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RATIONAL HOMOTOPY THEORY OF FIBRATIONS

FLAVIO E. A. DA SILVEIRA

Let Y be a space and A a differential graded algebra over the field
Q of rationals corresponding in Sullivan's theory to the rational homo-
topy type of Y. Then to the rational homotopy type of a f ibration over Y
equipped with a given cross-section corresponds a differential graded Lie
algebra L over Λ, free as an A -module. The differential graded Lie
algebra Q ®A L corresponds in Quillen's theory to the rational homotopy
type of the fibre of the fibration. Furthermore, by restriction of scalars,
L can be considered as a differential graded Lie algebra over Q. Then it
contains a differential graded Lie sub-algebra over Q which corresponds
to the rational homotopy type of the space of cross-sections which are
homotopic to the given cross-section. Some examples illustrate this
result.
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1. Introduction and statement of the main results.
Rational homotopy theory. Quillen [11] and Sullivan [12] established

the equivalence of the following four categories:
(1) the rational category of simply connected spaces with rational

homology of finite dimension in each degree;
(2) the rational category of DG-algebras A (differential graded as-

sociative and commutative algebras over Q) such that dim Ap < oo for
each/ ^ ^ O i f / X O o r / ? ^ l,and^° = Q;

(3) the rational category of DG-coalgebras C (differential graded
co-associative and co-commutative coalgebras over Q) such that dim Cp <
oo for each/?, Cp = 0 iίp < 0 oτp = 1 and Co = Q;

(4) the rational category of DG-Lie algebras (differential graded Lie
algebras over Q) such that dim Lp < oo for each p and Lp — 0 if p < 0.
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By "rational category" we mean the category localized relatively to
the weak equivalences, i.e. to those maps which induce an isomorphism on
(the rational) homology.

Sullivan demonstrated the equivalence between (1) and (2) more
generally for nilpotent spaces and for DG-algebras with a free minimal
nilpotent model. In fact, recently Neisendorfer [10] has shown that the
dictionary described above generalizes to nilpotent spaces with rational
homology of finite dimension in each degree. The corresponding DG-Lie
algebras do not necessarily vanish in degree zero but are supposed to have
a rational homology with a nilpotent completion.

Quillen proved the equivalence between (1), (3) and (4). The equiva-
lence between (1) and (4) is such that if L is a DG-Lie algebra which is a
model for a space X, then there is a graded Lie algebra isomorphism

— τr*(ΩX) ®ZQ> where H*(L) has the induced bracket and
is equipped with the Whitehead product. We shall return to the

equivalence between (3) and (4) in §4.
We shall say that an object in (2), (3) or (4) corresponding to a space

X in (1) is a model for X.

The case of afibration. Let Fbe a space and A a DG-algebra which is
a model for Y. It is a consequence [5] of Sullivan's theory that the two
following categories are equivalent:

(1)' the rational category of fibrations/?: X -> Y (satisfying conditions
analogous to those satisfied by spaces in (1)); and

(2)' the rational category of DG-algebras E such that, as algebras,
E = A® F, where F is a DG-algebra (and satisfying some technical
conditions).

Actually, we have two results which, roughly speaking, can be stated
as follows.

1. The QuillenSulliυan dictionary for the rational homotopy type of

spaces generalizes, under certain conditions, to a dictionary for the rational

homotopy type of fibrations over a space Y equipped with a given cross-sec-

tion. In the latter dictionary, the DG-algebra A, which is a model for Y,

substitutes the field Q in the former dictionary, so that the algebraic objects

involved are DG-algebras, DG-coalgebras and DG-Lie algebras over A, free

as A-modules.

The fact that there is a given cross-section corresponds, in the case of
the DG-algebras or the DG-coalgebras over A, to the fact that a DG-alge-
bra A -augmentation or a DG-coalgebra A -augmentation is given. As to
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the DG-Lie algebras over A, however, their very structure depends on the
given cross-section. Moreover, the DG-Lie algebras over A carry addi-
tional information, as asserted below.

2. A DG-Lie algebra over A in 1, considered as a DG-Lie algebra over
Q, contains a canonical DG-Lie sub-algebra, which corresponds in the
Quillen-Sulliυan dictionary to the space of cross-sections homotopic to the
given cross-section.

In §6 we give concrete applications of 2.

To state results 1 and 2 with precision we need the following defini-
tions and conventions.

Definitions and conventions. Let A be a DG-algebra over a field K. A
DG-module over A is a differential graded vector space M with an
A -module structure m: A® M -> M such that m ( l ® x ) = x and dm =
m(d® id+ iά® d).

Given a DG-module E over A9 one defines a structure on E of
DG-algebra over A in the same way as one defines a DG-algebra, replac-
ing the field of scalars by the DG-algebra A in the structure maps
(multiplication and unity).

In the same fashion one defines a DG-coalgebra % over A and a
DG-Lie algebra L over A.

Also one defines an augmentation of E (respectively 90) to be a
DG-algebra (DG-coalgebra) map E-> A (A-* %) over A such that

unity counity

A -+ E -> A (A -* 90 -> Λ) is the identity.
Note that if 4̂ is augmented and K has the structure of an A -module

induced by the augmentation, then K®ΛE, K®A% and K®AL are
naturally equipped with a structure of DG-algebra, DG-coalgebra and
DG-Lie algebra, respectively.

Let & be one among the three objects E, % or L. As a DG-module
over A it is equipped with the natural filtration given by Fp& = (FPA)&9

where FPA is the ideal of those elements of A with degree >p. Assume A
is augmented and & is a free A -module. Then there exists an A -module
isomorphism $ » A ® f, where ^ = ϋΓ ®^ S, which does not necessarily
preserve the DG-algebra, DG-coalgebra, DG-Lie-algebra structure over A.
We shall say that & is a F2-free DG-algebra over A (respectively, F2-free
DG-coalgebra over A, F2-free DG-Lie algebra over A) if there exist an
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A -module isomorphism such that if & is identified to A ® % then, for
every x j 6 f ,

F2& and (1 ® *)( 2

( r e s p e c t i v e l y t h e s a m e c o n d i t i o n o n t h e d i f f e r e n t i a l s a n d Δ δ ( l ® x ) - l ®
Δ * J C G F2& ®A F

2&, [I®x9l®y]-l®[x9y]e F2&).
In this paper we denote by K a field of characteristic zero. Most of the

time K stands actually for Q, the field of rationals. (This is the case
whenever the algebraic objects are related to geometric objects.)

All graded objects in this paper have a structure of graded vector
space over K and are graded by negative and positive integers. We shall
adopt the convention that if V is a graded vector space, then Vp — V_p

for any integer/?. Unless otherwise stated we shall assume all DG-algebras
to be upper graded and to vanish in negative degrees, and all DG-coal-
gebras and DG-Lie algebras to be lower graded and to vanish in negative
degrees.

Note that while in a DG-algebra E over A the A -module structure is
such that if a E Ap and x E Eq

y then ax E Ep+q\ in a DG-coalgebra %
over A or in a DG-Lie algebra L over A the A -module structure is such
that if a E Ap and x E%qoτ Lg9 then ax E %q_p or Lq_p. DG-algebras
over A appear naturally to be positively graded, whereas DG-coalgebras
or DG-Lie algebras over A have in general non-trivial elements in negative
degrees.

We shall denote by A(V) = A(xλ, x2> >*n> •) ̂ e free associative,
commutative and graded algebra over a DG-algebra A generated by a
graded vector space Vwith base xl9 x2,-.. ,xn>. ., i.e. A(V) — A ® Q(V)
and Q(F) = Q(xί9 x2>-.. 9xn>. .) is the symmetric algebra on F(which is
isomorphic to the tensor product of the polynomial algebra on the
subspace of V spanned by the elements of even degree by the exterior
algebra on the subspace spanned by the elements of odd degree).

We shall denote by SA(M) the symmetric coalgebra over a DG-alge-
bra i o n a module M over A. It is the sub-coalgebra over A of the tensor
coalgebra over A on M defined by taking in ®^ M' = M ®AM ®A

• ®4 M the sub-^4-module of invariant elements under the action of the
symmetric group. If A = Q, SQ(M) = S(M) is the usual symmetric
coalgebra on the graded vector space M.

A RELATIVE VERSION FOR THE RATIONAL HOMOTOPY THEORY.

THEOREM 1. Let Y be a nilpotent space and assume A to be a

DG-algebra which is a model for Y and such that Ap — 0 if p is large

enough. Then the following four categories are equivalent:
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(1) the rational category of fibrations p: X -* Y equipped with a given
cross-section s: Y -» X (the maps being those which preserve the cross-sec-
tions) such that p is induced from afibration with simply connected base and
such that the fibre of p is simply connected and has a rational homology of
finite dimension in each degree;

(2) the rational category of augmented F2-free DG-algebras E over A
(the maps being those which preserve the augmentations) and such that
(Q ®A E)p = 0 ifp < 0 orp = 1, (Q ®A E)° = Q and dim(Q ®A E)p < oo
for every p;

(3) the rational category of augmented F2-free DG-coalgebras % over A
(the maps being those which preserve the augmentations) and such that
(Q ®A %)p = 0ifp<0orp=l9(Q ®A 9C)O = Q and dim(Q 9A %)p <
oo for every p\

(4) the rational category of F1-free DG-Lie algebras L over A such that
(Q ®4 L)p = 0 (/> < 0 and dim(Q ®A L)p < oo for every p.

Furthermore, the equivalences are functorial relative to the changes of
base.

By change of base in (2), (3) or (4) we mean the following: if & is an
^-module and /: A -* A' is a DG-algebra map, then, considering Af

equipped with the structure of an ^4-module induced by/, A' ®A & is the
^'-module obtained from & by the change of base/.

In particular, Theorem 1 is such that if Y is a point and A — Q, the
equivalences correspond to the dictionary for the homotopy type of a
simply connected space.

Note that again by "rational category" we mean the category local-
ized relatively to the weak equivalences over Y or A, i.e. to those maps over
Y or A which induce an isomorphism on (the rational) homology.

We shall say that an object in (2)-(4) corresponding to a fibration/?:
X -> Y in (1) is a model over A for/?.

As mentioned above, the equivalence between (1) and (2) is much
more general and is a consequence of Sullivan's theory of the free minimal
model. It is functorial relative to the changes of base, and if E is a
DG-algebra over A which is a model over A for a fibration/?: X -> Y, then
Q ®Λ E is a DG-algebra which is a model for the fiber of p. It is also
easily verified that to a cross-section s of p corresponds an augmentation
of the free minimal model of p over A and conversely.

The proof of Theorem 1 is therefore entirely algebraic and consists in
describing the equivalences between (2)-(4).
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A MODEL FOR THE SPACE OF CROSS-SECTIONS HOMOTOPIC TO A

GIVEN CROSS-SECTION.

The following theorem stresses the interest of Theorem 1.

THEOREM 2. Let Y be a nilpotent space and assume A is a DG-algebra

which is a model for Y such that A0 = Q and dim A < oo as a Q-vector

space.

Let p: X -> Y be a fibration with a given cross-section s: Y'-> X

verifying condition (1) in Theorem 1 and let L be a DG-Lie algebra over A

verifying condition (4) in Theorem 1 and which is a model over A for p.

By restriction of scalars consider L as a DG-Lie algebra over Q. Let

L+ be the DG-Lie sub-algebra defined by (L^)p — Lp if p > 0, ( L + ) o =

keτ(d: Lo -* L . , ) and(L+)p = 0ifp< 0.

Then L+ is a model for the connected component of s in the space of

cross-sections of p.

The construction of a model for the space of cross-sections homotopic

to a given cross-section has been suggested by Thorn [13] and Sullivan,

and the fact that this construction actually yields a model has been proved

by Haefliger [8]. This is the crucial result we use to prove Theorem 2. Note

that if 7 is a finite-dimensional nilpotent space with finite-dimensional

homotopy groups, then there always exists a finite-dimensional DG-alge-

bra A which is a model for Y [6] (page 517).

The following two corollaries are immediate consequences of Theo-

rem 2.

COROLLARY. Keep the same hypotheses and notation as in Theorem 2

and assume that in the fibration p the dimension of the base Y is lower than

the connectivity of the fiber. Let Tp be the space of cross-sections of p. Then

irJJ^p) ® z Q is naturally equipped with an H*(Y9 Q)-module structure.

Proof Choose L to be positively graded. Then H(L) is naturally a

H(A)-module.

COROLLARY. Let A be a graded algebra (with trivial differential) such

that A0 = Q, Aq — 0 for q < 0 and dim A < oo as a Q-vector space. Let L

be a Lie algebra over A (also with trivial differential) free as an A-module

and assume L is positively graded and such that dim(Q ®A L)q < oo for
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every q and (Q ®A L)o — 0. Then there exists a fibration p: X ~* Y such
that, as Lie algebras over Q, L ^π+(ΩTp) ®ZQ> where ΏTp is the loop
space on the space Tp of cross-sections of p.

Proof. Choose p: X -> Y such that L is a model for p over A and note
that, over Q, L — L+ .

2. jF2-free modules and spectral sequence. This section is inspired
by the lemma on page 509 in [6].

F2-free modules. Let A be an augmented DG-algebra and M a
DG-module over A. As in §1 we say M is a F2-free module over A if M
is a free A -module and if there exists an A -module isomorphism
φ: A ® (K ®A M) ^M such that dφ(l ® x) - φ(l ® έ/'x) E i^2M for
every x E. K®ΛM, where <f is the differential induced on K <8>A M by the
differential d on M, K is equipped with the A -module structure induced
by the augmentation of A, and, by definition, FPM = (FPA)M, FPA =

Spectral sequence. The following lemma follows from the definitions.

(2.1) LEMMA. Let A and M be as above and assume that either Mp — 0
if p <0 or there is an integer n >: 0 such that Ap — 0 for p > n and
(K ®4 M)r — 0 whenever r < 0. Assume M is F2-free over A and choose an
A-module isomorphism φ: A® {K®AM)^>M such that dφ(\ ® x) —
φ(l ® ί/'x) E F 2 M /or every x E KΘAM. Then the spectral sequence
associated to the natural filtration FPM converges to H(M) and φ induces
an isomorphism E2 « H{A) ® ̂ ( ^ ®4 M).

The assumptions on A and M are such that the spectral sequence is
like a first quadrant spectral sequence.

Comparison of spectral sequences. Let A and A be two augmented
DG-algebras and let /: A -* ̂  be a DG-algebra map. Let Λf be a
DG-module over 4̂, ΛΓ a DG-module over A\ and α: M -» M7 a map of
modules over / (i.e. an A -module map where the ,4-module structure on
Mf is induced by/). Let aκ\ K®ΛM -* K®A>M' be the induced map of
DG-vector spaces (equipped with the induced differentials).

(2.2) COROLLARY. Assume M and Mf are F2-free over A and A\
respectively, and either Mp — M'p — 0 if p <0 or there are two integers
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n, m > 0 such that Ap — Arq — 0 whenever p > n, q> m and (K ®A M)r

= (K ®Λ>M')r — 0 // r < 0. Assume f is a weak equivalence. Then a is a
weak equivalence if and only if aκ is a weak equivalence.

The proof is straightforward using (2.1) and Moore's comparison
theorem [2]. As a consequence of (2.1) and (2.2) we have the following.

(2.3) COROLLARY. With the same notations and hypotheses as in (2.2),
assume, furthermore, there are N, N' and β: N -» N' like M, Mr and α,
respectively, and also satisfying conditions as in (2.2). Assume f, a and β are
weak equivalences. Then the map a ®fβ: M ®AN -» Mr ®Λ>Nf ofDG-mod-
ules over f is a weak equivalence.

The functor Hom^( ,A). Let A be a DG-algebra and M and N two
DG-modules overΛ. Recall that Hom(M, N), graded by Hom(M, N)p =
ΠrHom(Mr, Np+r) with the differential defined by (df)(m) = dN(f(m))
— (—l)άegff(dMm), is a DG-module over A, where a - f is defined by
(a f)(m) = a f(m)9 aEAjE Hom(M, N), m E M.

As usual we shall denote by Hom^M, N) the sub-DG-module over
A of Hom(Λf, N) consisting of all / e Hom(M, N)p such that for every
a EAq and every m E MJ(am) = {-\)p\a f)(m).

It is easy to verify that, for every DG-vector space V,

H o m ^ ®V,A) = Hom(F, A),

and, if Vis such that dimVp < oo for every/?, then ¥ίomA(A ® V, A) =
A ® Hom(F, K)=A®V*. The following corollary follows from this
equality and from (2.1) and (2.2).

(2.4) COROLLARY. Assume A is augmented and either Mp - Np = 0
whenever p < 0 or there is an integer n>0 such that Ap = 0 // p > n and
(K ®A M)r — {K®A N)r — 0 whenever r < 0. Also assume M and N are
F2-free over A and γ: M -> N is a DG-module weak equivalence over A.
Then the induced map Hom^γ, id): Hom^(ΛΓ, A) -> Hom^(M, A) is a
DG-module weak equivalence over A.

Change of base. Let A and Ά be two DG-algebras, M a DG-module
over A and /: A -» A' a DG-algebra map. Recall that the tensor product
A' ®A M is a DG-module over A' (with the differential dA, ®A id + id
®A dM) and is called the DG-module obtained from M by the change of base
f. If M is .F2-free over A then A' ®A M in F2-free over A' and, further-
more, if/is a weak equivalence, then the natural projection M -> Ar ®A M
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is a weak equivalence, provided that either Mp — 0 if p < 0 or there is an

integer n > 0 such that Ap = 0 for p > n and (ϋΓ ®A M)r = 0 whenever

r < 0. Under the same conditions and if TV is a DG-module over A

satisfying the same properties as M, if a: M -> TV is a weak equivalence,

then id <8>̂  a: Ar ®A M -> Λ' ®^ TV is a weak equivalence.

3. Duality, In this paragraph we shall see that the functor E ~*

Hom^/J, A) establishes, under certain conditions, a duality between the

category of DG-algebras over A which are free A -modules and the

category of DG-coalgebras over A which also are free A -modules.

(3.1) PROPOSITION. Let A be an augmented DG-algebra. The functor

Hom^( , A) establishes an equivalence between the DG-algebras E over A

such that E is a free A-module and d i m ( ^ ®A E)p < oo for every /?, and

the DG-coalgebras % over A such that % is a free A-module and

άϊm{K®Λ%)p < oo for every p. This equivalence is functorial relatively

to the change of base and preserves the F2-property. Furthermore,

there is a one-one correspondence between the DG-algebra maps o.E^A

such that uσ = id, where u: A -» E is the unity, and the augmentations of

YlomΛ{E, A).

Proof. Let E be a DG-algebra over A, free as an A -module and such
that dim(K ®A E)p < oo for every/?. Let

γ: HomA(E, A) ®A UomA{E, A) -» H o m ^ ® £, A)

be the DG-algebra isomorphism over A defined by

One can easily verify that, if E is identified to A ® (K®KE) as an

A -module, then γ is just the canonical isomorphism

{A ®{K®AE)*) ®A{A ®(K®AE)*) =A ®(K®AE)* ®(K®AE)*.

The structure on HomA(E, A) of DG-coalgebras over^ί is given by

Δ: HomA{E, A) -> H o m ^ , A) ®A H o m ^ , A)

and

ε: HomA(E, A) -> A

defined by Δφ = γ" 1 o (Δ f ° φ) and ε(φ) = φ(l).

One can directly verify that Hom^(, A) is a functor, and that if E is a

F2-free algebra over A, then Hom^(2?, A) is a .F2-free coalgebra over A.
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Also, if A -> Ar is a DG-algebra map, then

H o m ^ U ' ®A E, A') s 4 ' ®A YlomA(E, A).

Let 90 be a DG-coalgebra over A9 free as an A -module and such that
dim(K ®A%)p< °° f° r every/?. Then the maps

m: Hom^(9C, A) ®A Hom^(9C, A)

Horn ΛΔ, id)

%A) Homage, ,4)

and

ε,id)

u:A ^

define on Hom^(9C, A) a DG-algebra structure over A.
If 9Cis a'-F2-free DG-coalgebra over A, then Hom/ί(%, A) is a i^-free

DG-algebra over A and if A -> .4' is a DG-algebra map, then

H o m ^ ^ ' ®^ %9A') =A'® Hom^(9C, A).

One also verifies directly that the maps

v:E-* Hoin4(Hom/4(£r, A), A)

and

w:

defined by

v(x)(ψ) = (-l)d e g

are, respectively, a DG-algebra isomorphism over A and a DG-coalgebra
isomorphism over ̂ 4.

Finally, if σ: E -> ̂ 4 is a DG-algebra map such that σw = id, then η:
^, ^4), defined by η(l) = σ, is an augmentation of

s, A). Conversely if η: A -* HomA(E, A) is an augmentation, then
» A is a DG-algebra map such that η(l)w = id.

The following proposition follows immediately from (2.4).

(3.2) PROPOSITION. Let A be an augmented DG-algebra. Assume there
exists an integer n > 0 such that Ap = 0 /or p > n. Let E and E' be two
F2-free algebras over A such that K®AE and K®AE' are finite dimen-
sional in each degree. Then a: E -> Er is a DG-algebra weak equivalence
over A if and only if Hom/ί(α,id): TAomΛ(EΆ) -» YlomA(E, A) is a
DG-coalgebra weak equivalence over A.
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ANALOGY WITH THE DIFFERENTIAL FORMS DEFINED ON THE BASE

WITH VALUES IN THE CURRENTS ON THE FIBER.

Let Ω^ be the DG-algebra of differential forms on a differentiable
manifold X. Let p: X -» Y be a differentiable locally trivial fibre bundle
and assume that X and Y are compact (this assumption is not essential).

Let /?*: Ω7 -» Ώx be the DG-algebra map induced by p and consider
Ω x with the structure of Ωy-module induced by /?*. In this situation we
can give the following interpretation for the functor HomΩ ( , Ωy): it is
the functor which associates to the bundle/? the "topological"1 DG-coal-
gebra Honfg^Q^, Ω7) whose elements are the continuous Ωrlinear maps
of Ω^ in Ωy. Such a map can be identified to a differential form on Y with
values in the vector bundle of currents on the fibers. This can be seen by
noting that the elements of HomCβΠt(Ω^, Ωy) are the cross-sections of a
sheaf on Y and by considering the situation over an open U C Y where
the bundle is trivial.

If the fibers are oriented, an example of such a form of degree equal
to the dimension of the fibre is given by the integration on the fibres.

4. Quillen's functors tA and βA.

The functor &A. Let A be a DG-algebra and L a DG-Lie algebra over
v4. Let SA(sL) be the symmetric coalgebra over A on the suspension of L
{{sL)p — Lp_x). We shall denote by &A(L) the coalgebra SA(sL) over A
equipped with the differential defined by

d(sxx sx2 - - sxn) = 2 — sxx s dxk sxn

k

~T~ ^ ^ *3 I Xj i X j \ SXχ ' SXj ' SXj * ^^n

where xl9...9xn belong to L (for the signs cf. [6] page 506).

Using the natural generalizations to DG-coalgebras over A of Pro-
position 4.1 and Corollary 4.4 in Appendix B of [11] (pages 285-286) (cf.
also [10] pages 441-444), one easily checks that 6A is a functor and that
the differential is completely determined by d(sx) = —sdx and

d(sxxsx2) — — (— l)degXιs[xx, x 2 ] , for*, xl9 x2 G L.

'The tensor product is replaced by a well-adapted completion.
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Change of base: let A -> A' be a DG-algebra map. Then QA,(Af ®A L)

Note that QA(L) is the natural generalization of the Koszul complex
of chains on a Lie algebra.

The functor ZA. Let A be a DG-algebra and 90 an augmented DG-
coalgebra over 4̂. Let η: A -> % and ε: 90-^^4 be, respectively, the
augmentation and the counity of %. Set 9C = Ker ε. Then | = £ — ηε(ξ)
defines a projection %^%. We shall denote by tA(%) the free Lie
algebra LA(s~ι%) on s^^G over /ί equipped with the differential ([11]
page 290) obtained by extending to a derivation the map

given by

if Δ | = Σf lί ®A i"- (If ^ i s a n ^4-module, the free graded Lie-algebra
LA(M) on M over 4̂ can be built as a quotient of the non-associative and
non-commutative free algebra on M over A, see [1], page 181, ex. 13.)

Using the universal property of the free Lie algebra over A9 one
checks that tA is a functor.

Change of base: let A -* A be a DG-algebra map. Then £A>{A' ®A %)

The adjunction maps ([11] page 293, [10] page 442).
Let L be a DG-Lie algebra over A. Using the universal property one

extends the projection s~ιSA(sL) -> L to a DG-Lie algebra map

Let 9C be an augmented DG-coalgebra over A. Assume % is con-
nected in the sense of Quillen [11] (page 282), i.e. for a given augmenta-
tion TJ: A -> % we have % = U r > 0 Fr%, where Fr% is inductively defined
by

F0%=η(A),

(If % is a free-module over A and (K ®A %)p = 0 for p < 0, then % is
connected in the sense of Quillen.) Then, again using the generalization of
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Proposition 4.1 in Appendix B of [11], one sees that the A -module map

% -> % -* sLA(s~x%) lifts to a DG-coalgebra map over A:

(4.1) PROPOSITION. Let A be an augmented DG-algebra and assume

there is an integer n>Q such that Ap — 0 ifp > n.

(1) Iff: L -> L' is a DG-Lie algebra weak equivalence over A and if L

and U are F2-free and such that (K ®A L)p = (K ®A L')p = 0 for /? < 0,

then &A(f)'. &A(L) -> S^ί^Ό is a DG-coalgebra weak equivalence over A.

(2) If g: % -> 90' is a DG-coalgebra weak equivalence over A, if % and

%' are augmented, F2-free and such that (K ®Λ %)p = (K ®A %')p = 0 for

/>< 0 and(K®A%)0 = (K®A%% = ^ *«ι ^ ( g ) : ^(90) - ^(90') is
α DG-Lie algebra weak equivalence over A.

(3) // L is a F2-free DG-Lie algebra over A such that (K®AL)p = 0

for p < 0 and % is an augmented F2-free DG-coalgebra over A such that

(K ®A %)p = 0 for p < 0 and (K ®A %)0 = K, then a and β are weak

equivalences over A.

Proof. Note that if L is a i^-free DG-Lie algebra over A, then GA(L)

is a /72-free DG-coalgebra over A and, also, if 9C is a Z^-free DG-coal-

gebra over A9 then tA{%) is a ,F2-free DG-Lie algebra over A.

The proposition being true for A = K ([10, 11]), the general case

follows from Corollary (2.2). For instance, to prove (1) consider the

DG-Lie algebra map fκ\ Lκ -> L'κ induced by /. By (2.2), fκ is a

weak-equivalence, hence G(fκ): 6(LK) -» 6(L'K) is also a weak equiva-

lence. Thus, by (2.2), QA(f) is a weak equivalence over ^4. The same

argument proves (2) and (3).

(4.2) REMARK. The equivalence between (3) and (4) in Theorem 1, §1,

follows from (4.1). This ends the proof of Theorem 1.

(4.3) REMARK. Let A be a DG-algebra and L a DG-Lie algebra over

A. By restriction of scalars, consider L as a DG-Lie algebra over K. Let

Su: S(sL) -» SA(sL) be the natural coalgebra map over the unity u: K -> A

(see [6], page 521). One can easily check that Su\ G(L) -* QA{L) is a

DG-coalgebra map over w. We shall need this map in the next paragraph.

The DG-algebra β*(L). Let A be an augmented DG-algebra and L a

DG-Lie algebra over A and set β*(L) = Hom^(β^(L), A). If L is free as

an A -module and d i m ( ^ ®AL)p< oo for every/?, then 6*(L) is naturally
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equipped with a structure of DG-algebra over A9 free as an A -module. We
shall call it the DG-algebra ofcockains on L over A.

Assume (K®AL)p = 0forp<0 and set V = s(K<8>AL)*. Then, as
an algebra, βA(L) is the free algebra A(V) over A generated by V.

(4.4) PROPOSITION. Let E be α DG-αlgebrα over A, free as an A-module
and such that d i m ^ ®ΛE)P < oo for every p. Then E is the DG-algebra of
cochains on a DG-Lie algebra over A if and only if there exists a (strictly)
positively graded vector space V, finite dimensional in each degree, such that
E is the free algebra A(V) on V over A and the differential dEv of an
element v E V (as element of E) is exactly the sum of a linear term dxv and
a quadratic term d2v (i.e. dλv is a sum of terms of the form a ® w, a E A,
w E V9 and d2υ is a sum of terms of the form a Θ vλ t?2, a E A, vl9 v2 E
V).

Proof. Assume E = 6*(L) for some DG-Lie algebra L such that
(K ®Λ L)p = 0 for/? < 0. As above, set V = s(K ®Λ L)*.

Let {/f.} be a base of K®A L9 If the dual base of (K®A L)* and set
vι = slf. Let

d(\ ®//) = 2«/®/y
j

and

The differential of QA(L) is completely determined by

and

d { s ( l ® / . ) s ( l Θ I.)) = -(- l ) ά e g ί ' s [ l ® lif 1 ® / J

It follows that dvh is completely determined by

and

c..
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The signs are + or — if, respectively, degϋΛ + degαf(l + degϋΛ) and
deg υh + deg /, + deg c^(l + deg vh) are even or odd.

Hence

h Jmj i i Ami 2 iJ z J9

for (Vi Vj)(s(l ® lt) - s{\ ® lj)) - 2.

We have to verify now that iί E — A{V) and the restriction to V of
the differential dE is the sum dx + d2 of a linear term and a quadratic
term, then E — &A(L) for some DG-Lie algebra L over A.

Let />! and Z)2 be the derivations on E defined by extending Dλ(a) —
dAa, Dx(υ) — dxυ and D2(a) — 0, D2(υ) = d2v, for α E ^ and v E V.
Then we have dE~ Dx+ D2 and

hence

JDJ2 = i)2

2 = 0 and /),D 2 + D2Dι = 0.

Set
H F , ίΓ) and L — A®LK-

We shall define on L a structure of a DG-Lie algebra over A such that

First fix the following notation. For an A -module M, denote by
TA(M) the tensor algebra on M over A, As an ^(-module TΛ(M) equals
Θ ^ 0 ( Θ ; M ) , where ^ ° M = ^ and ®n

ΛM = M ®A M®A ®A M (n-
times).

If C/ is a graded vector space, we shall denote by

λ: A(U)-* TA{A ® ί/)

t h e a l g e b r a in ject ive m a p o v e r 4̂ given, for α E A a n d ul9u29.- 9 u p E U9

b y

λ ( α M,W2 •••«,)

= A Σ ±«( i®« σ ( 1 ) )^( i®" σ ( 2 ) )^ ^(i®«σ (, }),
n Σ

where Σ^ is the group of permutations of p objects and where the sign is
defined by ±wσ ( 1 ) «σ(2) uσ(p) = uλu2 •••up'm K(U).
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With this notation, we have, for a G A and v G V, λD2(av) G (A ®
V) ®A(A ® F), hence D'2 = λiλ, is a map

Z^: Λ ® F -» (Λ ® F) ®A (A ® V) = A ® K® F.

Let

χ: Hom(F, y4) β^ Hom(F, A)

= Hom^ί^ ® V® V, A) -» Hom^ί^ <8> F, ̂ ) = Hom(F, ^ )

be the dual map and let ω: Hom(i~'F, A) -* Hom(F, A) be the isomor-
phism given by ω(£)(u) = £(s"'*>)• Then

defined by [ , ] = ω~] ° χ ° (ω Θ^ w), is a bracket, i.e. for every x,, x2»
x3 G L, we have

(i)

, [xλ,x3]].

and

(ϋ)

Indeed, these formulas are equivalent to

(i)'

and
(ϋ)'

for I,, | 2 and | 3 G Hom(F, A). Now, (i)' follows from the definition of χ
and, by duality, (ii)' is true if and only if the following formula is true:

(ii)"

(Dί ®A xά)D^ = ((id ®A Dί) + (id ®A T)(DΪ ®A ϊά))DΪ.

But

0 = λ(Z>2

2) - (Di ®A id)Dί ~ ((id ®A E{) + (id ®A T)(D'i ®A ϊά))D[,

as one can check directly. (T is defined by T(x ®A y) = (-l) d e s* ^y y
®Ax.)
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Now set d = ω~ι o HoτaA(Dl9 id) ° ω: L -* L. This defines a dif-
ferential on L: the fact that d2 = 0 follows directly from Df = 0, and the
fact that d[ , ] = [ , ](d ®^ id + id ®^ </) follows from λ(DλD2 + D2DX)
= 0.

As an algebra we have &^(L) — A(V) and to see that actually
6J(L) = is, note that the differentials of an element υ E V are equal.
This completes the proof of the proposition.

(4.5) Consequence, Let A be a finite dimensional DG-algebra and L
be a DG-Lie-algebra over A such that {K®A L)p = 0 for /? < 0 and
dim(ϋΓ 0,4 L)^ < oo for every/? and free as an ^4-module. If A is a model
for a space 7, then L is a model for a fibration p\ X-* Y with a given
cross-section J : Y -* X. Let >?': Γ -» X be another cross-section of/?. Then
there exists a differential rf' on L such that if 1/ denotes L equipped with
d\ then U is a model for the fibration/? equipped with s'.

Proof. The DG-algebra βJ(L) over 4̂ equipped with the natural
augmentation η: G*(L) -* A is a model for the fibration/? equipped with
the cross-section s. Let σ: β*(L) -* ̂ 4 be the augmentation corresponding
to s'. Let β*(L) = A(V) and define an algebra isomorphism φ: A(V) -»
^4(F) over 4̂ by extending φ(l ® t>) = 1 ® ϋ — σ(l ® υ) ® 1 into an
^4-algebra map. Then the following diagram commutes:

ί /σ

Set J(l ® t>) = φ " 1 έ/φ(l ® ϋ). This defines a differential on A(V)
such that (d - J)(l ® t;) is a linear term of the form Σffl^ , αf e 4̂,
t),- E F, and if £ equals A(V) equipped with d, then φ: E -> β*(L) is a
DG-algebra map over^4.

Now, it follows from Proposition (4.4) that there exists a DG-Lie
algebra U over A such that E - G$(L') and as the differential on E
differs from that on β*(L) by a linear term, as a Lie algebra, Z/ equals L.

We shall illustrate this consequence in the examples of §6.

5. The model L+ for the space of cross-sections.

DEFINITION. Let A be a DG-algebra. We say that a DG-algebra E
over 4̂ is free nilpotent over A if E is a free algebra A{V) (see Definitions
and conventions in §1) where F is a graded vector space such that Vp = 0
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forp < 0, dimK77 < oc for every/?, and such that there exists an increas-
ing filtration K(l) C V(2) C V(3) C C V(k) C of V for which
d(A(V(k))) C A(V(k - 1)).

(5.1) Sullivan's model. Let 4̂ be a finite dimensional DG-algebra such
that A0 = K and let C = A* be the dual DG-coalgebra. Let E be a free
nilpotent DG-algebra over 4̂ and let σ: E -» τl be an augmentation of /?.
Conditional to a change of base in the graded vector space of generators
(and the corresponding change in the differential) one can assume σ:
id ® ε, where ε: Q(V) -> Kis the natural augmentation (as above, Fis the
space of generators of E over A) (see [8]). Below we shall systematically
make this assumption.

Sullivan has suggested [12] (page 314) the following model for the
space of cross-sections which are in the homotopy class of the section
corresponding to σ. Consider the free algebra Q(V ® C) (which in general
is not positively graded) and the algebra map

e':A(V) -*A Θ Q ( F ® C) = Hom(C, (K® C))

obtained by setting e\\ ® v)(c) — v ® c and extending as an ^4-algebra
map. Then the derivation on Q(F ® C) given by

d(v ® c) = e(dv)(c) + ( - l ) d e g ϋ t; ® ̂ c

is the unique differential on Q(F® C) such that er is a DG-algebra map
over A. With this differential, the couple (e\ {V® C)) satisfies the
following universal property: for every DG-algebra map Φ: E -> A ® B
over 4̂, where 5 is any DG-algebra, there exists a DG-algebra map φ:
Q(V ® C) -> 5 such that the following diagram commutes:

E X ,4®Q(K®C)

Φ \ j / id <8> φ

In fact, φ is determined by φ(v ® c) = Φ(l ® ϋ)(c).

Let / be the ideal of Q(F ® C) generated by the elements of V ® C of
degree < 0 and their differentials and let Γ be the quotient DG-algebra
Q(F ® C)/L Set e: E ^ A ® Γ for the DG-algebra map over Λ given by
ef followed by the natural projection. The DG-algebra Γ is positively
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graded and the couple (e, Γ) verifies the universal property

E 4 A ® Γ

Φ \ 1/ id ® φ

for any DG-algebra (positively graded) 5 such that B° — K and for every
map Φ of augmented DG-algebras over A.

(5.2) Explicit formulas for e. Let £/ be the subspace of V® C of all
elements of degree < 0 and their differentials (for the induced differen-
tial). Let ( F ® C) + be the quotient vector space F ® C/U. Then we have
an algebra isomorphism Γ « Q((F ® C)4").

Let {c,-} be a base of C (as a vector space) and {Λ,-} be the dual base
of A. Let ϋ, be the class of t; ® c, in (F ® C) + for every i; E F Then

This is the evaluation as described in [12] and in [7]. This follows from the

fact that the inverse of the canonical isomorphism Γ ® A -^Hom(C, Γ)

(given by (£ ® a)(c) = ξa(c)) is defined by a H> Σ, «Z ® az if α,- = a(^).
Let. JF= F* and (^ ® W)+ be the sub-space of A Θ PF dual to

( F ® C ) + . Then we have an algebra isomoφhism

A ® Γ (( ) )

and if we identify E, as an A -algebra, to 4̂ ® Έίom( S(W)9 K), then for
every λ E Hom(5(PF), î Γ), α, ® w1? α2 ® w2?... 9ap ®wpe.{A® W)+ ,
we have

e(l ® λ){aλ ® w,, α2 ® w2,... ,α^ ® M^)

THE FUNCTORIAL PROPERTY OF SULLIVAN'S MODEL.

(5.3) PROPOSITION. Let E and E' be augmented free nilpotent DG-alge-
bras over A. Assume there exists a weak equivalence ψ: E -> Ef over A%

Then Ψ induces a DG-algebra weak equivalence Γ(ψ): Γ(E) -* Γ(E').

Proof As an algebra we have E = A(V). Let d' be the differential on
Q(F) = K ®A E induced by the differential d of E. For v E F we have
d'v = w + (sum of elements of the form vx - v2 vn9 n> l9 vι E F)
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where w E F. Set dvυ — w. This defines a differential on V for 0 =
d\d'υ) = d'w + (sum of elements of the form v\ - v'2 x>'n9 n > 1, £>,' E
F), and </'w = w' + (sum ), and it follows that w' = d^t) = 0. Let
H(V) be the homology of V relatively to dV9 and let c: # ( F ) -> F be a
monomoφhism given by choosing for each class v E //(F) a cycle C(F).
Set /f = c(H(V)). Then Fcan be decomposed into the direct sum of three
subspaces H θ B θ C such that d κ is an isomorphism (of degree one) of C
onto 5.

Set U — B@ C with the differential dv and consider the algebra
A®K(U) with the differential defined by d(a ® w) = da ® id + id ®
dκw. Let Φ: 4̂ ® #(U) ^ E be the DG-algebra map over 4̂ defined by
Φ(l ®y) = 1 ®yify E C, Φ(l ® JC) = d{\ ®y)'ύx E B, x = dvy, tmd
extending into an ̂ -algebra map.

Set A' — A ® Q(ί/) and consider £ with the structure of DG-module
over A' induced by Φ. Then the DG-algebra 91L = AT ®A' E over A is, as an
algebra, equal to A(H) and is in fact Sullivan's free minimal nilpotent
model of E over A [12] (page 289).

Lety: E -> ̂ Hlbe the natural projection. It is a weak equivalence.
To see this consider the spectral sequence associated to the natural

filtration of E and 9IL as A -modules. Theny induces an isomorphism on
the Eλ terms, for the DG-algebra mapy'*: K®AE -* K®A ^ induced by j
is a weak equivalence. To prove this last statement, note that j κ is equal to
the natural projection,/*: Q(F) -» K ®Q ( ί / ) Q(F) = Q(/ί), where Q(F) is
equipped with the structure of Q([/)-module induced by Φ*: Q(ί/) ->
Q(F). Now, let Q(F) and Q(/ί) be filtered by the length: an element of
Q(F) or Q(H) is said to be of filtration/? if it can be written as a finite
sum of elements of the form xx - x2 xq with q >p {xt E F, H). Then
y* induces an isomoφhism on the E{ terms of the associated spectral
sequences. Applying the mapping theorem, it follows that j κ induces an
isomorphism on homology.

NQW, as 9H is free minimal on A, there exists [12] (page 252) a
DG-algebra map over A, p: 9H -» £, which is a weak equivalence and
such that j ° p — identity. It follows that the DG-algebra map over A,
911 ® Q(£/) -> £, defined by (£ ® w) -» p(|)Φ(l ® w), is an isomoφhism,
for it induces an isomoφhism on cohomology and its projection onto the
generators is the identity.

Let h: Q(U) -> Q(C/)(r, ί/r) be the homotopy (in the sense of [3], page
251) defined by h(u) = u®t- ( - l ) d e g M u' ®dt'ύu = du' + u'\ u\ u"
E C. Then Λ/=1 = identity and ht=0 = ε: 5(F) -> iί.

Let ft: E -> £(/, rfί) be the homotopy defined by id ® Λ, after identi-
fying E to 9H ® Q(F). Then Λ/=1 = id£ and Λr=0 = id ® ε.
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Let T(E) and Γ(9H) be Sullivan's models as defined in (5.1) corre-
sponding to E and 911. Then by the universal property there exists one
and only one DG-algebra map h: T(E) -> T(E)(t, dt) such that the
following diagram commutes:

hi

E(t,Λ)

A®T(E)

| id ® ii

A ®T(E)(t,dt).

Using again the universal property, there exists a DG-algebra map
Γ(y): T(E) -» Γ(<Dll) such that the following diagram commutes:

E(t, dt)

In particular Γ(y) is a weak equivalence.
Now, in the same way as above one gets a DG-algebra weak equiva-

lence / : E' -> 911' over A9 and thus a weak equivalence T(j'): T(E') ->
Γ(9H')> where 911' is Sullivan's free minimal nilpotent model of Er over A.

Let ψ: E -».E' be a DG-algebra weak equivalence over 4̂ and let a:
9H -> 911' be the DG-algebra map defined b y α = / o ψ o p : g^ -> j ^ -»
£ ' -> 911'. It is a weak equivalence, hence an isomorphism. The map p:
9H-»£ induces a DG-algebra map Γ(ρ): Γ(9IL)-^ Γ(£) such that
Γ(7) ° Γ ( P ) ~ Γ(i ° P) — id. In particular, Γ(p) is a weak equivalence.
Now, the induced isomorphism Γ(α): Γ(9lt) -> Γ(9Hr) is equal to
Γ(j') °Γ(ψ)°Γ(p) and it follows that Γ(ψ) is a weak equivalence.

(5.4) REMARK. Let A be as above and let E be a DG-algebra over A
such that E = A(V) as an algebra over A, where Fis such that Vp — 0 for
/? < 1 and dim Vp < oo for every /?. Assume, furthermore, that £ is a
jp2-free module over A. Then E is a free nilpotent DG-algebra over A. To
prove this, proceed as in the beginning of the proof of (5.3) to show that E
is the tensor product of a free minimal nilpotent DG-algebra over A and
an acyclic DG-algebra.
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A MODEL IN THE CATEGORY OF DG-LIE ALGEBRAS. (End of the proof
of Theorem 2, §1.)

As above, let A be a finite dimensional DG-algebra such that A0 — K
and let C = A* be the dual DG-coalgebra. Let L be a F2-free DG-Lie
algebra over A such that (K ®A L)p = 0 for p < 0 and dim(i£ <8>̂  L)^ < oo
for every /?. If K = Q and 4̂ is a model for a space 7, then L is a model
for a fibration over Γ with a given cross-section (Theorem 1, §1).

Set E = β*(L) (cf. §4). It follows from Remark (5.4) that E is a free
nilpotent DG-algebra over A,

By restriction of scalars, consider L as a DG-Lie algebra over JSΓ and
let L + be the DG-Lie sub algebra of L consisting of the elements of
positive degrees and the cycles of degree zero. Set

We wish to show that T(E) = β*(L+).
Recall that we have algebra isomorphisms T(E) = Q((F® C) + ) =

Hom(S(A ® F*)+ , K) (see (5.2)). We also have an algebra isomor-
phism β*(L+) =Hom(S(sL+)K), and to see that sL+ =(A® F*)+

as a vector space, note that Hom(sL+ , K) = (F® C ) + , for the dif-
ferential induced on F ® C is precisely the dual to the differential on
sL. It follows that we have an algebra isomorphism Γ(£") = β*(L+).

We must now show that the differential on β*(L+) is the unique
differential such that the evaluation map e\ E -> A® β*(L+) is a DG-al-
gebra map. Let

be the DG-coalgebra map over u: K -> A defined by the natural injective
map β ( L + ) -̂  β(L) followed by the map Su: β(L) -̂  βA(L) (see Remark
(4.3)). Let

ev: HomA{eA(L), A) -> A ® β*(L+ )

be the restriction to H o m ^ β ^ L ) , ̂ 4) of the natural map

Hom(ev,id): Hom(e^(L), A) -» Hom(β(L + ), A) =A ® β * ( L + ) .

Then ev is a DG-algebra map over A and, in fact, ev = e. To see this, one

can directly check that if a, al9 a29... 9ap E A9 λ E β*(K ®A L),

x1? x29...9xp E K®AL, then (see (5.2)).

ev(α ® λ)(ax ® sxl9 a2 ® sxl9...9ap ® sxp)
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Assume K— Q and A is a model for a space Y. Then L is a model for
a filtration/?: X -» Γ with a given cross-section s: 7 -* X(Theorem 1, §1).
Let Ts be the space of cross-sections of p homotopic to s. The proof of
Theorem 2 (§1) now ends by using the theorem proved by Haefliger in [8]
(Theorem 3.2), namely that if E is a free nilpotent DG-algebra over A
which is a model for the fibration/?, then T(E) is a model for the space

6. Examples.

(6.1) The trivial fibration YX Z and the constant map. Let Y be a
nilpotent space and A a finite dimensional DG-algebra which is a model
for Y. Let Z be a simply connected space such that dim HP(Z,Q) < oo
for every/?, and let Lz be a DG-Lie algebra which is a model for Z.

Then a model for the trivial fibration YX Z equipped with a section
corresponding to a constant map is the DG-Lie algebra A® Lz with

[a ® /, a' Θ /'] - ( - l ) d e g / d e δ " 'αa ' ®[/, /']

</(fl ® /) = <fo ® / + ( - l ) d e g α 0 ® <//.

Proof. Y X Z equipped with a section corresponding to a constant
map has as a model the DG-algebra 4̂ ® β*(L z) equipped with the
natural augmentation.

REMARK. It follows that a model for the space of maps Y -» Z
homotopic to a constant map is the DG-Lie algebra {A® Lz)+ .

(6.2) A connected component of Zs\ Let Z be a simply connected
space such that dim HP(Z9 Q) < oo for every /?. Let Lz be a DG-Lie
algebra which is a model for Z. Let/: S"* -* Z be a continuous map. There
exists a ( i — l)-cycle I E Lz such that its homology class / E Hn_λ(Lz) is
equal to the rational homotopy class of/, for Hn_λ{Lz) — πn{Z) ® Z Q

Let Λf be either the quotient algebra Q[fl]/tf2 or the free algebra A(a)9

respectively if n = deg α is even or odd.
jΓΛeπ a model for the trivial fibration Sn X Z equipped with the cross-

section corresponding tofis the DG-Lie-algebra A® Lz with

[a ® /, α' ® /'] - ( - l fglάega' aa'

and, for every x E L z ,
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In particular, the DG-Lie algebra (A Θ L z ) + with same bracket and
differential is a model for the connected component (Zs\ /) of/.

For instance, with this model one can immediately see that the
connected component ((S2k)s2\ constant map) has the same rational
homotopy type as K(Q,2n — 1) X S2n, whereas the connected compo-
nent ((S2k)s2\ any map nonhomotopic to a constant map) has the same
rational homotopy type as K(Q, An — 1).

Proof. Let us first see that it does not depend on the choice of /. If ϊ is
a (n — l)-cycle such that / — / = dΐ, I E (Lz)n, then l ® j c ^ l ® i - α
® [/, x] is an isomorphism ψ of A ® Lz such that Jψ = ψd, where
d{\ ® x) = 1 ® dx - a ® [/, x] for every x E L z .

Next, note that if / = 0, then we are back to example (6.1).
Assume / φ 0 and let L{1) be the free Lie algebra on /. The natural

Lie algebra map L(l) -> Lz induces a map 6*(LZ) -> β*(L(/)) on the
cochain DG-algebras and thus a DG-algebra map λ: Q*(LZ) -* A.

Then the tensor product A ® β*(L z) equipped with the DG-algebra
map σ: ,4 ® β*(Lz)-> .4, σ(α ® £) = αλ(|), is a model for Sn X Z
equipped with the cross-section sy: Sn -> Sn X Z, sy(w) = (w, /(w)).
Therefore, it follows from (4.5) that there exists a differential dL on
L = A ® L z such that β*(L) equipped with the natural augmentation is a
model for (Sn X Z,sf).

Let us compute the differential df on βJ(L) on a given ^4-module
base. Let lQ9ll9...9lp9... be a base of Lz (as a vector space) such that
/0 = /. As in the last section of §4, set vt = si*. Then ^ is defined by
df — ψ~ι dφ9 where φ: β*(L) -> A ® β*(L z) is given by φ(t>0) = ϋ0 — α,
φ(ϋ,) = ϋf , i ¥= 0, and where rf(l ® ξ) = 1 ® rff for ξ E β*(L z).

Now we have (see §4)

where

dlj = z^cijlj and
j

(Note that aJ

0 = 0 and a{9 c^ E Q.) It follows that

l 4 +(-i)deg/oco\>,,
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But

c% = vh{s[h, >o]) = - ( -
— _ / iyteg/, deg/0 Λ
~ \ ϊ) C0i

and deg l} = deg Vj — \J> 0. It follows that

But this is the differential induced by the differential df on L, given
by

Hence dy = dL and this ends the proof.

REMARK. For every p > 1, let α^: Hp+λ{L) -> Hp+n{L) be the map
defined by αg(jc) = ΓTΓ̂ T, ̂ : ^ + Π ( L ) - i ^ ( ( ^ ® £)+) the map defined
by ^(3c) = ( α ® JC)+ and yp: Hp((A ® L ) + ) -̂  /^(L) the map induced
in degreep by e & id: A ® L ^> L, where ε: A -» Q is the natural augmen-
tation of 4̂. Then one can directly see that the following sequence is exact:

• ^ Hp+ι(L) ^Hp

It is Whitehead ys exact sequence for the rational homotopy [4]:

(z 5 ", / ) ® Z Q

(6.3) A connected component of(Sn)γ. Let Y be a nilpotent space and
let A be a finite dimensional DG-algebra which is a model for Y.

Let H > 1 and /: Y -* S"1 be a continuous map. It induces a map /*:
^*(^ r t ,Q) -> H*(Y9 Q). Let I G Hn{S\ Q) be a generator and a E A" be
SL cocycle such that/*(£) = 5 6 #Π(Λ) = ^ " ( F , Q).

/Λe DG-Lie algebra A ® L(/) over A, with deg / = /j — 1

is a model for the trivial fibration Y X Sn equipped with the cross-section sf

given by f.

It follows, in particular, that (A ® £(/))+ is a model for((S")y, / ) .



26 FLAVIO E. A. DA SILVEIRA

Proof. Let us first see that this does not depend on the choice of a. If
a-a = da0, then ψ(l ® /) = 1 ® / - a0 ® [/, /] and ψ(l ® [/, /]) = 1 ®
[/, /] defines an automoφhism of A ® L(/) such that Jψ = ψrf, where
J(l ®/) = - a ® [/,/].

If w is odd, then S"1 = #(Q, Λ) and [/, /] = 0, so that (6.3) means
(K(Q, n)γ, f) has the same rational homotopy type as (K(Q, n)γ, ct =
constant map). Now, the fact that (K(Q9 n)γ, f) and (K(Q, n)γ, ct) have
the same homotopy type has been shown by Thorn [13], and this result is
used by Haefliger [8] to prove the theorem we apply to get our Theorem 2.
For us, therefore, only the case "n is even" is interesting.

Thus, assume n is even and let A ® β*(L(/)) = A(v9 w), with deg v
= n, deg w = In — 1 and dw — \v2. (As in §4, we have set v = si* and
w = s[l9 /]*.) As/*(|) = ά and ξ2 = 0, there exists an element b £A such
that db = \a2. The cross-section sf corresponds to the DG-algebra map
σf: A(v, w) -> A defined by σf(v) = a and σf(w) = b.

From (4.5) it follows that there exists a differential dL on A ® L(/)
such that βj'(L) equipped with the natural augmentation is a model for
((Sn)γ, / ) . The differential dfon βJ(L) is given by df=φ~ι dφ, where φ:
β*(L) -> ̂  ® β*(L(/)) is defined by φ(t ) = i? - α and φ(w) = w - b.
Hence, we have dfv = 0 and (iy-vv = \υ2 + at;. This is the differential
induced by the differential dL defined on L by dL{\ ® /) = — a ® [/, /]
and^/L(l ® [/,/]) = 0, for

/ W ( j ( l ® /)) = (~ l ) d e s w w(sd(l ® /)) = - w ( - j ( α ® [/, /])) = a.

REMARK^Let ap_λ\ Hn~p~\A) ^ Hln~p~\A) be defined by
^ p

ap_λ(a') = aa'9Jet βp^λ: H2n'^\A) -> ̂ - ^ ( ^ ® L(/))+) be defined
by j S ^ α ' ) = fl' ® [/, /] and let yp^: Hp_λ{(A ® L(/))+) - #"-'(,4) be
defined in the following way: a (/? — l)-cycle | in (̂ 4 ® L(l))+ is of the
form aol+ aλ[l, /], where α0 e ^ " ^ fl! e^ 2 1 1 "^" 1 . Let yp-λ(k) = αo

Then the following sequence is exact:

\λH"~P{A) -»•••.

Federer 's exact sequence [4]

( " ) y , / )
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(6.4) A fibration over S2 defined by a "twisted bracket". Here we give
an example of a nontrivial fibration which has as a model a graded Lie
algebra (with trivial differential) over A = H*(S2,Q) with a "twisted
bracket".

Let a E H*(S2, Q) be the fundamental class. Let L' be the graded Lie
algebra (over Q) of dimension 2 as a vector space, with base /, /',
deg / = 3, deg Γ = 8, dZ = dV = 0, [/, /] = [/, /'] = [/', /'] - 0.

We define on L = A®L' a DG-Lie algebra structure over A by
[1 ® /, 1 ® /] = a ® /' and [α ® /', a ® /'] = [1 ® /, 1 ® /'] = 0, rf(l ® /)
= rf(l ® /') = 0. Then L is a model for a non-trivial fibration over S2

whose fibre is K(Q, 4) X K(Q9 9) and whose minimal model over A is
given by A(x9 y) with deg JC = 4, deg y — 9,dy — —ax2.

Now, as a Lie algebra, L — L+ and thus the space of sections of this
fibration has the same rational homotopy type as K(Q, 2) X S4 X K(Q, 9)
(whereas the space of maps from S 2 to K(Q, 4) X K(Q, 9) has the same
rational homotopy type as K(Q9 2) X K(Q, 4) X K(Q, 7) X K(Q, 9)).

(6.5) A fibration over S3 defined by a trivial bracket and a "twisted
differential". Here we give an example of a non-trivial fibration which has
as a model a DG-Lie algebra over /ί*(5 3, Q) with trivial bracket.

Let S1 5 -* S* be the Hopf fibration over S 8 whose fibre is SΊ. Let
S 3 X S 5 -> S 8 a degree-1 map and let E -> S3 X 5 5 be the induced
fibration. Consider the fibration E -* S3 obtained by taking the projection
over the first factor. Its fiber is S5 X S7.

Let A = #*(,S3, Q) and let a E A be the fundamental class. Let L' be
the trivial Lie algebra with two elements /, /' with deg / = 4 and deg /' = 6
(differentials and brackets are trivial). Let L be the DG-Lie algebra over A
obtained by equipping the product A ® L' with the differential defined by
d{\ ® /) = a ® /' and d(l ® /') = 0. Then L is a model for E -> S3, for
&*(L) is the free minimal model of E -> S3 over 4̂. As L + = L and (also
considered over Q) L contains a trivial sub-Lie algebra which has as a
base the element a ® λ and 1 ® μ, and as this inclusion is a weak
equivalence, the space of sections of E -+ S3 has the same rational
homotopy type as the product K(Q, 2) X K(Q, 7) of Eilenberg-MacLane
complexes.

(6.6) Rational homotopy type of immersions of a k-dimensional manifold
in Rp. Let I b e a differentiable manifold of dimension k. The space of
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immersions of X in R^ with the C°°-topology has the same weak homo-

topy type as the space of cross-sections of the bundle & over X associated

to the bundle of /c-frames of X, whose fiber is the Stiefel variety Vp k of

^-frames in R^ [9].

Let A be a model for X. We wish to commpute first the minimal

model of & over A. To this purpose we need the following general

considerations.

PROPOSITION. Let G be a connected compact Lie group and EG -» BG

the universal G-principal bundle. Let H*(BG, Q) = Q ( c l 9 . . . ,cz) with deg ci

even, 1 < / < / . Then the DG-algebra Q ( c l 9 . . . ,c7) ® Q(uu... 9ut) ®

Q(c{ , . . . ,c7'), w/ίA deg cf' = deg c, , deg wz = deg cx - 1, (ic7 = </<?; = 0, ί/wz

= cι — c'ι9 is a model over Q(c l 9 . . . ,c 7 )/or /Λe bundlepx\ EG X σ £(/ -

induced by the projection on the first factor.

Proof. First, consider the two bundles pu p2'> EG XGEG -> 5G in-

duced, respectively, by the projection on each factor and whose fiber is

EG. Let Δ: BG -> EG XG EG be the map defined, for b = eG e 5G, by

ΔZ> = the class of (e, e) in EG XGEG. Then Δ is a cross-section for both

pλ and /?2 and it is a homotopy equivalence (for EG is acyclic). In

particular,/?! and/?2

 a r e homotopic to each other.

Next, choose a DG-algebra weak equivalence /: Q(c,,.. . ,c 7 )-^

A*(BG). (For any space Y9 A*(Y) is the DG-algebra of Q-polynomial

differential forms over the singular complex of 7.) As H*(pλ){ct) —

H*(p2)(cι)9 there exists a form wt GA*(EGXGEG) such that dwt =
A*(pι)(fci)-A*(p2χfci)9 where A*(Pj): A*(BG)-*A*(EGXGEG)9

j — 1,2, are the DG-maps induced on the differential forms. Then the

DG-algebra map

g:Q(cl9...9cι)®Q(ul9...,uι)®Q(c[,...9cί)^A*(EGXGEG)

defined by g(Cι) = A*(Pι)(fCι), g{ut) = w, and g{c[) = A*(p2Xfc,)9 1

< / < / , is a weak-equivalence. This can be proved by considering the

commutative diagram

|
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where v(ci) = c/? and showing that v is a weak-equivalence, which can be

done as follows. Set

π(cz) = ci9 π(cί) — cn π(ut) = 0. Then πv = identity and vπ is homotopic

to the identity, with the homotopy H defined by Hci = ci9 Hui = utt and

Hc\ = φ - t) + c't + uidt.

COROLLARY. Let U -> Y be a G-principal bundle and a: Y -» BG a

classifying map. Let B be a model for Y and p: Q(c 1 ? . . . ,c7) -> B a

DG-algebra map corresponding to a. Then the DG-algebra Q(c[9... ,C/) ®

β: EGXGU^Y induced by U -> 7.

Proof. Let a: U
commutat ive diagram

—» E'

EG

G

X

S |

Y

be

Gu

the map induced b

^ EGXGEG

BG

where a is induced by id X ά. (Note that β is a homotopy equivalence, for

EG is acyclic.) Since pι andp2 are homotopic, αβ — pxά is also homotopic

to p2ά. Now, it follows from the proposition that B ® Q(uv.. .^u^ ®

Q(c\,... ,c7'), with duι — ρ(ct) — c , is a model for £"(7 XGU over 5, hence

Q(c;,...,c;) ® Qίwj,...,^) ® 5, with ί/wz = p(cz) - <, is a model for

EGXGU->BG over Q(cJ,... ,c;).

Now, let us return to our bundle & -> X whose fiber is Vpk. The group

SO^ acts naturally on the right on Vpk and we have a SO^-principal

bundle Vpk -> G ^ induced by this action, where Gpk is the Grassmann

variety of /c-planes in R^. Consider this action on Vp k. Then S -> X is

induced from the bundle £SO^ XS O λ J^ ^ -^ B$Ok by a map

which classifies the tangent bundle over X:

S -

I

X -» ^

Let p — In and k = 2m, m < n. (The computations with both A: and

/> odd or with one of the two odd are analogous to those we shall make.)
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Then i/*(£SO2 m,Q) = Q(pι,...,pm-l9 χ), degpt = 4i, deg x - 2m. By
the above corollary we have

Q(pl9...,pm-l9χ)®Q(ulf...,um_l9z)®Bf

with

-Pi a n d <fe )

where J? is a model for G 2 w 2 m and p: Q(/? l 9 . . . ,p m -\, x) -* B corresponds

to a classifying map G2n,2m -* # S O 2 m (for example the natural inclusion)

is a model for ESO2m X s θ 2 w V2nam over Q ( ^ 1 ? . . . 9pm_l9 χ ) .

4̂ model for the Grassmann variety Glnlm oflm-planes in R2n. Let

and

p" = 4i, degχ" = 2(« - m).

Then the DG-algebra

with

and

; = rfχ' = φ," = rfX" = 0, dv, = 2 Λ'A-/
/=0

- χ'χ"

(where Λ = ̂  = 1, K - iχ' 2, ̂ _ m = i x " 2 , Λ ' = 0 if / > m? ̂  = 0 if

/ > /? — m) is a model for G2nlm.

This can be proved by showing directly that the DG-algebra

with

φ,. = dX = dp', = rfχ' = dp'/ - rfχ" = 0,

/=o

and

<Λv = χ ' χ " - χ
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(with the same conventions as above) is a model over 77*(2?SO2^,Q) =

Q(/>!> ••>#,-!> X) f o r t h e b u n d l e BS°2n X ̂ SO 2 ( / 7 _ m ) -> 5SO2,7 whose

fiber is G2tu2m.

The minimal model of V2n2m. Let B be as above. To the natural

inclusion G2n2m -> # S O 2 m corresponds the natural DG-algebra map

with

duι = p'ι9 dz = x' and do, = Σ PιPi-ι
1=0

(with the same conventions as above) is a model for V2n2m.

Set

" , ^ - m , t ; A Z _ m + , , . . . , ϋ ^ , , w )

with

dχ" = 09 dυn__m = ̂ χ"2 a n d dυ, = dw = 0, i>n-m.

Then it is easy to verify that the natural projection Q(w l 5... ,wm_1? z)

® 5 -» 911 is a weak equivalence.

Thus 9His a model for V2n2m, namely its minimal model.

The minimal model of & -> X for k ~ 2m, p — 2n. Consider the

product Q(/>,, . . . ,pm-l9 χ ) ® 9H with rf^_m = ^χ / / 2 , <fo, = -/?,. and rf>v

= -~χχ". Then the above projection Q ( w l 5 . . . ,Mn_i, z) ® 5 -> 911 induces

a projection

which is also a weak-equivalence. It follows that Q(p\,... ,pm-\, χ ) ® 9H

is the minimal model of ESO2m XSo2m

 vinZm o v e r Q(P\>- >Pm-\> X) a n d

the next proposition follows immediately.

P R O P O S I T I O N . Let A be a model for X and ψ: Q ( / ? l 5 . . . , p w _ i , x ) -> ̂ 4 α

wύξp corresponding to a classifying map X -» 5 S O 2 m /<?r /Λe tangent bundle

on X. Then 91LS - A ® 911, wΛere 9It = Q ( x " , ϋ ^ , ^ Z _ m + I ? . . . ,«„_„ w),

deg x" — 2(n ~ m\ deg υι ~ 4/ — 1, deg w — 2n — 1, IV/YΛ rfχ'' = 0,

* B - « = 2X / ; 2

ί ^ = - ψ ( / ? z ) , i>n-m9 and dw = ~

minimal model of & over A.
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A MODEL FOR THE SPACE OF IMMERSIONS X -» R2" HOMOTOPIC TO A

GIVEN ONE.

According to Proposition (4.4), if ψ(/?7 ) Φ 0 for a given i — 1,...,
m — 1, then ^ g is not the DG-algebra of cochains on a DG-Lie alge-
bra. Let σ: 9Hg -* ̂ 4 be an augmentation on 91tg and set tyd^ for 91tg

equipped with the differential d' defined by </'χ" = 0, </χ_m = i χ " 2 +
<*(x")x"> * , = 0, d'w = -ψ(χ)χ" . Then the ,4-algebra map φ: 9Hg ->
9Hδ defined by φ(χ") - x " - σ(χ"), <PK) = v, ~ σ(t?f) and φ(w) =
w — σ(w) is a DG-algebra isomoφhism over A9 as can be checked
directly. From (4.4) απd computations analogous to those in (6.2) or (6.3)
it follows that 91t£ = β*(L), wλere

L = ^ ® (L(/) θ L ( / _ + 1 ) θ ©£,(/„_,) © L(k))9

with deg I =2(n - m) - 1, deg /,. = 4/ - 2, deg A: = 2π - 2
Ψ(X)* - σίx'OI/, /], Λf- = dfe = 0. (In 9Tls we have x " = j / , u f I_m =
5 [/, /]*, ϋl = ί/*, i > n — m, w — sk*.)

In particular, the DG-Lie algebra L + is a model for the space of
immersions X -» R2n homotopic to an immersion s to which corresponds
the augmentation σ.

REMARK. One can easily verify that σ(χ") is the Euler class of the
normal bundle to the immersion s. We see therefore that the rational
homotopy type of the connected component of s in the space of im-
mersions X -» R2n is completely determined by the Euler class of the
normal bundle to s.

Immersions of S2m in R2n. Let X be S2m. Then to S2m -> J5SO2m

corresponds Q(pv... 9pm-l9 χ) -* A = Q(a)/(a2) defined by pι H> 0 and
X H> a. Let σ: 9HS -» Q(α)/(α2) be an augmentation. Then, as we saw,
the DG-Lie algebra

L = Q(a)/ (a2) <8> (L(/) θ L(/,_m + 1) θ - -

over Q(α)/(α2), with dl = ak - σ(χ/r)[/, /] and d/f = ^ = 0, is a model
for S equipped with a cross-section s corresponding to σ. But, if n φ 2m,
σ is necessarily the trivial augmentation (as there is no generator in degree
2m of (DH), thus σ(χ") = 0. If n = 2m, then all the augmentations are of
the form σ(χ") = ra9 r E Q, a(i;z) = σ(w) = 0.

It follows that L+ with dl-akiίnφ 2m, with dl^ ak- ra[l91] if
n — 2m, and with rf/f. = dfe = 0 in both cases, is a model for the space of
immersions S2m -> R2" homotopic to ̂ .
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If n φ 2m, let q be first positive integer in the sequence

2(n - m) - 1 - 2m < 4(n - m) - 2 - 2m

< 4(n - m + 1) - 2 - 2m < < 4(n - 1) - 2 - 2m.

Then, there is a natural injection

e eL(/;(n_1}_2_2w) © L(ί)

where deg /,' = /, deg / = 4(« - m) - 2, deg /, = 4/ - 2, deg k = 2w - 2,
which is a weak equivalence.

Therefore, we see that a connected component of the space of immersions
of S2m in R2", n φ 2m, has the same rational homotopy type as

K(Q, q)X XK(Q,4(n - 1) - 2 - 2m)

XK(Q,4(n - m) - 2) X K(Q,4(n - m + 1) - 2)

X XK(Q,4(n - 1) - 2) X X(Q,2/i - 2).

If n = 2m, then for every r E Q, there is a natural injection

/ ^ ) θ L(/cO θ L(/m + 1)

where deg k' -2m- 2, deg l\ - M - 2m - 2, deg A: = Am - 2, deg l{ =
4/ — 2, which is a weak equivalence.

We see that a connected component of the space of immersions S2m ->
R 4 m Λα̂  the same rational homotopy type as

K(Q,2m + 2) X XK(Q,6m + 6) X K(Q,2m - 2) X iΓ(Q,4m + 2)

X ••• X # ( Q , 8 m - 6 ) XK(Q,4m-2).

One can make similar computations for X a product of spheres or a
complex projective space and see that also in those cases a connected
component of the space of immersions X -* R2n has the same rational
homotopy type as a product of Eilenberg-MacLane complexes.
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