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SOME GENERALIZATIONS OF CONTRACTION
THEOREMS FOR FOURIER SERIES

MASAKITI KINUKAWA

This paper deals with some contraction theorems for Fourier series
and certain properties of the Fourier coefficients of functions in the
Lipschitz spaces.

1. We shall assume that functions f and g are integrable in (—, 7)
and periodic with period 2#. Denote their Fourier series by

o0

o0
f~ 2 c,e™, and g~ Y d, e~
n=-—oo

n=-—oo

According to B. S. Yadav [10], we say a function g is a shrivel contraction
of orderj of a function fif it holds that

(1) |LY(t, x, g)|< K| LY(t,x, )],

where
LO(t, x, f) =1 [, (x) du
tJy
and

M) = S (=)t (G = 2m)u),
m=0

which is the symmetric difference of order j of f(x) with respect to u.
Yadav proved the following:

THEOREM Y. If g is a shrivel contraction of order j of f and if

00 1y 1/p
@ ae)=| 3 a2 3 jar)| <,
n;;ooo |k|=n+1
then
[e o]
ld 2= 3 |d,]f <o, where0<p<2.
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Remark that (2) implies |lc,lI? =27 _ | c,|f < co. (See, for exam-
ple, Yadav’s paper.) Therefore, Yadav s theorem means that the shrivel
contraction (1) operates on the class of functions whose Fourier series are
in the class /, with , B,(c,) < oo.

We shall give more precise results than Yadav’s theorem and make
the situation clear.

2. Throughout the paper, we use the following notations:

0 p/a) /P
a pa {2 kpa l[ 2 lcnla] } ’

n|=k

0 1p/a 1/p
apja(c)— Ekpa lpj 2 |cn|a|n|aj} } ’

0<|n|sk
1/p
/!
Pt
7 ,

1/p
p/a dr }
2

M) |

: ,,,am—{ BEn:

—
3

l"fﬂ Lo, x, )] "

a pja -_ﬂ |t|a

t

all/a
b

Ya,j(t’cn) :[ 2

n=—o0
I/p

5 | Y, (t,¢,) )7 drt
aAP’J,a(cn) - {j(; [T 7 .

LemMma 1. Let 0<p<a<oo, 0<a<j<oo. The finiteness of
ZA s Ca)s oB,y W(€,), and C, . (c,) are mutually equivalent; that is, we
ave

/ (sin nu)’ du
0

(3) A, de) =K{,B, (c,) +,C,, .(c,)}.
(4) Gy jalen) =K{,B, (c,)}.
(5) B,a(c)) =K(,C, , oc,)}.
(6) Gpiale) =K{A, | (c,)}.

(K = Positive constant numbers which may be different from one occurrence
to another.)
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Proof. Let us prove the first inequality. By the definition, we have

{a;‘p,j,a(cn)}p
_f P Lo l[ a]p/adt
1 1274 p/a
SKLFN““ s wAﬂmr1 —1 s wA1 }w

|nj=1/1t |n|>1/1

o]

/ (sin nu)’ du

= K(I, + 1,), say.

Then we have

— e I/k —pa—1l+pj a aj 2/
L =KX t > lc,|“|n] dt
=1"1/(k+1) nj=1/t

p/a
kS 3 jarinr)

k=1 n|<k

which is dominated by K{,C, ; ,(c,)}”. In a similar way, we can estimate
the second part by K{,B, ,(¢,)}” (cf. G. Sunouchi [9]).
Let us prove (4):

p/a
(Goule)) =K $ @7 3 L2 atinr]

m=0 2m<|n)=2mH!

p/a oo

=Kk 3 (ZM)"’( 2 |cn|a) kgm(zk)f'“‘w

m=0 2m= || =2mt!

) p/a
=KX (2" 2 lel

m=0 |n|=2"

which is convergent if (c,,) is finite.

Let us prove (5).

) 00 i p/a
Ly =cSergen 3 jerine|”

2" |n) =27

apa

Interchanging the order of summations, we have
0 p/a
=KX @) 2 el
m=0 In'szm—Fl

which is finite if ,C,  (c,) is finite.
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Let us prove (6).

el =3 £ o]

/2(k+l)

alp/a

dt.

f sin nu)’ du

In|=k

Since 0 <|nu|< kt <k/2k < /2, we have

'%ft(sin nu)’ du
0

=K|nt}.

Therefore, we have

A 1/2k a—1+ a aj p/a
{aAp,j,a(Cn)} >K f t o det 2 |C | |n|
1/2(k+1) |n|<k

0 ) p/a
=K X ke 3 e, | n ]
k=1 |n|=k

= K{acp,J,a(cn)}p'

THEOREM 1. The following finiteness of norms are equivalent:
2Ap,j,a(f) < 0, 2Bp,a(cn) < o0, 2Cp,j,a(cn) < 0,

where 0 <p <2,0<a <j.
Proof. The Fourier series of A/ f(x) is
AN f(x)~K Y c,e™(sinnu)
n=-—oo
and so

[e o]
-1 ) j
LO(t, x, f)~K 3 c,,e”’x7/t(s1n nu)’ du
n=-—o0 0
By the Parseval theorem, we have

m _ 1,2
(12965 ) Pax] = kY, (1,c,),

-

that is,
2Ap,j,a(f) K Apj a( )

Now, Theorem 1 is followed from Lemma 1.
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Yadav’s result is a corollary of Theorem 1. In fact, we have a more
general result:

THEOREM 2. Suppose the integers | and j are greater than 1/p — 1/2. If
a general shrivel contraction

(7) | L2, x, 8) [= K| LYD(¢, x, [

holds for all x and for all t >0, and if ,B, (c,) < o0 fora=1/p —1/2,
then

2 ld,fF<o.

n=-—oo

Proof. Note that Yadav’s condition (2) is equivalent to , B, (c,) < o©
for « = 1/p — 1/2. By Theorem 1, we have ,A  ; (f) < co. However,
the condition (7) implies

2Ap,l,a(g) SKzAp,j,a(f) < 0.

According to Theorem 1, ,B, (d,) < «, by which we have 3%__ |4,
< 00.

We should add another remarks: In the previous paper [4], we
mentioned that ,4,  (f) < oo is equivalent to , B, ,(c,) < co. Therefore,
1A, {f) < is equivalent to ,4,  (f) < oo. Also, we proved that
24, ;(f) < oo is equivalent to ,llc,ll, < oo, which is the Beurling’s
norm given in the next section (cf. [1]). Therefore, we have that ,A , ; (f)
< o0 is equivalent to , llc, |l , < oo.

p.Jj-a

3. In this section, we shall discuss some generalizations of the
previous results [4]. Before going into details, we should remark the
following: We have denoted A/ f(x) the symmetric difference of f(x).
This is somewhat essential in the case of shrivel contraction arguments.
That is, if we replace the symmetric difference by the ordinary one, then
the part of integration in the definition of Y, (7, c,) must be read as
fo(e™* — 1)/ du, and we meet some difficulties in the arguments for the
inequality (6).

However, in what follows, the symmetrization has no essential role.
Therefore, in this section, we shall adopt the ordinary difference A/f(x),
that is,

Mf(x) = méo(—l)”"'(,{,)f(x + mi).
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We also use the following notations:
I(¢) = a positive function which is increasing on (0, 1).

I p/”dt 1/p
aAp,J,I(f):{j(; f_ —} .

- t
‘l/a
Y, (1, ¢, 2{ > |c,,|"|sinnt/2|‘”} :
n

= —0o0

a

Af(x)

1(1) dx

1/
A' _ 1 Ya,j(t’cn) ’ dt g
a pj[(cn)_ ﬁ.' I(t) t .
oo}
W: {(Wn):wn>0’wn:w—n9wln|»luHwnul = 2 w,,<oo},
n=-—o0

] I—a/ 1/a
—a
anc,,u,,,ﬁ{ S el (w) } ,
n

= —00
— \/p—1/a
e, = (W:?&gw[nwnn. el
alp = {(cn): chnllp < oo}.

By Holder’s inequality, we see that [lc,|l, <,llc,ll ,if 0 <p = a < oo.
In particular, llc,ll, = ,llc,ll ,. The above inequality holds for the case
0 < p < o0 = a. Because, we read

eyl = int |, 1172 sup(j e, |y '/7)|.

n

and we have

Dle, b =2lle,|w,7)'w, < Hwn\h[SUp(l cn|w;‘/")r'

THEOREM 3. Let 1 <a=<2,1/a+1/a’=1,0<p=<a’, and j be a
positive integer. Then, we have

cun V1 D] Y| = K A, (f)

a’

The inequality holds also for the case a =1 and 0 <p < o0 = a’.
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THEOREM 4. Let 1 =a <2, 0<p=<a, and j be a positive integer.
Suppose that a positive and increasing function I(t) on (0, 00) satisfies the
following conditions: There exist positive numbers € and & such that

(8) 0<e<1<38,

9) [Pl ) ™ du =< K #2 [1(0)] 7,

where B = —2+ a/p + aj + 8(1 — a/p), and

(10) ftluy[l(u)]_” du < K[ 1(1)] 77,

wherey = —2 + a/p + (1 — a/p). Then, we have
wAp i (F) =K e, [ n /P[0 n ]I,

Proof of theorems shall be based on the following lemmata:

LEMMA 2. Let 0 < p = a < oo. Then, we have
e, n |‘/a—1/p[1(1/| n |)]_1I|p = Ka/fp’j,,(cn).

(In the norm of the left hand side, we omit the term for n =0.) The
inequality holds for the case 0 <p < oo = a.

LEMMA 3. Let 0 < p < a < o0. Suppose that a function I(t) satisfies (9)
and (10). Then, we have

Ay a6 S Kolleg n 10/ n ]

Proof of Lemma 2. Let us discuss the case 0 < p < a < oo:

[Ap(ed)]” ff ()] [, (2, c)]” [ Y (2. )] at

= lc, |ft'l I(1)]” [ a’j(t,ck)]p_a|sinnt/2|”fdt
o0
= 2 lcn 'aMn’ Sa}"
n=—o0

We put

w= O[]
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Then, we have

B ii1 g1 fll/j:+1)[1([)]—p[y“'f(t’ck)]p

N mf” (t,¢)|”
—1 '/1/(m+1) 1] [ Y, k)] dt

<Kft P (t Ck)]

= K[agp,j,l(cn)]p'
That is, we have
(w,) €W and lw,l, =k[,4,,,(c)]

Letusput P=a/p>1and 1/P + 1/Q = 1. Then, by Holder’s inequal-
ity,

[w,]9[M,]"" 2/0'/’”'{:‘1[1(:)]*P[ya,j(t, )] Isinniy2pr)”

<AL 7Y, (1.¢)]"} ¢ a
—f]/[ lz‘P/” [1(2)] 7| sinnt/2 P/ dt

=\ P/ [/ 0] 7 [ a4 sinug2 P du,
0

where the last integral is a positive constant. So we have, for a positive
constant K,

M, =K [w] " |n|""*[1(1/|n])]

Now we have

oA, ()] =K » Leu {1/ in )]} D] 7

n——oo

— Ka”CnI” ll/a—l/P[I(]/ln ’)]WIHZ'W.
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Therefore, we have
A e A T R F(CVIL)) P
= K[a“ip,j,l( k)] e l/a)[aAp J> 1( k)] i
=K A4, (c),

by which we have the conclusion for the case 0 < p < a < o0.
For the case 0 < p = a < o0, the result of Lemma 2 is easily seen. In
fact, we have to show that

e, 2(1/|n )~ 12 <[K 4, , ,(c,)]"-

However, the right hand side of the above inequality is
Slenb [ ()] 7 sinny2 prde
= S, [ [1u/1n D] * | sinu/2 P
=S, [ w2/ )] 7| sin /2 Pl du
=S, [10/1n)] 7 [ |sin /2 prdu

which is the required result.
Let us show the result for the case 0 < p < oo = a. Set

Y, (t,c,) = Sl/tp(l ¢ || sinke/2}),
and
w = [ HOIY, (0]
then we have

(1) hw, Il < K[ 04, 1(c,)]”

wo“tp,j, I
We have to show that
w1372 lle, | n | V2[1(1 /) n D], < K oA, 1(c,).

Due to the inequality (11), the above inequality is equivalent to

e, n| P10/ n )], <K,
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which must be read as
lle, | n |~ /2[1(1/|n )] Wy V7l =<
Therefore we have to show that

e, [n |7 2[1(1/|n ]
< Kw/? = {f )] sup (| ¢, || sin kt/2f)7 dt]l/p,
that is,
a1 /0] = &{ [ 017 sinme 2 prar)
However, the right hand side integral is

(/1) f L2/ D] sim /2 d
= (/D)) [ L sin /2P d,

which implies the required.

Proof of Lemma 3. Let us discuss firstly the case 0 <p < a < oo.

For any sequence (w,) € W, there is a positive, decreasing, continu-
ous and integrable function w(¢) on (0, o0) such that w(n) = w,. For the
numbers ¢ and 6 (0 <e <1 <§), we may find a function w*(¢) which
satisfies the following properties:

@) w(r) = w*(1);

(ii) °w*(¢) is increasing;

(iii) £°w*(¢) is decreasing; and

(iv) [s° w*(t) dt = K[§° w(t) dt. (cf. A. Beurling [1].)

Let P =a/p,1/P + 1/Q = 1. Then, by the Holder inequality, we have

[4,.1())”
= [ ([ e )] L] 7022 (1 /00] )
X {1 2/2lwe(1/0)]' ") de
SR A v R P OZ0) e

1/Q

% {th‘z[w*(l/t)]g“_”/") dt} ’

where the last integral is less than [|w*||, = K [|w]l,.
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Hence we have

[a“fp,j,l(cn )] r’

1
< ”W*”{)/Qf [I(t)] —az(~1+2/Q)P[w*(1/t)]l—a/P
0
X X e, || sinnt/ 2| dt

o0
1
= w72 3 e, |t [H(e)] 2 2rarm
= 0

n=

X [w*(1/¢)]'"“7 | sin nt/2 | dt,

where the last integral will be denoted by J. We split the integral J into
two parts;

1/|n 1
7= "4 [N =1+ 0y, say.
0 1/

Then

JI=<K|n l"ffl/'nl[](t)]_at(*2+ﬂ/p)+aj[w*(1/t)]l-a/p dt
0

IA

Kl n ‘ajfl/ln'[l(t)]—at(—2+“/P)+aj+8(l—a/p)
0

1

X 7 dt
(12 )w*(1/0] 717

Since (1/¢%)w*(1/t) is decreasing and is greater than |n [Pw*(|n|), we
have

i —a, 1/‘”‘ —a
L= K nPwr(a ] [ (0]

where B = —2 + a/p + aj + (1 — a/p). According to the assumption,
the above integral is estimated by K|n | #7'[1(1/|n|)]”“ Therefore, we
have

B <K|n|"7o2[1(1/|n )] w(|n )]~
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Now, we should estimate the second part J,:

L=K[' [I)] %2 »[w*(1/0)]' " de
1/|n|

=k [1(2)] - 2+a/m=e=1+a/p)
1/in|
1

dt
[/t )w(1/0)] "7
Since (1/t°)w*(1/t) is increasing and greater than | n |"w*(| n |), we have

L= Kllnlw (n)] =7 [0 ol0] " a,

X

where y = —2 + a/p + &1 — a/p). According to the assumption, the
last integral is estimated by K |n | Y"'[I(1/|n )] * Therefore we have
the same estimate for J, as for J,. Using the above estimation for J, we
have

[oe]
[oA, . (e)]”" = Klws e S e,

n=—oo

<KMW P2 3 fe,#1nl=[11/n D] “[w=(ln ] .

n=—oo

Since ”W*“l = K”WI|| and w(| n I) < w*(l n l), we have
“/ip,j,l(cn) =Kllw, /P~

00 B . 1/a
X { 2 I c, |a | n |a(1/a—1/P)[I(1/| n l)] ”w(l n D a/P}

= —00
=K |w, 11/ llc, | n |(‘/a—‘/p)[1(l/| n |)]_1Hp,w.

Therefore, we have Lemma 3 for 0 <p <a < co.
For the case p = a, we have to show that

LA, (e = Klie, L1011 D] 7'12.
In fact, the left hand side of the above is

1 ,
>len ]-”/ t7 [ 1(2)] 7| sin nt/2 P/ dt,
0
where the integral part is less than

[ T e prde+ 1 00] 7 de= k{10 )]
A 1/ln
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by which we have the conclusion. (In the above calculation, we have used
the inequalities (9) and (10) with @ = p.)

Proof of Theorem 3. The Fourier series of A/ f(x) is
AMf(x)~K 3 ce™ (e —1).
Therefore, by the Hausdorff-Young inequality, we have
}fa’,j(t’ Cn) = K”A{f( )”a’
and hence,
a’/-ip,J,I(Cn) = KaAp,j,I(f)'

Then, apply Lemma 2, we have the conclusion.

Proof of Theorem 4. By the Hausdorff-Young inequality, we have
1A f(lly =KY, (1,¢,).

(The above inequality also holds for the case a = 1, a’” = o0.) Therefore,
we have

a’Ap,j,l(f) = KaAp,J,I(cn)'

By Lemma 3, the proof is complete.
From Theorems 3 and 4, we have

THEOREM 5. Let 0 <p < 2. Suppose I(t) satisfies (9) and (10) for
a=2.Then, ,A,  ,(f) < oo ifandonly if

e, | n|V2 Ve[ 1(1/ | n D] 7', < 0.

4. We shall give several remarks:

In the definition of the shrivel norm ,A (/) in §1, let us replace
the factor % by I(¢); then we have a general shrivel norm ,A, (/). (In
the case, the difference A/ f(x) should be read as the symmetric difference.)
Through the similar discussion as in the previous section, we can show
that ,A, ,(f)<oo if and only if ,4, ,(f) < oo, under the same
assumption of Theorem 5.

Some discussion on general B-type and C-type norms (cf. §2) may be
found in the paper by R. G. Mamedov and G. I. Osmanov [7], and by M.

and S. Izumi [3].
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We have shown that the norms ,4, ; ,(f) are, up to equivalence,

independent of the choice of the difference order j, indirectly through the
result of the §3. However, this can be shown by the argument due to C.
Herz ([2]; Appendix 1.)

C. J. Neugenbauer’s result (Theorem 2 in [8]) is quite similar to our

Theorem 3.

Similar discussions can be used for the case of Fourier transforms in

the n-dimensional Euclidean space. Cf. Kinukawa [6].

(1]
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