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REPRESENTATIONS AND AUTOMORPHISMS OF
THE IRRATIONAL ROTATION ALGEBRA

BERNDT A. BRENKEN

Given an irrational number «, Aa is the unique C*-algebra gener-
ated by two unitary operators, U and V, satisfying the twisted commuta-
tion relation UV= exp(2 πia)VU. We investigate separable representa-
tions of Aa which, when restricted to the abelian C* algebra generated by
V, are of uniform multiplicity m. These representations are classified by
their multiplicity, a quasi-invariant Borel measure on the circle (w.r.t.
rotation by the angle lira) and a unitary one cocycle.

Separable factor representations lie in this class, the measure being
ergodic in this case. A factor representation is of uniform multiplicity mf

on the C* algebra generated by £/, and if m, m' are relatively prime, the
representation is irreducible. By use of an action of SL(2, Z) as *-auto-
morphisms of Aa9 that we construct, we arrive at a separating family of
pure states of Aa whose corresponding irreducible representations pro-
vide explicit examples with m and m' occurring as any given pair of
nonzero relatively prime numbers.

Introduction. We study representations of the irrational rotation
algebras, a special class of C*-algebras that has received a great deal of
attention in recent years [13-16]. Our focus is primarily, though not
exclusively, on factor and, in particular, irreducible, representations of
algebras in this family. This class of algebras is parametrized by the
irrational numbers in [0,1]. To each irrational number a in [0,1], we make
correspond the C*-algebra^4α generated by multiplications by continuous
functions on T, the unit circle in the plane of complex numbers, and the
unitary transformation on L2(T, v) arising from rotation of T through the
angle lira, where v is (normalized) Haar measure on T. More specifically,
let Mfg be/g where/ E C(T) and g E L2(T, *>), and let (t/g )(exp(2τπ0))
be g(exp(277/(0 + a))) for each θ in [0,1]. Then Aa is the C*-algebra
generated by {Aίf9 U: f E C(T)}.

Although we have described Aa in a particular representation, in the
first instance, it can be characterized (uniquely, as it turns out) as a
C*-algebra generated by two unitary operators U and V satisfying a
"twisted" commutation relation UV — (exp2πia)VU. In the representa-
tion of Aa we described, U is as noted and V is multiplication by z (the
identity transform on T). There are several other ways of viewing Aa that
will be useful to us. The rotation of T through the angle lira is a
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homeomorphism that engenders an automorphism of C(T). We use 'α' to
denote this automorphism as well as the parametrizing irrational number.
The mapping that assigns an to the integer n is a homomorphism of Z, the
additive group of integers, into Aut C(T), the group of automorphisms of
(the abelian C*-algebra) C(T). Such a homomorphism is termed an
"action" of Z on C(T) and the triple (C(T), α,Z) is a C*-dynamical
system. A general construction associates a C*-algebra with such a dy-
namical system, the crossed product, C(T) XαZ, of C(T) by Z via the
action. In the present case the crossed product is another description of
Aa.

From [5] the representations of Aa are in one-to-one (canonical)
correspondence with the "covariant representations" of the C*-dynamical
system (C(T), α, Z). That is, a representation # of Aa corresponds to a
representation π of C(T) and a unitary representation of Z such that the
action of Z on C(T) is implemented by the unitary operators representing
Z on τr(C(T)). In our situation C(T) "appears" as a subalgebra of Aa, and
Z "appears" as a group of unitary elements in Aa (and together they
generate Aa) — much as in our initial (representation) description of Aa.
Given #, then, π is the restriction of m to C(T) and the unitary representa-
tion of Z is the restriction of π to the unitary elements representing Z in
Aa. We make use of the well-developed representation theory of abelian
C*-algebras to single out those representations π of Aa whose associated π
has "uniform multiplicity". That is, we study those π for which τr(C(T))
acts as an ra-fold copy of a representation of C(T) in which the strong-op-
erator closure of the image is maximal abelian — in another form, the
commutant τr(C(T)y of τr(C(T)) is a von Neumann algebra of type Im.
Here, m is a given cardinal number and the representation π is said to be a
"uniform multiplicity m representation" (of Aa). We will be concerned
exclusively with the case of separable Hubert space representations, so
that m is either finite or S o .

To each (separable) uniform multiplicity representation π of Aa, we
associate a triple (m, v, b), where m is the multiplicity of π, v is a
quasi-invariant regular Borel measure on T, and b is a certain "unitary
cocycle" (on Z with values in the unitary group of the algebra of m X m
matrices with entries in L°°(T, v)). We prove that each factor representa-
tion of A a is a uniform multiplicity representation, and v is ergodic under
the action of α, in this case. Two uniform multiplicity representations of
Aa are unitarily equivalent if and only if they have "equivalent" triples:
the multiplicities are the same, the measures on T are equivalent (abso-
lutely continuous with respect to one another), and the unitary cocycles
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are cohomologous. We establish corresponding criteria for quasi-equiva-
lence of uniform multiplicity representations. In case m is finite we show
that the representation π is of type I (that is, π(Aa)" is a von Neumann
algebra of type I).

Of course Aa has pure states and each of these gives rise to an
irreducible representation (by means of the GNS construction). Each
irreducible representation is a factor representation (of type 1 )̂ and is,
accordingly, a uniform multiplicity representation. By exploiting the sym-
metry of the two generating unitary elements U and V (the abelian
C*-algebra generated by U is also isomorphic to C(T)), we may associate
with each factor representation of Aa a second cardinal number mf

(determined by the multiplicity of the restriction of the representation to
the subalgebra generated by U). We prove that the representation is
irreducible when m and m' are relatively prime.

It is clear that there are multiplicity one representations (that is, ones
for which π{C(T))" is maximal abelian). These abound — indeed, the
representation in which we first described Aa is such. What is not clear a
priori is that there are irreducible representations of multiplicity greater
than one [1]. In §2.5 we construct such a representation for each finite
multiplicity m, where v is Haar measure. In effect we have found explicit
ergodic actions of Z on the algebra of m X m matrices with entries in
L°°(T, v). In fact we find irreducible representations of Aa such that the
pair of multiplicities m and mf obtained by restricting the representation
to the C*-algebras generated by V and U respectively are any given pair of
relatively prime numbers. This is accomplished with the aid of an action
of SL(2, Z) on Aa that we construct. Loosely speaking, we let an element
(matrix) of SL(2,Z) act on the "vector" (/?, q) of integers appearing in
VpUq and modify this by a (carefully chosen) phase factor to determine
the automorphism of Aa corresponding to that element of SL(2, Z). With θ
in [0,1], "evaluation" at explπiθ is a pure state of C(T) and has a pure
state extension φθ to Aa. For each g in SL(2, Z), φθ ° βg is a pure state of
Aa9 where βg is the automorphism of Aa corresponding to g. With g
suitably selected, the GNS representation of Aa corresponding to φθ βg

has the given multiplicities m and m'.

We show that the pure states φθ and φ^of Aa are unitarily equivalent
if and only if exp2πiθ lies in the orbit of explπiθ under the action of a
(on T). We determine when φθ and ψn ° β_ are unitarily equivalent. If H is
the subgroup of SL(2,Z) consisting of matrices of the form [o

n

λ] (n E Z)
and g E H, we show that φθ o βg = φθ and φθ ° β_g = φ ^ ^ . We prove that
if <p0~ o βs and φ^ are unitarily equivalent, then g or -g is in 77, whence
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Ψβ © βg and φθ are unitarily equivalent if and only if either g G H and
exp2τπ*0 is in the orbit of explπiθ or -g G H and exp — 2πiθ is in the
orbit of exp 2πiθ. It is also proved that the pure states of the form φθ ° βg

"separate" Aa.
Explicit computation of the unitary cocycle is made in several cases,

in particular, for the "multiplicity m" irreducible representations de-
scribed above. We define certain cocycles to be "diagonal" and compute
for uniform multiplicity m representations (m G {1,2,...,X0}) with diag-
onal cocycles the structure of the commutant of the image of the represen-
tation. The particular cocycle (its diagonal entries) imposes an equivalence
relation on the set of pairs of integers 1,... ,m. This relation consists of all
pairs if and only if the representation is factorial. If the relation coincides
with "equality", then the commutant is abelian. When a uniform multipl-
icity representation has multiplicity No and the cocycle arises from the
"bilateral shift" the representation is the familiar "group-measure space
construction" of Murray and von Neumann [17]. It is of type II, and
arises from the trace on Aa. In this connection, we make use of several
basic algebraic facts about Aa (see, for example, [12, 20]). It possesses a
unique tracial state, whence all finite representations of Aa are type II,
factor representations and each is unitarily equivalent to the trace repre-
sentation if it is cyclic [8]. In addition, Aa is simple, and, as noted earlier,
it is characterized as being generated by two unitary elements U and V
satisfying the twisted commutation relation UV — (exp 2πia)VU.

The recently developed jSΓ-theory of C*-algebras (see, for example,
[13]) supplies us with a natural map of Aut Aa to the group of automor-
phisms o f Z X Z ( = Kλ(Aa)). This map is the identity on SL(2, Z) and we
show that the kernel of this map (a closed subgroup of Aut A a in an
appropriate topology) contains the centrally trivial automorphisms (see [3,
7]) and, thus, also the approximately inner automorphisms of Aa.

There are many questions related to the representation theory of Aa

on which we have not touched (the conjugacy of the maximal abelian
subalgebras of Aa and criteria for type III representations, for example)
and some for which our information is not complete (a computable
necessary and sufficient condition for factoriality of a representation, for
example). We expect to return to these questions in later publications.

During the course of these investigations, we have benefited from
conversations with several of our colleagues at the University of Pennsyl-
vania. It is a pleasure to express our gratitude to Joachim Cuntz, Vaughn
Jones, Robert Powers, Jonathan Rosenberg, and Antony Wassermann. A
special debt of gratitude is due to R. Kadison who suggested the general
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topic and whose patient and careful supervision of my thesis, from which
this paper is adapted, has led to several simplifications and improvements.

1. The irrational rotation algebra. A C*-dynamical system is a triple
(A, a,G) where A is a C*-algebra, G a locally compact group and a a
homomorphism of G into the group of *-automorphisms of A such that
x -> oίx{b) is continuous from G to A for each b G A. Given a C*-dynami-
cal system we may form a Banach-*-algebra L\G, A). If CC(G, A) is the
vector space of continuous functions with compact supports from G to A
we endow it with a norm, involution and " twisted" convolution product
as follows [5, 12, 20]

(/* h)(x) = f f(s)as(h(s-]x)) ds (/, h e CC(G, A), x e G).
JG

Here dg and Δ(g) denote the left Haar measure and the modular function
on G respectively. With this structure CC(G9 A) is a normed *-algebra with
isometric involution and Lι(G, A) denotes its completion. A covariant
representation of a C*-dynamical system (A, a, G) is a triple (π9 U9 H)
where m is a representation of A as bounded operators on the Hubert
space H, U is a strongly continuous unitary representation of G on H, and
Uxττ(b)U* = 77(^(6)) for x in G, 6 in ΛL

PROPOSITION 1.1 [5]. //(π, £/, # ) w α covariant representation of the
C*-dynamical system (A,a,G), there is a nondegenerate representation
(TΓ X U, H) ofL\G, A) such that

(TΓX U)(f)=ίπ(f(x))Uxdx forfinCc(G,A).
JG

The correspondence (π, U9 H) -> (π X £/, //) w a bijection onto the set of
nondegenerate representations of Lι(G, A).

The crossed product associated with the system (A,a,G)9 denoted by
Ά XaG\ is the enveloping C*-algebra of L\G, A). The following "uni-
versal" property for A X a G is a consequence of the preceding proposition
and the universal property of enveloping C*-algebras [4].
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PROPOSITION 1.2. Let τ be the canonical map of L\G, A) into A XaG.
If (π, U, H) is a coυariant representation of {A, α, (5), there is a unique
representation (TΓ, H) of A X Gsuch that the representation π o τ ofLι(G, A)
is π X U.

Notice that if the group G is discrete and A is a C*-algebra with unit,
then G and A have canonical isomorphic copies in A XaG. For if a E A,
the function from G to A defined at e (the unit of G) by a, and taking the
value 0 elsewhere, is an element of CC(G, A) (C L\G, A)) representing a.
We represent x in G as the element of CC(G, A) that maps x to Id^ and
has the value 0 elsewhere on G. With these identifications the unit of A is
a unit for A XaG.

We now define the irrational rotation algebra Aa. If a is an irrational
number in [0,1] define an action of the discrete abelian group Z via
homeomorphisms of the circle group T by n: e27Tit -> e

2 7 Γ ' ( ί + n α ) . This
results in an action a of Z on Borel functions/on T given by {<xnf){e2<nιt)

= j^e2vι(t+na)y j ^ s a c t i o n i s by *-automorphisms on the abelian C*-al-
gebra C(T). Define Aa to be the crossed product C(T) XaZ of the
C*-dynamical system (C(T), α, Z). As Z is discrete and C(T) has a unit, Z
and C(T) have canonical 'copies' in C(T) XαZ. Denote by Un the unitary
operator in C(T) X α Z corresponding to the element n of Z. For / E
CC(Z, C(T)), f=Σf(n)Un (where the product /(/i)ί/Λ is the "twisted"
convolution product).

The one-to-one correspondence between representations π of ^4α and
covariant representations (p, Γ) of (C(T), α, Z) is given by restriction, i.e.
π\c(T) ~ P a n ^ ^{Un) — T(n) (n E Z). There is an action t -» ά, of T
(= Z) on ̂ 4α, the dual action, given by

«,(/)(») ='"/(«) (/ e cc(z, c(τ)), ί ε τ , « ε z ) [12].

We may define a conditional expectation E: Aa -» C(T) by

E(x) = f ά,{x) dt (x<ΞAa),

where dt denotes normalized Haar measure on T. We have E(f) =/(0)
for/in CC(Z, C(T)). The algebra ^4α is known to be simple [12, 20] and to
have a unique normalized trace r. For/in CC(Z, C(T)) the trace is given by

For IF a unitary on a Hubert space %, B & C*-algebra on %, we let
ad W denote the *-automoφhism of B defined by x -> WxW* ( x G i ) .

If Vλ is the unitary in C(T) defined by t -> / (ί E T), then ^ ^ =
Suppose I/, F are two unitary operators satisfying this
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'twisted commutation relation'. As ad U is a *-automorphism of C*(F),
the C*-algebra generated by F, we have sp(F), the spectrum of F, is equal
to sp(adί/(K)) = exp(2τπα)sp(F). Thus sp(F) = T and C(T) - C*(K),
the ^isomorphism mapping Vχ to V. Using Proposition 1.2. and the fact
that Aa is simple, we conclude that Aa is *-isomorphic to the C*-algebra
generated by U and K, the isomoφhism mapping Vλ to V and Uλ to U.
Dropping the subscripts from here on, we write U and Ffor Ul9 Vv

Let X be a locally compact (2nd countable) Hausdorff space, μ a
σ-finite positive Borel measure and G a discrete countable group of
homeomorphisms of X(acting on the right by x -^ xs (x G X, s G G)).

The measure μ is quasi-invariant under G if μ(E) = 0 implies μ(Es)
= 0 (̂  E G, £ a measurable set). In this case the measure μs defined by
μs(E) = μ(Es) (E measurable) is absolutely continuous with respect to μ
and the Radon-Nikodym derivative dμjdμ exists. The measure is in-
variant if dμjdμ = 1. The group action is free if μ({x G X\ xs = x}) = 0
for each s in G\{e}9 e the unit of G. The group action is ergodic if fs — f
for all s in G implies/is a constant a.e. (/ G L°°(X, μ)). Here/(.x) = f{xs)
(x G X, s G G) for any function/on G.

2. A class of representations of Aa. A separable representation p of
C(T) is of multiplicity m, m G TV U {oc}, if p(C(T))r is a type I m von
Neumann algebra. Given v a regular Borel measure on T, let Mf denote
the operator on the Hubert space L2(T, v) assigning fg to g; g G L2(T, J>),
/ G L°°(T, *>). For i/m a Hubert space of dimension m, the representation
pm of C(T) defined by mapping/to Mf®lάH is a uniform multiplicity m
representation on the Hubert space L2(T, v) ® //m. Conversely [10] if p is
a representation of C(T) of uniform multiplicity m, there is a regular
Borel measure v on T, uniquely determined up to equivalence of measures,
such that p is unitarily equivalent to the representation pm above.

We consider those separable representations π of Aa whose restriction
to C(T) is of uniform multiplicity w, so we may suppose there is a regular
Borel measure v on T with τr|C(T) = pm. The measure v is necessarily
quasi-invariant under Z, for if / G C(T) we have ad π(t/)(pw(/)) —
pw(α(/)), so pm(/) = 0 iff pm(a(f)) = 0. The regularity of v ensures that
va~v.

Our interest in singling out those representations π of Aa whose
restriction to C(T) is of uniform multiplicity lies in the fact that any factor
representation is such. The argument ([11] §3.8) shows that the projections
occurring in the central decomposition of the type I von Neumann algebra
7r(C(T)y are invariant under ad π([/) and so lie in the center of 7τ(Aa)

n. A
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short argument shows that the measure v in this case must be ergodic, for
if/ E L°°(T, v) with α ( / ) = / , then

ad ir(U){Mf ® I d ^ J = M β ( / ) ® I d ^ = Mf ® I d ^ .

Thus My ® I d ^ lies in the center of π(yία)' and/is constant (a.e. v).

Given m in N U { oo} and v a quasi invariant regular Borel measure

on T, we may form a covariant representation (pm,U®lάH) of

(C(T),α,Z)by

Uk = {dϊjdvci^k) (k E L 2 (T, *)) ([17, 19]).

When there is no possibility of confusion, we write U instead of U ® Id//w

Note that n -> ad £/„ is then an action of Z by *-automorphisms on the

m X m matrix algebra over L°°(T, v), 5Km(L°°(T, *>)).

We recall ([19]) that a map & of Z into the (non-abelian) group of

unitaries in Tlm(L°°(Ύ9 v)) is a unitary 1-cocycle if bn+r — bndiά Un{br) for

n, r in Z. Two such cocycles 6, c are equivalent if there is a unitary Y in

2Rm(L°°(T, if)) with bn = Y'lcnadUn(Y). With m and v fixed, there is a

one-to-one correspondence between unitary equivalence classes of co-

variant representations (pm, 7") of (C(T), α, Z) and equivalence classes of

unitary 1-cocycles 6 of Z in 2ftm(L°°(T, *>)) given by Tn = fen(t/π ® Id^ )

(/i E Z) ([19]).

Thus (unitary equivalence classes of) representations π of Aa with

7τ | C ( T ) of uniform multiplicity are completely described by triples (m, v, b)

with m in Λ^U {oo}, v a. quasi-invariant Borel measure (class) and b a

cocycle (equivalence class). In particular any factor representation of Aα

may be described by such a triple.

Suited to the study of factor representations is the notion of quasi-

equivalence. Let π and π be two representations of a C*-algebra 3t and $1,

31 the von Neumann algebras generated by ττ(9ί), π(2ί), respectively.

Recall π is quasi-equivalent to if (write π » #) if there is a *-isomorphism

φ: 31 -> 31 with τr(x) = φ(π(x)) for all x in 2ί, or, equivalently, if Θ C l π is

unitarily equivalent to ΘC 2τr for some cλ, c 2 6 N U { o o ) (for TΓ, m

separable) [4].

If 77 and π are two separable factor representations of Aα that are

quasi-equivalent, then we see (as a *-isomorphism of von Neumann

algebras is weakly bicontinuous on the unit balls of the algebras) that
77 lc(T)ιs quasi-equivalent to π | C ( T ) . Now these representations of C(T) are

of uniform multiplicity (as TΓ, π are factor representations). Thus the
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measures v and *> on T arising from these representations of C(T) must be
equivalent [10]. We can therefore assume, as far as quasi-equivalence of
factor representations of Aa are concerned, that v — v.

PROPOSITION 2.1. Let π9 m be two separable factor representations of Άa.

Let (pm,T) and (p^f) be the associated coυariant representations on

L2(T, v) ® Hm and L2(T, v) ® H^, respectively, where v9 v are ergodic

quasi-invariant regular Borel measures on T and Tn — bn(U " ® Id//• ) n , fn =

bn(U ® Id^^)^ with bn, bn unitary cocycles. Then π « π iff v ~ v (so by the

preceding comments we can assume v — ?), and there exist c l 5 c2 in

N U {00} with mcχ = mc2 — r and a unitary W in 9K/.(L0O(T, v)) on the

Hubert space L2(Ύ, v) ® Hr such that

Proof. We have π « π iff there are cλ9 c2 with mcχ = mc2 = r and a

unitary W on L2(T, v) ® ifr with W(®c* π) = ( θ c " 2 τf)J^. This is equiva-

lent to

and

The first equation means

and the second is equivalent to

J l ί ) D

We return to examining covariant representations (pm9 T) of
(C(T), α, Z), where m G N U {00} and p is a regular Borel measure of T.
We suppose from now on, without loss of generality, that p(T) = 1. The
next proposition shows that for m finite we always have a type I
representation.
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PROPOSITION 2.2. Let π denote the representation of Aa corresponding

to a coυariant representation (pm, T) of (C(T), α, Z) where m E N and

v is a regular Borel measure of T. // 91 is the von Neumann algebra

{π{x) \x E Aa}
f\ then 91 is type I. Furthermore there are central

projections Ps9 s E { 1 , . . . , m } , o/ 9 t w/ϊ/z 2 / ^ = 1 and 9 1 7 ^ of type ls or

P=0.
- s

Proof. To show 91 is of type I it is enough to show that 91' is type I. If

a bounded operator C on L2(T, i>) ® # m lies in 9i', then C E pm(C(T))' =

mm(L°°(T, v)). Thus 91/ C 3Km(L°°(T, y)), which is a type Im von Neu-

mann algebra. It is well known that 91' must then be a direct sum of type

ls (s < m) von Neumann algebras (SI' inherits a faithful scalar trace from

$WW(L°°(T, v))). •

Let 7τ be a representation of Aa with π | C ( T ) a uniform multiplicity

representation. Conditions on the triple (m9p9 b) associated with TΓ are

reflected in the structure of the von Neumann algebra 91 = π(Aa)". We

have seen, for example, that 91 is type I if m < oo. Another case consid-

ered below is when v is ergodic and b is a "diagonal cocycle". In this case

91 will be type I and we can say exactly when 91 is a factor by examining

an equivalence relation on {l,...,m}. Note m = oo is not excluded in

these considerations.

We say an operator in 9KW(L°°(T, v)) is diagonal if it lies in the (von

Neumann) subalgebra ΘmL°°(T, v). A unitary cocycle b of Z in

aKm(L°°(T, v)) will be called diagonal if bx is diagonal.

LEMMA 2.3. Let π be a representation of Aa corresponding to a triple

(m,v,b) where, in addition, v is ergodic and b is a diagonal cocycle. Let

bx = Θ w λj with λj E L°°(T, μ) and let 91 = π(Aa)". We have a relation

— on {r E N | 1 < r < m) if m < oo and on N\{0} // m — oo by defining

r ~ s iff there is a non-zero element d of L°°(T, v) with a(d) = λrλsd. The

following hold.

(1) The relation ~ is an equivalence relation.

(2) // C E 9ί/ αm/y ^ /: ί/ze« the jk entry of C {viewed as a matrix in

f8(L2(Ί9p)9Hm))9cjk9iszero.
(3) // A E 91 Π 91', ίλe center (?/ 91, and j - k with j =£ k9 then

. (1) Call d a "(y, /c) solution" if d is a non-zero element of

L°°(T, ί>) with a(d) = λjλkd. As ^ is unitary, we have | λ | = l9soj ~j9 as
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constants are (y, j) solutions. If d is a (y, k) solution, d is a (k, j)

solution. Note that \d\2 = dd is a (k, k) solution and thus a (non-zero)

constant as v is ergodic. Thus if d and h are (y, k), (k, r) solutions,

respectively, dh is non-zero and so a (y, r) solution.

(2) A bounded operator C on L2(T, v) ® Hm lies in 91' if C G

pm(C(Ύ)Y = Ttm(L°°(Ύ,v)) and ad(Z>,ί/)(C) = C. The latter equation

holds iff ad U{C) = ftfC^ iff a{cjk) = λjλkcJk for eachy, k. By definition

^ = 0 if j *- k.

(3) Let dbe a (y, fc) solution. We define an element C of 3Km(L°°(T, *>))

as follows: they, A: entry of C is d, c^, c ^ are two arbitrary constants and

crs = 0 for all other r, s. As α(c r 5) = λrλscrs for all /% s, C E 6l r. As A

commutes with the elements C, we have, upon examining y, k entries from

the matrix equation AC — CA, (a^ — akk)cjk — ajk{Cjj — ckk). We may

vary the constant c • — ckk at will, while the left side of the equation

remains unchanged. Thus ajk — 0 (a.e. v). Now cjk — d is non-zero and

ajΓ akk are constants (as A E 91'). Thus a}j — akk — 0. -Π

PROPOSITION 2.4. With the hypothesis of the previous lemma, the

following are true.

(1) // k fj for all k φj then®,' = @mCso<3l= Θ m »(L2(T, v)).

(2) Ifk ~j for all k, j then <3ί' is a type Im factor.

(3) Ifr^s, some r φ s, then <ΪL is not a factor.

(4) % is type I.

Proof. (1) For C in 91' we have ckk is a constant for each k as J> is

ergodic. By the lemma, crs = 0 for all r, 5 with r ^ s. Thus 91' = Θ m C

a n d ^ ^ θ m 9 3 ( L 2 ( T , v)).

(2) The lemma shows for A in 91 Π <3i' that α r j = 0 and αrA. = α M (is a

constant) for all r, s with r ^ s. Thus 91 is a factor. Let E be the element

of 90ίίm(Loo(T, *>)) described by defining all entries ers to be zero except the

(y, k) entry which is a (y, k) solution d with | r f |= 1 (a.e. v). Again, as

a(ers) — λrλsers, E is in 9l r. The (k, k) entry of E*E, dd, is equal to 1

(a.e. v), while all other entries are zero. Thus E is a partial isometry with

initial projection Pk and final projection Pjm Here Pr denotes the projection

in 91' that has all zero entries except the (r, r) diagonal entry, which is 1.

The projection Pr is abelian in 90ίim(Loo(T, v)), thus abelian in 91'. As

ΣΓ ^ = Id, 91' is type I w .

(3) We display non-scalar elements A in the center of 91. If A,, /z2 are

two distinct constants, define a}J — hλ if r ~ y, aj] — h2 if y — 5 and

α ^ = 0, all other /?, q. As r ^ s, a}J is well defined. Note that A is not a
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scalar and, since Θ W C C 91', A G 91'. To conclude that A G 91, we
prove ΛC = G4 for all C in 91'. We show that the (/?, #) entry

is equal to the (/?, q) entry of C4,

iffq~s,

otherwise.

If r ~ p and r -* q, then p ^ qso cpq — 0. Similarity, if /? ~ 5 and q^ s,
then /? ̂  g and cpq — 0, and we have appcpq = c

pq

aqq' If both r ^/? and
p i° s, then we must show cpqaqq = 0. This can be non-zero only if r ~ 9
or # ~ 5*. In both cases, /? ̂  # (otherwise /• ~ /? or p ~ s, contradicting our
present assumption). Thus cpq = 0 and cpqaqq = 0.

(4) Changing to an equivalent cocycle by a permutation unitary, we
may assume that if j ~ /c, then j ~ s for all s withy < 5 < k. Combining
the arguments in (2) and (3) shows 91' is a direct sum of type I factors. D

An example where 91 is a factor is bx = Id. For an example with 91
not a factor let v — Haar measure on T and bx = [Q1 ?]. Then 1 -*- 2, for if
d G L°°(T, *>) with α(<i) = -d, then α2(^) = d A s 2αmod 1 is still irra-
tional, d is a constant. Asd—-d,d — 0.

Suppose the 1-cocycle ft is cohomologous to a diagonal cocycle, i.e.,
there is a unitary 7 in 2ftm(L°°(T, *>)) such that Γ ' ^ a d £/π(y) is a
diagonal cocycle. Then the covariant representation (pm,T) is unitarily
equivalent to a covariant representation with a diagonal cocycle. A result
of Kadison [9] shows that if m is finite, there is a unitary W in
mm(L°°(Ύ, *>)) such that W*bxWis diagonal. Note that, in general, this is
not enough to ensure that our cocycle is cohomologous to a diagonal
cocycle. However, if the unitary Whad constant entries, i.e., W G W m(C)
® IdL2(T ̂  then ad Un{W) = W and the cocycle ft is cohomologous to a
diagonal cocycle. If m is finite and ftj is a unitary in 2ftW(C) ® IdL2(T ̂ ,
such a unitary W with constant entries always exists.

If the measure v is ergodic, the unitary bx has constant entries iff Tx

commutes with ϋx. This follows from the fact that Tx commutes with Ux

iff ad Ux(bx) — bx iff a((bx)Jk) = (bx)jk for each7, k.
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3. Automorphisms of Aa. A representation of the discrete group
SL(2, Z) as automorphisms of Aa arises naturally when viewing Aa as a
twisted covariance algebra [6]. We also investigate a few simple properties
of the group homomorphism of Aut(^4α) to Aut(JKΊ(;4α)) defined by
mapping an automorphism γ of Aa to γ*, the induced isomorphism of the
abelian group Kλ(Aa). We show that the kernel of this map, γ -> γ*, is
closed and contains the centrally trivial automorphisms.

If G is a separable locally compact group and T the circle group, a
Borel function ω from G X G to T is a multiplier (a 2-cocycle on G with
coefficients in T) [11] if

(a) coO, y)ω(xy9 z) = ω(x9 yz)ω(y9 z), (x, y, z) G G;
(b) ω(x, e) - ω(e9 x) = 1 with e the unit of G, x G G.
Given a multiplier ω on G, an ^-representation of G is a strongly

continuous map L of G to the unitary group on a separable Hubert space
with Le — Id and LxLy = ω(x, j ^ L ^ f o r *> ̂  i n G

Define a multiplier on the discrete group G = Z X Z by

ω((m, «), (m', n')) — exp[πia(m'n — mn')\ = exp πia , ,

where |™'̂  | denotes the determinant of the matrix [™/™], AW, w, /w', /ι' in Z.
For g in SL(2,Z), we note ω(g(m, AI), g(mr, n')) = ω((m9 n){m\ n')),
where SL(2, Z) acts on Z X Z in the usual manner. We form the Mackey
obstruction group, a locally compact separable group G(ω) with underly-
ing set {(JC, /) I JC G G, / G T} and multiplication given by (x9 t)(y91') =
(xy, ω(x, 7)^0 for x, y in G and /, /' in T. The usefulness of G(ω) lies in
the fact that the ω-representations of G, L, are in one-to-one correspon-
dence with the unitary representations W of G(ω) restricting on Γ to a
multiple of the one-dimensional representation t -> t. The correspondence
is given by W(x, t) — tLx [11].

Let Cc.(G(ω),T) be the set of functions from G(ω) to C with/(ta) =
t~ιf(x) (t G T, x G G(ω)) such that/(m, n, t) is non-zero for only finitely
many m, n in Z. Define a normed *-algebra structure on Cc(G(ω),T) as
follows: for/, A in Cc(G(ω),T),

m, «GZ

f*(m,n9t) =f{-rn,-n,
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The enveloping C*-algebra of the completion of this normed *-algebra,
denoted C*(G(ω), T), is a twisted covariance algebra. There is a one-to-one
correspondence between ^representations of C*(G(ω), T) and representa-
tions of G(ω) restricting to a multiple of t -»t on T [6].

The C*-algebra C*(G(co),T) is *-isomorphic to Aa. If f(mn) is the
element of Cc(G(ω),T) defined by mapping all elements to zero except
(ra, n, /), which is mapped to t~ιξ(m, n), where £(ra, n) = exp(πiamn),
we have

Thus/(10) and/ (01} are two unitaries F, ί/, respectively, with UV - e2πiaVU.
The C*-algebra generated by / ( 1 0 ) and / ( 0 1 ) is C*(G(ω),T). Thus

For g in SL(2,Z) let g(m9 n) = (m9 n) denote the usual action of
SL(2,Z) on Z X Z. Let γg be a map of G(ω) to G(ω) defined by
yg(m, n, t) = (g(m, n), t) (g E SL(2, Z)). As ω(g(m9 n\ g(p, q)) =
ω((m, n)(p, q)) for ra, «, /?, ̂  in Z, γg is a group automorphism of G(ω).
The relation γg j ? 2 = γgiγg2 for g,, g2 in SL(2,Z) shows that γ: SL(2,Z) ->
Autgroup(G(ω)) is a group homomorphism. Define an action of SL(2, Z)
by isometric *-automorphisms of the normed *-algebra Cc.(G(co),T) by
8f(x) =f(Ύg-*(x)) for / in Cc(G(ω),T), g in SL(2,Z), x in G(ω). /This
action extends to an action g -> ̂ 8g, of SL(2, Z) by *-automoφhisms of the
enveloping C*-algebra^4α. For later use we note that

βg{VmU") = βg{f(m,n)) = {(m, Λ ) " ! € ( Λ , Λ)/(lSi/0

If 21 is a C*-algebra with unit, let L^(9ί) be the unitary group of
2»w(2t) and ί/n°(Sl) the connected component of the Id in ί/w(3ί).
We define Kx(%) = limί/π(St)/t/π°(a), the direct limit of the direct
system of groups (ί(«)/l/ Λ °(»), φ j , where φn: Un(%)/Un°(%) -*
t/π+1(8l)/l/π

0

+i(Sl) is given by x -> (J?). For rf in ί/w(2ί) we denote by [J]
its image in AΓ,(2ί). ^j is a functor from the category of C*-algebras (with
unit, although this is not necessary) to the category of abelian groups [18].

Let U, Fbe two unitary operators with UV - e27TiaVU that generate
the C*-algebra Aa. It is known ([13]) that Kλ(Aa) = Z θ Z, where [[/],
[V] correspond to (0,1) and (1,0), respectively. Examining the automor-
phisms βg(g E SL(2, Z)) of ^4α, it is clear that (βg)* is just the map g on
Z Θ Z .

Putting the topology of pointwise norm convergence on Aut(^4α) (a
net jj -> γ iff ||γy(jc) — γ(jc)|| -> 0 for each x in Aa)9 we have that the
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subgroup {γ E Aut(Aa) \y# — Id} is closed. To see this, suppose γy -> γ

in Aut(Aa) with (γ^.)^ = Id for ally. Then there is ay 0 with \\yJo(U) -

γ(ί/)| | < ε and Hγ^ϊO — γ(K)|| < ε, where ε is chosen small enough to

ensure that yJo(U) (resp. yJo(V)) lie in the path component of y(U) (resp.

y{V)) in Ux(Aa). Thus [γj l/)] = [γ(l/)] and [17] - (γy o)* [U] = [γ(l/)].

It is also seen that [K] = [γ(F)] and thus γ* = Id.

DEFINITION. A norm bounded sequence {xn} in a C*-algebra 31 is

(norm) central sequence if | |xn£ — axn\\ ~+ 0 as n -* oo for each # in 21. An

automoφhism γ of 2ί is centrally trivial (i.e., γ E Ct(Sί)) iff ||γ(^«) — JtJ|

-> 0 as /? -> oo for each central sequence xn in 2ί [3], [7].

Note that if γ E Aut(2ί) and {JC^} is a central sequence, then {y(xn)}

is again a central sequence. It follows that Ct(2ί) is a subgroup of Aut(2ί).

Also Ct(2ί) contains Int(9ί), the group of inner automorphisms of 21, for

if WΊs a unitary in 21 with γ(α) = WaW* (a E 2ί), then

HY(*J - ^ 1 1 = \\WxnW* -xn\\=\\Wxn -xnW\\^V (n - oo)

for any central sequence xn.

In the C*-algebra^4α there are ready examples of central sequences. If

Pj E N\{0} is a sequence with e

2πip'a -» 1 as 7 -» 00, then both ϊ/^, F ^

are central sequences. For example

\\\\(2vιpa 1 ) I ^ | | 0 00.

Thus \\Upjχ — XUPJ\\ ^ 0 for x in the *-algebra generated by U and V, and

as this algebra is dense in Aa, this holds for all x in Aa.

PROPOSITION 3Λ.IfyECt(Aa) then γ* = Id.

Proof. Fix a sequence/?, E N\{0} with e27τipja -> 1 as7: ̂  00. As γ is

in Ct(Λα), we must have | |γ(ί/^) - C/^|| -> 0 and | | γ(F^) - F ^ | | -> 0 as

j -» 00. Thus for7 large enough, y(Upj)U~pj E ί/,°(^Λ), so

UpΎ- VUp'\\ = \\Up'VU-p' - V\\=\\(e2vιpJa - 1 ) I ^ | | - > 0 asy

As A ^ Λ J is torsion free, γ J l / ] = [[/]. Similarly, γ J K ] = [F]. D

We have seen that ( β g ) * is the map g on Z θ Z. Thus β g is not in the

closure of Ct(Aa) for g T^ Id.

An interesting question is whether the image of the map φ -* φ^ of

Aut(^ Λ ) to Aut(Z X Z) is all of GL(2,Z) or exactly SL(2,Z). In other

words, is there an automorphism φ of Aa with φ^ of determinant - 1 , in



272 BERNDT A. BRENKEN

particular with φ* = [®ι

0]Ί Rewording this amounts to asking If there are
two unitaries, φ(U) and φ(V) say, of Aa with commutator [φ(U), φ(V)]
(= φ(U)φ(V)φ(U)~ιφ(V)~ι) = exp(27r/α), and such that the equivalence
class [φ(U)] = [V] and [φ(F)] = [U] (where {/, Fare generating unitaries
of Aa with [U, V] = exp(2τπα)).

4. Pure states of Aa. We define for each θ in [0,1] a pure state φ^
of Aa. We show φ^ is unitarily equivalent to φθ, (i.e., there is a unitary W
in Aa with φ,, o^dW = φθ) iff <?2ffl*' G {^(0+™) | n G Z} ( th at is, iff 0'
and 0 lie in the same orbit of the a action of Z on T), and also state
similar conditions for φθ, o βg to be unitarily equivalent to φθ (for g in
SL(2,Z)). We show, too, that the set of pure states (φ^ o βg\θ G [0,1],
g G SL(2, Z)} separate the points of Aa.

Recalling the conditional expectation E: Aa -> C(T), we define a
linear functional ψθ — pθ o E for θ in [0,1] where pθ is the (pure) state of
C(T) given by evaluation at the point elηri^oί T. Asφ^l) = 1 and

φθ(x*x) = pθ{E(x*x)) = ίp9(άt(x*x)) dt > 0
J ΊΓ

(since pθ is positive), φ^ is a state. The following proposition also follows
from more general considerations [2].

PROPOSITION 4.1. The state φθ is a pure state of Aa.

Proof. We show that if η is a positive linear functional with 0 < η < φθ,
then η — λφθ for some λ in C. For φ a positive linear functional on Aa, let
Λ (̂φ) = {x £Aa\φ(x*x) = 0}, the left kernel of φ. If K denotes the
dense subalgebra CC(Z, C(T)) of Aa, we show

(*) K n φί'(o) c K n iv(φ,) + A: n iv(φ,)*.

If (*) is true then

K Π φ^(0) QKΠ N(φθ) + KΠ N(φθ)*

QKΠ N(η) + KΠ N(η)* CKΠ η-ι(0),

the last inclusion following from the Schwarz inequality. Thus K Π φ^(0)
C K Π η~ι(0) and η \κ — λφθ \κ for some λ G C. Continuity yields η = λφ^.

We prove the inclusion (*).

K Π N(φθ) ={k£K\ pθ(k*k{0)) = 0}

= {fc G ̂ μ ( - « ) ( e 2 ^ + Λ α ) ) = 0,7i G Z}.



AUTOMORPHISMS OF THE IRRATIONAL ROTATION ALGEBRA 273

Also

K Π N(φ9)* = {kG K\φθ(kk*(0)) = 0}

= [k GK\k(n)(e2πiθ) = 0 , Λ G Z } .

Now fix a A; in K Π φ^(0). As e

2 w ι " ( β + f l β ) Φ elηtiθ for all Λ in Z\{0}, there

are f(n), g(n) in C(T) with Λ(Λ) =/(/?) +g(/i) and f(n){e2πiθ) =

g(n)(e2πl(θ~na)) = 0 for all Λ G Z\{0}. For example, if n G Z\{0} let

g(tf) = k{n)h(n) and/(w) = A:(w)(l — Λ(Λ))> where h{n) is an element of

C(Ύ)withh(n)(e2"iθ) = 1 and A(«)(e27r'(*~" f t)) = 0. Letting/(0) = g(0) =

iλ (O) and defining /, g in CC(Z, C(T)) in the obvious way, we have

f+g = k, with f<ΞKΠ N(φθ)* and g G if Π N(φθ). Thus the inclusion

(*) is true. D

Given 0, θ' in [0,1] with e2vi$' = e

2 i Γ / ( t f + # l β >, for some n in Z, then

φ^ © ad ί/n = φ ,̂ on τ4α (as they agree on the dense subalgebra generated

by U and V).

PROPOSITION 4.2. For θ, θ' in [0,1], ||φ^ © ad Λ: — φ^/|| > 1 for all x in

Aa iffe2miθ> £ {e2πi<9+nβ*\n G Z).

Proof. If e 2 w / β ' = e2 w l" ( t f + ' ι α ) for some n in Z, we have seen that there is

an JC, namely U", with φθ ° ad x = φ /̂.

Now suppose β2irι^' g {e2^(^««) | w G z ) . For fixed JC in CC(Z, C(T))

we find 6 in C(T) with φ0 ° adx(έ) = 0 and <pθ'(b) = 1. As JC is in

Q(Z, C(T)), there is an m in Z with support x C { - m , . . . , m } . The

hypothesis on 0, 0' allows us to find b in C(T) with Z? > 0, | |6| | = 1,

b(el7Tiθ') = 1 a n d ^ e 2 7 ^ ^ ) = 0forw G {-m,. . . ,m}. Then

φ^ © ad x(b) = φθ(x * b * JC*(O))

(as α w ( 6 ) ( e 2 ^ ) = 0 f o r « G {-m,...,m}), while φθ,(b) = 6(e27r/ί?/) = 1.

Thus | |φ 0 o ad x - φθ,\\ > 1 for x in CC(Z, C(T)). With x in >4α we choose

a sequence JC, in CC(Z, C(T)) converging to Λ: in norm. Thus

oo ||φ^ ° ad xy — φ^ o ad JC|| = 0 and the proposition follows. D

If a state φ is unitarily equivalent to a state ψ, that is, if φ ° ad W — ψ

for some unitary W'm Aay we write φ ~ ψ.

COROLLARY 4.3. i w 0, 0' m [0,1],

n G Z } .
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As βg (for g in SL(2, Z)) is a *-automoφhism of Aa, the states φθ o βg

are pure. We examine what these states look like on the dense subalgebra

{Σ f in i te apnVU" I apn E C} of Aa. Recall

= ξ(p, nYlξ(p, n

where (/ί, «) = g(p, n) and ξ(p,n) = enίapn (p, n in Z). Thus

where

We have

SO

Thus

Ί and

Thus

A:

= {[] J 1]Note that if g is in the subgroup H = {[]

0 J
1] |« G Z} of SL(2, Z), then

ΨΘ° βg

 = ΨΘ o n {Σfinite apnV
pUn I ^ ^ £ C}, so φθ° βg = φθ on v4α. Also if

g is of the form [Q1 " J for some ninZ (so -g E H), we have φθ ° βg = <pλ -θ.

PROPOSITION 4.4. / / β , ί ' G [ 0 , l ] , g ε SX(2, Z) α/id φ r o βg is unitarily

equivalent to φθ, then g or -g is in H — {[Q^] | n E Z} .

/. Choose {Bn} a sequence in CC(Z, C(T)) with £„ -» jPF(in norm),

where Wis a unitary in Aα with φ̂ / o jβg = φθ o ad ϊF. Thus

= Mem
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in the norm of C(T) as n -» oo. Let ε > 0 be given. Choose n0 in N with

\\E(BnB*) - Id C ( T ) | | < ε/4 and | |φ, o ad W - φθ o ad £ J | < ε/4 for n >

n 0 . As support !?„ is finite and a is irrational, we can choose/? in Z\{0}

with I e

2wipam - 11< ε/4 for all m in support BnQ. Thus

is within ε/4(l + ε/4) of e27ΓipθE(BnoB^)(e2niθ\ which is within ε/4 of

e27Γipθ. Thus φθad W(VP) is within ε of e2<πipθ. However,

if bk Φ 0,

for A: in Z and g = [^] in SL(2, Z). Choosing ε small enough and letting

fc =/? (so k is non-zero), we have ψθβg(Vp) = φθ ° &dW(Vp) only if

6 = 0. Thus g or -g is in //. •

COROLLARY 4.5. For θ, θ' in [0,1], g m SL(2,Z), we have φθ, ° βg

unitarly equivalent to φθ iffgEH and e2tπiθ' G {e2πi(θ+na)\n G Z} ί?r

-g<ΞH and e'2ητiBI G (e

27r/^+w«> | n G Z}.

~2πiθ'

/. If φ,, o /3g - φθ, we have g or -g in i/. If g G i/, φ r o βg =

so φθ, - φ^. We know this is equivalent to e2viθ> G {e

2w/^+"α> | π G Z}. If

-g G H, then φ ,̂ ° βg — <P\-θ'> S O Φi-β' " Φ̂ ? which is equivalent to e
g

G {e27Ti(θ+na)\n G Z } . The reverse implication of the corollary is im-
mediate. D

We now show that the set of pure states {φθ o βg\θ G [0,1], g G

SL(2, Z)} separate the points of Aa, i.e., if JC in Aa is non-zero, then

ΨΘ ° βg(
x) ^ 0 f°Γ some θ and g.

We proceed with some preliminary calculations. For x — Σ f i n i t e arsV
rUs

in Aa, T the trace on Aa, and m, w in Z, we have

If s = g.c.d.(m, n), choose g = [^] in SL(2, Z) with g(m, n) = ( j , 0). We

have g"1 = [^ / ] and g~l(s,0) = (m, «), so ώ = m and -Zxs = «. We saw

(in computing φθ(βg(x)) that



276 BERNDT A. BRENKEN

SO

The algebra {Σfinite arsVUs | ars e C} is dense in Aa so continuity yields

\τ(xV-mU-")\=\τ{E{βg(x))V-ή\

for x in Aa.

PROPOSITION 4.6. The set of pure states {φθβg \ θ G [0, l],g G SL(2, Z)}
separate the elements ofAa.

Proof. If δ ( r J ) denotes the element of L2(Z X Z) which is one at
(r, y), zero elsewhere, we define unitaries πτ(£/), πτ(F) on L2(Z X Z) by

As τrτ(ί/)τrτ(F) = e2 7 Γ /χ(F)τrτ(ί7), Aa is isomoφhic to the C*-algebra
generated by 7ΓT(F), τrτ(ί7).

Denoting this isomorphism by τrτ we note that τττ with cyclic vector
δ ( 0 0 ) is the GNS representation of Aa associated with the trace T. For x
non-zero in Aa, TTT(X) Φ 0, and we have p, q, r, j in Z with

so there are m, n in Z with |τ(xF"mί/~λz)|:τίί=0. The preliminary calcula-
tion shows there is a g in SL(2, Z), s in N with τ(E(βg(x))V-s) Φ 0. Thus
Eβg(x)V~s Φ 0 and ^ ( x ) Φ 0. For some 0 in [0,1], 0 Φ pθ(E(βg(x))) =

<Pθ(βg(*)) π

5. Irreducible representations of yία and ergodic actions. Given a

factor representation π of Λα, we associated with it a cardinal w, namely
the multiplicity of the representation restricted to the C*-algebra gener-
ated by F. We can, of course, associate a second cardinal mf (and a
second ergodic quasi-invariant regular Borel measure / o n T ) with π,
where the restriction of π to the C*-algebra generated by U (which is
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isomorphic to C(T)) is unitarily equivalent via a unitary W: @m L2(T, v)

-> 0 m > L2(T, v') to the representation g-*®m>Mg of C(T) of uniform

multiplicity m' on Θ w ' L2(T, *>'). If (m, P, 6) is the triple associated with π

and /„ the function t -> tn on T, then Z>w = W* Θ m M, PFlH (Λ G Z) (as

τr(£/") - bβn).

In the proposition that follows, we describe a sufficient condition for

factor representations of Aa to be irreducible.

PROPOSITION 5Λ.Ifπ is a factor representation of Aa and the restriction

of π to the abelian C*-subalgebras generated by V and U are of uniform

finite multiplicities m and m\ respectively, and m and m' are relatively

prime, then m is an irreducible representation.

Proof. Let Ax and A2 be the abelian C*-subalgebras of Aa generated

by V and £/, respectively. By assumption, π(Ax)' and π(A2)' are von

Neumann algebras by types lm and Iw,, respectively. Each contains

π(Aa)\ and ir(Aa)' is a factor by assumption. From Proposition 2.2., as m

(or m') E N, π(Aa)' is type I. Suppose π(Aa)' is of type ln. Then there are

n orthogonal equivalent projections El9...9En in π(Aa)' with sum I. This

equivalence persists in π(Ax)'. Since ΣEk = l9 each Ek has central carrier I

in π(Ax)'. From [10] there is a non-zero central projection Q in π(AxY

such that (λE, is the sum of j equivalent abelian projections in π(Ax)'.

Since QEX and QEk are equivalent in π(Ax)\ QEk is the sum of j

equivalent abelian projections in ir(Ax)' for each k in (1,.. .,«}. But

Q = Σ β̂ A:? s o β i s Λe sum of w/ equivalent abelian projections in π(Ax)\

Now ^(^[j/g is of type I m , so m — nj and « divides m. This same

argument applied to ir(A2)' and m' yields the fact that n divides mf. By

hypothesis, m and mr are relatively prime. Thus n = 1; π(;4α)' is a factor

of type Ij, so 7τ(v4α)' consists of scalars and π is irreducible. D

We shall see examples of irreducible representations of Aa for which

the finite multiplicities m and mr above are any given pair of non-zero

relatively prime numbers.

Let (ρm,T) be the covariant representation associated to a factor

representation π of Aa. Thus pm is a representation of C(T) with uniform

multiplicity m G N U { o o } on Θ m L 2 ( T , v) with v a quasi-invariant

ergodic regular Borel measure on T and Tn = hnϋn, where hn is a unitary

PROPOSITION 5.2. Lei π9 (πm,T) be as above. The representation π is

irreducible iff ad T is an ergodic automorphism on 2ftm(L°°(T, v)).
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Proof. Note C^π(AJ iff C E pm(C(Ύ))' = Ttm(L°°(T9v)) and
ΓCΓ* = C. Thus τr(4 β ) ' = CId iff for C in Wlm(L°°(Ύ, *>)), ad Γ(C) = C

implies C E C Id. D

Note that if m = 1, then ad Γ is the ergodic automorphism α on

L°°(T, v), so 77 is an irreducible representation. In the next paragraphs,

explicit irreducible representations of Aa are given for all m in N. These

examples also serve to show that there are irreducible representations of

Aa for which any pair of non-zero relatively prime numbers m and m' can

occur as the multiplicities (obtained by restricting the representation to

the C*-algebras generated by Fand Urespectively). Choose b, din N\{0)

with g.c.d.(f>, d) = 1. There are z, k in Z such that g = \\k

d\ E SL(2,Z).

For ί G [0,1] the (necessarily) irreducible representation associated with

the pure state φθ © βg is a representation of ̂ 4α whose restriction to C(T)

has multiplicity b. It will also be clear that the uniform multiplicity of this

irreducible representation restricted to the C*-algebra generated by U is d.

Note that given b, d in N\{0}, there are many elements g — [z

h

d

d] in

SL(2, Z), however, given two such g, = [z

bd] and g2 = [z

b

 k

d\ we have

Thus φθ © βgχ is equivalent to φθ © βg 2.

We first find a representation π of Aa associated with the pure state

φθ o βg. Define δ in L2(Z) by

"^ 1 1 if m = n.

Define unitaries # ( F ) , #(C/) on L2(Z) by describing their effect on the

basis {δjn E Z} of L2(Z).

We have π(U)π(V) = e27Γiaπ(V)π(U). Thus Aa is *-isomorphic to

the C*-algebra generated by τr(K), #( !/) , the *-isomoφhism (denoted #)

mapping K to #( F ) and U to #( J7).

I f/?,/ i6Z then

-2πid-]a[p(r+nd)+p(p-\)b/2)z
ur+n
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SO

(π(VUn)δθ9δo)= ίe^'P^'e-"*"" iίnd + pb = 0,
{0 otherwise,

which is equal to ψθ ° βg(VpUn). As g.c.d.(&, d) — 1, we can choose/?, n
such that nd + pb is any preassigned integer. Thus δ0 is a cyclic vector for
the representation 7? of Aa. Linearity and continuity imply (π(x)δ0, δQ) =
ΨΘ ° βg(

x) f°r a ^ x tΞ Λa. The representation # of ^4α is associated with the
pure state ψθ ° βg, so it is irreducible.

We show that # |C ( T ) is unitarily equivalent to the multiplicity b
representation ρh with Haar measure on T. Investigating π | C ( T ) , where
C(T) is the C*-algebra generated by V, we see that L2(Z) is the direct sum
of b subspaces {H^IQ, where Hj is the π | C ( T ) invariant subspace gener-
ated by {δ b+J |ήfEZ},j = 0 , . . . ,6- 1. If W} is the partial isometry on
L2(Z) with initial space Hj and final space Ho determined by

then W = Θ ^ J Ĥ  is a unitary transformation from θ ^ x Hj onto
θ ^ 1 ^ , with W(τr\C(Ύ)(x)) = (®h

0~
ι ττ(x))W (as ^ # ( F ) δ ^ + y =

#( V)WJδqh+J), where 77 is 77 |C ( T ) restricted to the subspace i/0 and x E C(T).
We show π is equivalent to the multiplication representation of C(T)

on L2(T, μ) where μ is Haar measure on T. If / is an element of

finite

The linear map Y defined on B, a norm dense subspace of L2(T, μ), to Ho

by/-> 77"(/)δ0 is therefore an isometry onto a dense subspace of i/0. The
map Y extends to a unitary map (also called Y) of L2(Ύ, μ) onto 7/0. For
x in 5,

) = y*7r(F)τr(jc)δ0 = y*ττ(Fχ)δ0 = Vx,

so continuity ensures that Y*π{V)Y is multiplication by F on L2(T, μ).
Thus π is unitarily equivalent via the unitary 7* to the multiplication
representation of C(T) on L2(T, μ), and π | C ( T ) is unitarily equivalent to
the multiplicity b representation pb on 0 Q - 1 L 2 ( T , μ) via the unitary
(ΘQ~* Y*)W. In an analogous manner we note that € restricted to the
C*-algebra C*(U) generated by C/is (unitarily equivalent to) a multiplic-
ity d representation on Θ^~x L2(T, μ).
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To determine the unitary cocycle hx for the representation π of Aa9 we
examine what π(U) looks like on (B*~ι L2(T, μ), i.e., we compute
( θ * " 1 Y*)Wπ(U)W*(®»-] Y).

There are a, s in N with 0 < s < b, d—ab + s and g.c.d.(ft, s) =
g.c.d.(6, rf) = 1. The unitary π(U) maps i/y isometrically onto Hj+S if
0<j <b — s and onto Hj_{h_s) if 6 — s <y < £ — 1. Note that

so(forx,j; G{0,...,Z>- 1})

its < x <b — 1 and x — y — s,

if 0 < JC < s and 7 — x = b — s,
0 otherwise.

Letting

*(*) =
-2πid~{θ(a+ \)eπid-χ0L[

'" iis<x<b- 1,
2)ya+)

if 0 <JC <s,

we have

Y*Wxir (U)W?Y{Vn) = e2πinag(x)V" =

where x — j = ^i f5<Λ:<Z>— 1 and 7 — x — b — siiO < x < s.
Thus the unitary cocycle Λj in Ttb(L°°(Ύ9 μ)) associated with

^~1 Y) is the following matrix on θ ^ " 1 L2(T, μ):

g(0)
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Noticing that the entries of this matrix are continuous functions on T,

we have the additional information that ad T — ad hrϋ (see Proposition

5.2) is actually an ergodic automorphism of the C*-algebra 9Km(C(T)).

We have thus found explicit examples of cocycles which perturb the

non-ergodic action [at/] -> [a(alJ)] on 3Wm(C(T)) (m > 1) into an ergodic

action.

We have inequivalent pure states with the same pair of relatively

prime numbers as their multiplicities. For example, with g — [^] as

above, φθ, ° βg^° ψθ ° βg, with θ' not in the orbit of θ. Also if g' = [~b

z _k

d\

then g'g~] ξ£ //, so κpθ, ° βg <+> φθ o βgt for all θ in [0,1]. One sees, however,

that φθ o βg, has b, d as its associated multiplicities (as does φθ, ° βg).

Remark added in proof. Y. Watatani has also considered a representa-

tion of SL(2, Z) as automorphisms of Aa in Toral automorphisms on

irrational rotation algebras, Math. Japonica, 26, No. 4 (1981).
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