X, then fis l.s.c. O

In the sequence we will get some results that relate the notions of the
subdifferential and of the o-directional derivative of a convex mapping
with that of lower semicontinuity.

PROPOSITION 5.2. If (1) Y is complete (i.e. is Frechet) with the diagonal
property and K5, is closed.

(2) f: X > Y is a convex mapping with 3f(x,) # @ then f is l.s.c. at
Xo-
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Proof. By hypothesis (1) above, we deduce that 7, = 7, (see [24]) and
furthermore that topological convergence in Y is equivalent to relative
uniform convergence which obviously implies order convergence. Since by
hypothesis 9f(x,) # D, thereis 4 € £( X, Y) such that

A(z — xy) <f(z) — f(x,) Vz & dom f.
Let z, - x,. Then by the continuity of 4 we have that
A(z,— x5) =0
> A(z, — x,) %0 (by the remark in the beginning of the proof).
Then we have that

li_m A(z, — x,) =< 1_112 f(z,) = f(xo)

h— o0 n—oo

- 0= lim f(z,) = f(x,)

n— o0

= f(xo) = lim f(z,)

nh— o0

- fisls.c. at x, by Lemma 5.2". (]

Note. In the above Proposition, we did not need assumption H since
from the fact that 9f(x,) ¥ &, we have x, € dom f and so as it is easy to
see from the proof of Lemma 5.2, its result holds.

PROPOSITION 5.3. If f: X — Y is convex, x, € (dom f)* and f'(x,,")
is l.s.c. at O then fis l.s.c. at x,,.

Proof. Directly from the definition of the o-directional derivative we
know that forh € X

(1) f'(xg5 h) = f(xo+ ) — f(x,).

Also from the lower semicontinuity of f'(x,; -) at the origin, we know that
for any y € (K5 ) there is U,, a neighborhood of the origin in X, such
that

0=f(x0;0) <f'(x0:h) +y VhE T,
Using (1) we deduce that
0<f(xo+h)—f(x,) +y VhEU,
- f(xo) <f(xo+h) +y VREU,

- fisls.c. at x,,. a
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The next result is a very interesting one because it reveals another
case where the topological and algebraic subdifferential coincide (see also
Valadier’s Theorem 6 in [38] and Lemma 3.2 of this paper).

PROPOSITION 5.4. If f: X - Y is convex and u.s.c. at x € (dom f)™
such that f(x) =<0 and f'(x; x) < f(x) then 3°f(x) = 0f(x). If in addition
f(0) =0 and f(x) = 0 then 0%f(z) = 9f(z) Vz € X.

Proof. Let V' be any neighborhood of f(x) in Y. Consider V = V' —
f(x). This is a neighborhood of the origin in Y. Since by hypothesis Y is
normal, there is y € (K7 ) such that [-y, y] C V. Then

[v, ] +f(x) CcV+flx)=V
[y +f(x), y + ()] c V.

Now let T € 3%f(x). As we have already pointed out in a previous section,
such an operator exists by the Hahn-Banach-Kantorovich theorem.
By definition we know that

T(z — x) = f(z) — f(x) Vz €& dom {.

Now by the upper semicontinuity of f at x we know that for every
y’ € (K3 ) there is U’ a symmetric neighborhood of x such that

fz)<f(x)+y VYzeU

>T(z—x)<f(z) = f(x)<y’ VzeU

- T(z) <y + T(x).
On the other hand

-T(z) =T(-z)> ' — T(x) VzeU
and since U’ is a symmetric neighborhood of x we get that
T(z) > - — T(x).
Hence we have
' = T(x)<T(z) <y + T(x) VzeU.

Since T(x) < f'(x; x) we get that
1) &' = f(x; x) <T(z) <y’ + f'(x; x).

Now specify y’ to be y’ = —f'(x; x) + y + f(x). From our hypothesis we
know thaty’ € (K7 ).
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Substituting this choice of y’ in relation (1) above, we get that

(2) (x5 x) + (x5 x) —y — f(x) < T(2)
< f"(x;x) +y+ f(x; x) + f(x)
-y —f(x) <T(z) <y +f(x)Vz € U!

Since f(x) <0, we have that —f(x)=f(x) —> -y — f(x) = -y + f(x).
Hence from (2) above we deduce that

T(U") [y — f(x),y + f(x)] Cl» + f(x),y + f(x)] C V"

But then this implies that 7 € £( X, Y). Since in general 0%f(x) D 9f(x),
we conclude that 0%f(x) = 9f(x).

For the second part of the Proposition, we proceed as follows.

Let w be any point in X and let 4 € 0°f(w). Let V' be a symmetric
and full neighborhood of the origin in Y. Let V|, be such that V|, + V|, C V.
For some A >0, we have that A(A(w) — f(w)) € V| - A(w) — f(w) €
V,/A. Lety € (K3 ) such that [y, y] C V,/A. By the upper semicontinu-
ity of f at x, we have that there is a neighborhood U’ = x + U of x
(U = neighborhood of the origin in X) such that f(z) <y Vz € U
Assume that U’ is symmetric.

Now —f(z) > —y. But since 0 =< f(0) = f(iz + 3(-2)) = 3f(2) +
1f(-z) - f(-z) = —f(z), we get that f(—z) > -y Vz € U’. Since U’ is
symmetric again we conclude that f(U’) C [-y, y] C V,/A.

Now z € U’ we have

A(z) =A(z+w—w)=A(z —w) + A(w) =f(z) — f(w) + A(w)
= A(w) — f(w) + f(2).

But
A(w) — f(w) € V,/Aand f(z) € V, /A
S AU)CV,/A+V,/ACV/A
> AN)CV
- A€ER(X,Y)—> A4 e€df(w).
Hence we conclude that 9%f(z) = 0f(z) Vz € X. O

The next two results will show that the supremum of certain affine
continuous mappings are lower semicontinuous ones.

So let Y satisfy the hypotheses of Lemma 5.2 or those of Lemma 5.2".

Let f: X - Y be an Ls.c. mapping which is minorized by y,.
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Let 4 € £( X, Y), consider the affine continuous mapping
T.(z) = A(z — x) + f(x).
Then the following result holds.

PROPOSITION 5.5. If ¢(z) = sup,cx A(z — x) + f(x) then ¢ is convex
and l.s.c.

Proof. Clearly ¢ is convex.
Next we will show its lower semicontinuity. Let z, = z. Then by its

definition

¢(z,) = 4(z, — x) + f(x).

Also
Az, — x) > A(z — x) — Az, — x) B 4(z - x).
So
lim ¢(z,) = lim A(z, - x) + f(x) = A(z = x) + f(x)
- lim ¢(z,) = sup A(z — x) + f(x) = ¢(x).
n— oo xEX
Hence from Lemma 5.2 or 5.2/, we get that ¢ is L.s.c. O

Before stating the final result in this direction, we need the following
auxiliary Lemma.
Let Y be any order complete vector lattice.

LemMa 5.3. If {a, },en and {B,},en C Y then
li_rn(anni_ﬁ’n)2 li_man+ li_mﬁn'

n—oo n—oo n—oo
Proof. First we have that

Pn= Na,<a, Vnz=m
n=m > Na,+ NB <a,+v, Vnz=m
g, = /\anﬁn Vnz=m n=m § n=m §

n=m

n=m n=zm n=zm

>p,tq,<r, YmeEN.
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But
p, 1 lima,  g,1limpB, and 7,1 lim (a, + B,).
now P n— oo
Then
Pmt g, lim e, + lim B, <olimr, = lim (a, +B,). O
n— 00 n— oo n— 00

Now let everything be as in Proposition 5.5. Then we have

PROPOSITION 5.6. If ¢(x) = sup,cx I.(z) and f: X — Y is convex and
l.s.c. then ¢ is convex and l.s.c.

Proof. Clearly ¢ is convex.
Let x, » x. Then by the lower semicontinuity of f we have that

lim,_  f(x,) = f(x). Also
A(z — x,) zA(z - x)
- A(z — x,) ZA(Z - Xx).

Since ¢(x,) = A(z — x,) — f(x,)Vn EN
lim ¢(x,) = lim (4(z — x,) + f(x,)),

lim ¢(x,) = lim 4(z — x,) + lim f(x,) (byLemma5.3),
lim ¢(x,) = A4(z — x) + f(x) forallz € X,

lim ¢(x,) = ¢(x).

n—oo

So by Lemma 5.2 or 5.2, is Ls.c. O

Now we pass to the duality theory of convex mappings.

DEFINITION 5.5. Let f: X — Y be a mapping.
Then we define the Fenchel Transform of f to be the mapping f*:

£(X,Y) — Y given by
fA(4) = sup {A(x) — f(x)}.

x&dom f
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Miming the notation existing for real valued functions, we will denote
the collection of l.s.c. convex mappings going from X into Y by I'( X, Y).

PROPOSITION 5.7. If Y has the diagonal property and K3 is complete
then f* e T(E(X,Y),Y).

Proof. Let A, —° A. this means that for every x € X, we have that
A, (x) —Y>A(x). But from the assumptions on Y, we have that 7, = 7,
where, as always, 7, = the order topology on Y (see [24]). So 4,(x) E>A(x)

- A4,(x) ZA(x) (again by [24], p. 160) — 4,(x) i>A(x).
Now from the definition of the Fenchel transform of f, we have

4,(x) = f(x) =f*(4,) Vx & dom f
- lim 4,(x) — f(x) < lim f*(4,)

> A(x) — f(x) < lim f*(4,) Vx € dom f
> sup fA(x) —f(x) < lim f*(4,)
= f*(4) < lim f*(4,)

- fis L.s.c. using Lemma 5.2".

Next, let us show the convexity of /*(-).
Let A* =AA, + (1 —A)A4, for A €[0,1] and 4,, 4, € dom f*. Then

*(4") :f*()\Al + (1 - )\)A2)
= sup [(}\Al + (1 - }‘)Az)(x) ——f(x)]

x€dom f
= esgp f[}\(Al(x) —f(x)) +(1- )\)(A2(x) '—f(x))]
= sup A[4(x) —f(x)] + sup (1—A)[4,y(x) — f(x)]
x€dom f xEdom f
=Af*(4;) +(1 = A)f*(4,).
So f* is convex. Therefore f* € I'(£( X, Y), Y). O

We can continue this process and define

**: (R(X,Y),Y)>Y
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f(T)=sup (T(4)—f*(4)).

A €dom f*

Recall that X can be identified with a subspace of £(£ (X, Y), Y) via
the identification i: X — £(£ (X, Y), Y) where [i(x)](4) = A(x).

So it is natural to consider f** restricted on i( x), which, for simplic-
ity, we will denote again by X and then compare it with f.

A straightforward result in this direction is the following.

LEMMA 5.4. In general we have that f** |, < f.

Proof. Observe that from the definition of f* we have

A(x) = f(A4) < A(x) ~[A(x) = f(x)]
- A(x) — f*(4) < f(x) VA € dom f*
- o (x) < f(x)
S| <. O

Also, as we did for f*, similarly we can show that f** is ls.c. and
convex, i.e. f** € I'(E(L,(X,Y)), Y). (Note that we can derive this also
from Proposition 5.6.)

The next proposition is a step further in understanding the relation
between f and f** | .

ProPOSITION 5.8. If 0f(x,) # @ then f(x,) = f**(x,). Hence, if Y
satisfies the assumptions of Proposition 5.7 then f is l.s.c. at x,,.

Proof. Let A € 3f(x,).
From the definition of the subdifferential we have that

A(z — xo) = f(z) — f(x,) Vz Edom f
— A(z) — A(xo) + f(xo) = f(2).
Call y, = A(x,) — f(xo).

Then A(z) —y,=f(z) Vz €dom f. So A(z) — y, is a continuous
affine minorant of f.

Let any y < f(x,) and take z = x,. In that case, A(x,) — y, = f(x,)
just from the definition of y,. So we have

(1) A(z) =y, <f(z) Vze€domf
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and for y < f(x,)
(2) y < A(x0) = o-
From (1) we get that Vz € dom f, A(z) — f(z) <y, = f*(4) < y,. From

(2) and since 4 € 3f(x,), we have thaty < A(x,) — f¥(A4) =y < f*(x,).
Lety =y, = f(x,) —w/nforw € (K3 )

(3) = flxg) = ow<f**|,(x,) VnEN

"’f(xo) = f** |x (xo)~

Since by Lemma 5.4, we know that in general f** |, < f — f(x,) = f**(x,).
The last statement of the Proposition follows from the fact that f** is
convex and Ls.c. O

Note. Observe that the last part of the above Proposition reproduces
with a different approach the result of Proposition 5.2.

Next we will formulate a theorem that is the analog of the well-known
Moreau Theorem for real valued convex functions.

Assume that Y has an order bounded neighborhood of the origin.
Then we have

PROPOSITION 5.9. If f is u.s.c. at x, € (dom f) and 3°f(x) #* &

Vx € dom f then f= f**|.. Hence if the hypotheses of Lemmas 5.2 and
5.2" hold then f is l.s.c. mapping.

Proof. For any y € (K3} ), there is U, a neighborhood of x, such that
y + f(xy) > f(z) for all z € U. So f is majorized in a neighborhood of x,.
By Theorem 3.1, we conclude that f is continuous at intdom f. Hence by
Lemma 3.2 0%f(x) = 0f(x) Vx € X. Since for x € dom f, we have by
hypothesis that 0%f(x) # @, then 9f(x) # & for x € dom f. Applying
Proposition 5.8, we conclude that f(x) = f**(x), x € dom f.

Clearly if f(x) = + o0, then f**(x) = + o0, too.

So f= f**|, onall X.

Finally the last part of the Proposition follows again from the fact
that f** is Ls.c. O

We will conclude this section with a result that is suggested from the
proof of Proposition 5.8.
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PROPOSITION 5.10. If for every x € dom f, given y < f(x), there is A,
a (Ty0)-bounded linear operator from X to Y such that y < A(x) — y, and
A(z) —y,<f(z) Vze&domf

then f is an l.s.c. mapping.

Proof. Consider the upper level set ULy = {x: y < f(x)}.

We will show that this is open in X.

Let x, € ULy. Then y < f(x,). By hypothesis, we can find 4: X - Y
which is (7,0)-bounded and linear such that

y <A(xy) =y,
and
A(z) =y, <f(z) Vz €& dom f.

Let § = A(x) — 7o — » > 0.
By the (7,0)-boundedness of 4, we deduce that for a neighborhood U
of x,,

|A(x) — A(xy) |<p Vx€EU
> P+ A(xy) <A(x)<A(xy) +y VxeEU

-y <A(x) =y, = f(x)
-x€ULy forallx e U
- U CULy.

So ULy is open and so by Theorem 3.1 fis Ls.c. a

Note. In a normal space a (7,0)-bounded operator is bounded. So the
operator A in Proposition 5.10, since it is linear, is continuous i.e.
AEL(XY).

But in general an operator B € £(X, Y) is not necessarily 7y0-
bounded.

This concludes our study of the duality theory of convex operators.

In the next, last, section of this first paper, we will study some useful
generalizations of convex operators and of the notion of the subdifferen-
tial.

6. Quasidifferentiability, quasiconvexity and closedness. The notion
of quasidifferentiability, introduced first by Pshenichnyi, was the first
attempt to generalize the subdifferential calculus to nonconvex functions.
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Here we undertake this task for vector valued mappings.

DEFINITION 6.1. Let

. f(x+Ah) — f(x)
4 ; h) = o-
f(x; h) Oxll%n A
and we call the limit when it exists “the o-directional derivative of f at x in
the direction h”.

REMARK. Clearly if f’(x;-) exists for all # € X, then x € (dom f)
i.e. dom f — x is absorbing.

We know that for f convex and x € (dom f)* then f'(x; k) exists for
allh € X.

What we mean by Definition 6.1 is that for every sequence A, >0
A, 10, the limits exist. We need to check that the limit is unique, i.e.
independent of the sequence A, chosen.
Suppose that for \!, > 0, we have
fOx +Ah) —f(x) o
A] - f 1 (x; h)

n

and for A2, >0

flot }\2;\};) — /) 5 f(x; h).

Now consider the combined sequence

\ = N,, n=even,
g A, n=odd,

Then

f(x + }\;\h) —f(X) if’(x; h)

n

But every subsequence of the above sequence also converges to the
same limit f'(x; h).

So by taking the subsequence {A,},—cven and {A,},— 44> We conclude
that

filx; h) = f3(x; h) = f'(x; h).

Hence, indeed, the limit is unique and so the notion of the o-direc-
tional derivative is well defined.
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Note. The definition of Valadier [38] given for f convex is just a
particular case of our general definition 6.1.

DEFINITION 6.2. If f'(x; h) = max,c,, (,yA(h), where M(x) is a
nonempty convex equicontinuous subset of £( X, Y) then f is said to be
quasidifferentiable.

In the sequence, we will investigate in detail this new class of
mappings and relate it with notions and results obtained in the previous
sections.

PROPOSITION 6.1. If f,, f,: X — Y are quasidifferentiable mappings then
sois f, + f,.

Proof. We have
(i tH)(x+ Ah) — (fi +f2)(x)]

Mo A
& olim [fl(x+xh) f,(x)—f—fz(x+}\h)—f2(x)]
%00 A
— o-lim fix + k) — fl(x)] + olim [fz(x + Ah) *fz(x)]
A L0 A X 10

= fi(x; 1) + f5(x; h)

= max T(h)+ max R(h) (since f,, f, are quasidifferentiable)
TEM(x)

= max Q(h).
QE[M,(x)+ M,(x)]

We have to check that M,(x) + M,(x) is convex and equicontinuous
subset of £( X, Y). Clearly it is convex since M,(x) and M,(x) are.

Now to show the equicontinuity of M,(x) + M,(x), we proceed as
follows. Let V be a neighborhood of the origin in Y. Then there is W such
that W+ W CV.

Let U, € %(0,) such that T(U,) C W for all T € M|(x) and U, €
%(0,) such that R(U,) C W for all R € M,(x) (such neighborhoods exist
from the equicontinuity of M, and M,). Define U = U, N U,. Then
(T+RY\U)=QU)=TWU)+RWU)C W+ WCV. Hence M\(x) +
M,(x) is equicontinuous and so we conclude that f, + f, is indeed
quasidifferentiable. a

PROPOSITION 6.2. If f is quasidifferentiable and p € R* then pf is
quasidifferentiable also.
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Proof. Obvious from the definition.

From those two Propositions, we get immediately the following
Corollary.

COROLLARY. Positive linear combinations of quasidifferentiable map-
pings give a quasidifferentiable mapping.

Next we will examine the quasidifferentiability of the supremum of
two quasidifferentiable mappings.

Recall that in a vector lattice Y a + B=(aV B) + (a N\ B). Also
a, B €Y are said to be orthogonal if |a| A| B|= 0. We denote that by
writing a L B. In that case, it is easy to see that |a| V| B|=|a]| +|B] -

So now we can proceed to the next proposition.

PROPOSITION 6.3. If f,, f, =0, f, L f, and both are quasidifferentiable
then f = f, V f, is quasidifferentiable too.

Proof. By definition
i S0+ AR) = f(x)

f(x;h) =

A 10 A
= i VB AR = (A VA0
A L0 A
i B Z () A+ AR) — ()
A L0 A A 10 A
(from the fact that f, L £, and the previous remarks)
= fi(x; h) + f3(x; h).
The rest are as in the proof of Proposition 6.1. O

Now assume that Y is an algebra lattice.

DErFINITION 6.3. If f: X - Y is o-continuous along lines then f is
called o-hemicontinuous i.e.

o)-‘lli(l)nf(x + Ah) = f(x).

ProroSITION 6.4. If fi: X — Y is quasidifferentiable at x and
filx + Ah) = Nfy(x) for A >0 f,: X - Y is o-hemicontinuous and nonnega-
tive at x then f, - f, is quasidifferentiable at x.
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Proof. We have that
e B+ AR) = (1))

AL0 A
o-lim filx + AR)-fi(x + Ah) — fi(x)-fo(x)
AL0 A
otiqg T A)H(x + AR) = fi(x + h)-fo(x)
AL0 A
o S0 AR () = () ()
A

1im fl(x + }\h)[fz(x + Ah) _fz(x)]
A L0 A

o o BOOUAG A+ AD)-£(x)]
AL0 A

(fi f,)(x; h) =

By the o-hemicontinuity of f, and since f(x + Ah) < Af(x), the first
summand goes to zero, while the second is

Af(x; ) = f(x)_Max_T(h)

EM(x)

= Tgwa,i{x) - f,(x)T(h) (since f,(x) = 0).

So indeed f; - f, is quasidifferentiable at x. O

The next result will give us some sufficient conditions for quasidif-
ferentiability.

PROPOSITION 6.5. If f'(x; -) exists and is convex and continuous then f
is quasidifferentiable at x. Furthermore, if Y has the order intervals [x, y]
weakly relatively compact and the cone K3 is closed, then the set M(x) is
also compact in (X, Y,).

Proof. Let ¢(h) = f'(x; h) for allh € X.
By hypothesis ¢ is convex and continuous. So it has a directional
derivative at every point. Hence we have

w0 1y — g QA —0(0) _ . o(Ah) — ¢(0)
) #0sm = f T = o B
But ¢(0) = f’(x; 0) = 0 since f’(x; -) is positively homogeneous and

$(Ah) = f'(x; k) = Af'(x; k) = Ao (h).
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So going back into (1) we get that
['(x; k) = ¢'(0; h) = ¢(h).

But ¢ is convex and continuous. So by Valadier’s Theorem 6 (see [38]) we
know that

'0; h) = Max T(h) - f'(x; h) Max T(h).
#(0:h) = Max T(h) = f(x; h) Max T(h)

Since M(x) = d¢(x), it is convex and equicontinuous and so f is quasidif-
ferentiable at x.

The final part of the Proposition follows from Valadier’s Corollary
7. O

Now assume that X is a normed space and Y an order complete
Banach lattice with (K5 ) # @.
Let f: X — Y be a quasidifferentiable mapping i.e.

f(x; h) =  max T(h)

where M(x) is convex and equicontinuous subset of £( X, Y).

Suppose that M: X - 25(*V) i5 an u.s.c. multioperator from X with its
norm topology to the power set of £(X,Y) with the strong operator
topology.

PROPOSITION 6.6. If Y has a strong order unit, whose linear hull is order
dense and f'(z; h) is finite Vh, x € X then f'(-; h) is u.s.c. Vh € X,

Proof. Fix h € X. Let 0 < & < 1 and consider the neighborhood in the
strong operator topology, given by
B(0,h) ={PER(X,Y): IIP(h)ll <¢}.

From the upper semicontinuity of the multioperator M, we deduce that
there is a neighborhood U of x such that forz € U

M(z) C M(x) + B,0; h).

Then
max T(h) < sup F(h
TeM(z) Fe(M(x)+ BJ(0;h)) )
- max T(h) < sup R+ P)(h
TeEM(z) (R+P)EM(x)+B[0; h) ( )( )

—> max T(h)< sup R(h)+ sup P(h).
TeEM(z) REM(x) PEB,0;h) ( )
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But by the quasidifferentiability of f, we have that

R;\:EX)R(h) Rrenﬁa}i(x)R(h) f'(x; h).
Also || P(h)ll =e =<1 — P(h) < ee, where e is the strong order unit.

Hence f'(z; h) < f'(x; h) + ee.

For ¢’ > ¢, we have f'(z; h) < f'(x; h) + eeforall z € U.

Since Re is order dense in Y, then for every y € (K} ) there is an ¢”
such that ¢”e < y. In that case

f(z;h)<fi(x;h)+y forallz€e U
> f'(; h)isu.s.c. 0O

We will continue by examining some useful generalizations of convex
mappings.

Given a convex mapping f: X — Y, we know that the level sets
Ly = {x: f(x) =y} are convex for every y € Y. It is natural then to ask
“What about the converse?” This problem, for ¥ = R, was studied in
detail by Fenchel. We will briefly examine its vector valued counterpart.

We start with a definition.

DEFINITION 6.6. A mapping f: X — Y is called quasiconvex if and
only if for every y € Y thelevel sets Ly = {x: f(x) < y} are convex.

In the following Propositions, we will study further this generalization
of convexity of mappings, which in the real valued case was successfully
used in optimization theory (see [4]).

PROPOSITION 6.7. If f: X = Y is quasiconvex then for A € [0,1]
fAAx + (1 = N)z2) < f(x) Vf(2). Soif f(z) < f(x) then
fAx+ (1 —=X)z) =f(x) forA €[0,1].

Proof. Clearly f(x) < f(x) V f(z) and f(2) < f(x) V f(2).
So x, z € Ly,yv 4y Which is by quasiconvexity a convex set. There-
fore f(Ax + (1 — N)z) < f(x) V f(z) for A €0, 1]. |

PROPOSITION 6.8. If f: X - Y is quasiconvex and f(x) = f(0) then
f(Ax) < f(x) for A € [0,1]. Also ¢(A) = f(Ax) is increasing for A = 0.

Proof. Consider the level set L) = {z: f(z) < f(x)}. This is convex
since f is assumed to be quasiconvex.
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By hypothesis 0 € L,y > (1 —A)0+Ax € Ly for A €[0,1] -
f(Ax) = f(x).

Now consider the mapping ¢(A) = f(Ax) for A = 0.

LetA, = A,. CallA,x = y. then A, x = (A, /A,)y and (A, /A,) € [0, 1].
From the first part of the proposition we have that

f((Al/Az)Y) =f(y) = f(Aix) =f(Ayx) = ¢(A)) < o(A,). ]

PROPOSITION 6.9. If f: X = Y is quasiconvex and g. Y —> Y is an
increasing lattice homomorphism then g o f is quasiconvex too.

Proof. Consider the level set Ly = {x: (g ° f)(x) <y}.
Letx,z € Ly and A € [0, 1]. Then

fAx + (1 = A)z) =f(x) V f(z)
= g(f(Ax + (1 = Q)z)) = g(f(x) V f(2))
= g(f(x)) Vv g(f(z)) =y.

So we get that Ax + (1 —A)z€ Ly forA €[0,1] > Lyis convex —» go f
is a quasiconvex mapping. |

PROPOSITION 6.10. If f,: X - Y, a € 4, are quasiconvex mappings
then sup, ., f,: X = Y is quasiconvex too.

Proof. Let Ly = {x: sup,, f{x) <y} andletx, z € Ly.
Then f(z) =y and f(x) <y Va € A. Since the f,’s are quasiconvex,
we have that for

vae[0,1]f(Ax+(1—=A)z)<y Va€A

ssup f(Ax+ (1 =A)z) <y
aEA
->Ax+ (1—A)z€Ly - sup f,

a€EA

is quasiconvex. O

We conclude with the following useful property of the o-directional
derivative of quasiconvex mappings.

PROPOSITION 6.11. If f is quasiconvex and f'(x; h) exists for all h € X
then f(z) < f(x) implies that f'(x; z — x) < 0.
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Proof. By definition

e 7 — o) = fx + Mz = x)) = f(x)
fi(x;z—x)= OMO Y .
Let A € [0, 1]. Then by the quasiconvexity of f and by Proposition 6.7 we
have that
fx+ XMz —x)) =f(x) > f(x;z—x) =0. O

Finally we will study a class of mappings which under some ap-
propriate assumptions on the nature of the space Y constitutes a generali-
zation of our class of lower semicontinuous mappings (see §5). So let X be
a first countable t.v.s. and Y a first countable o.t.v.s. which is order
complete and a lattice.

DEFINITION 6.7. f: X — Y is said to be closed if its level sets Ly = {x:
f(x) =y} Vy € Y are closed.

Note. By Theorem 5.1 of this work (in particular (1) —» (4)) if Y
satisfies the assumptions of Lemma 5.2 or Lemma 5.2’, then an ls.c.
mapping is closed.

LEMMA 6.1. f is closed if and only if epif is closed.

Proof. Define F(x, y) = f(x) — y. Clearly F is closed if and only if f
is closed. Next note that epif can be considered as a level set of F. (]

PrOPOSITION 6.12. If X is a Banach space, Y a Banach lattice and
J € LE(X,Y) then f is closed.

Proof. Let y € Y and consider the level set Ly = {x: f(x) < y}. Let
{x,},en C Ly such that x, - x. By the o-Lipschitz property of f for n
large enough | f(x) — f(x,)|=y'llx —x,ll and llx, — x|l - 0. So
f(x, )—>f(x) Since f(x,) <y —>f(x)<y->x€&€ Ly —> Ly is closed and
so fis closed. O

PROPOSITION 6.13. If K} is closed and f is continuous then f is closed.

Proof. Again let Ly = {x: f(x) <y} and {x,},ey C Ly such that
x, = x. By the continuity of f, f(x,) —>f(x) Since f(x,) <y Vn € N and

K7 is closed, then by Lemma 2.1, we have that f(x) <y > x €Ly > Ly
is closed — fis a closed mapping. O



NONSMOOTH ANALYSIS 1: CONVEX CASE 455

Recall the Fenchel transform of f given by
fH(4)= sup {A(x)—f(x))

x&dom f

where 4 € £( X, Y) (see §5).

PROPOSITION 6.14. If K7 is closed then f*(-): £(X,Y) — Y is closed in
P(X,Y).

Proof. Consider Ly = {4 € £(X, Y): f*(A4) < y}. We will show that
this is closed in £ (X, Y).
Let {An}neN g Ly and

£(X,Y)
-

Then for every x € X
4,(x) = A(x) > 4,(x) = f(x) > A(x) — f(x) Vx€EX.
Since 4,(x) — f(x) <y Vn € N and K7 is closed, then A(x) — f(x) <y

for all x € X » f¥(A)<y—>A€Ly-Ly is closed in £(X,Y) and
then so is the mapping f*. O

PROPOSITION 6.15. If for every y* € (K3 )*, (f(x), y*) is an Ls.c. real
valued function then f is closed.

Proof. For y € Y, consider the level set Ly = {x: f(x) =<y}. Let
{Xuhuen C Ly, x, > x. Then since (f(-), y*) is Ls.c. Vy* € (K} )*, we
have that lim, (f(x,), y*) = (f(x), y*). But (f(x,), y*) < (y, y%

- Im(f(x,), y*) = (y, y*) = (f(x), y*) = (y, y*) - Vy* € (Ky)*,
(f(x)—y,y)=0->f(x)<y->x€ELy— f isclosed. O

Finally we conclude this section with an important generalization of a
well known result for real valued Ls.c. functions.

THEOREM 6.1. If (dom f) # @ then a closed map is the supremum of
the affine maps that it majorizes.

Proof. Let x € (dom f). Consider y < f(x), y # f(x).
Then since f is a closed mapping, we have that

Uy = {x": f(x') £ y}

is open.
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We will find an affine mapping 4 such that
y =h(x) =f(x)
and
h(z) <f(z) VzeX.

For that purpose, let U be a neighborhood of x such that U C (dom f)
and Uy D U.Thenforallz € Uf(z) = y.
Define

_|-0 ifze& U,
g(z) = {y ifze U.

Clearly g: X — Y is concave.

Now (dom f)* N (dom g) = (dom f)* N U % J. So we can apply
Zowe’s “Sandwich Theorem” (see [42]) to get the desired affine map.
Then obviously this concludes the proof of the Theorem. O

This concludes the convex part of our work. In the second paper, we
deal with nonconvex extensions of this material and in particular with
Clarke’s Theory, which was formulated during the last six years. This
theory extended significantly most of the results of Convex Analysis and
widened the spectrum of optimization problems that we can solve.

In the second paper (see [22]) we examine to what extent we can have
such a powerful theory for vector valued mappings and we generalize
several of the results obtained in this part of the work.
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