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AN EXTENSION OF SINGULAR HOMOLOGY
TO BANACH ALGEBRAS

WiLLIAM J. RALPH

By making use of a simple connection with Banach algebras we
introduce certain relations into singular homology and cohomology at the
chain level and show that we obtain homology and cohomology theories.
The deviation between singular and the new theory is measured by what
turns out to be another homology theory HM. One of the main results is
that HM is zero on simplicial complexes but not on metric spaces in
general. This shows that for any coefficient group there are an infinite
number of different homology theories agreeing with the associated
homology theory on simplicial complexes.

Section 2 shows that HM detects all the anomalous singular homol-
ogy constructed by Barratt and Milnor in [BM]. Section 3 gives a simple
application to co-products and shows that we get the usual addition
formula in homology for co-products without the assumption of a co-
identity.

The main applications of this theory will be in a subsequent paper
where the same relations are introduced into homotopy theory. The results
of the present paper will show that the Hurewicz map factors through
these new groups. Another application will be a nice (i.e. computable) way
of relating the algebraic structure of [ X, H] (H an H-space) with proper-
ties of the maps induced by elements of [X, H] in homology and
cohomology.

1. In this section we will introduce a functor 4: — € where J is
the category of spaces and continuous maps and % is the category of
chain complexes of abelian groups and chain maps. This functor will be
very similar to the functor S which assigns to each space X the singular
complex SX (see [G]).

For any two complex algebras B, and B, we defiine L(B,, B,) to be
the group of all complex linear maps from B, and B, under pointwise
addition. Recall that for a space X, the group S, X in the singular chain
complex SX is the free abelian group on the set of all continuous maps
from the g-simplex A, into the space X. Every such map induces an
algebra homomorphism from C(X) to C(A,), where C(X) is the algebra
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of all complex valued continuous functions on X. This suggests that we
might replace the group S,X by a group generated by certain algebra
homomorphisms from C(X) to C(A ). However, we will not take the free
group on such algebra homomorphisms but rather will use the natural
group structure of L(C(X),C(A)).

(1) DEFINITION. Let X be any space. For g > 0 let A, X = Z-span of
{r: C(X) = C(A,)|7 is an algebra homomorphism induced by a continu-
ousmap 7: A, > X} € L(C(X),C(A))). Forg<0let 4,X = 0.

The graded groups SX and AX are connected by the following:

(2) DErFINITION. Let p: SX — AX be the homomorphism of graded
groups defined on S, X as the unique homomorphism from S, X to 4, X
such that if f€ C(X) and o: A, — S is a generator of S X then
p(o)(f) = fea, thatis, p(c): C(X) > C(A,) is the algebra homomor-
phism induced by o. a

It is easily shown that AX can be made into a chain complex in a
unique way by requiring that p be a chain map. Similarly we can make A
into a covariant functor from J to %, in a unique way, by requiring that
p be a natural transformation.

Let <7 be the category of complex algebras with identity and identity
preserving algebra homomorphisms. Let 2/ be the category of complex
algebras and algebra homomorphisms. We can extend A, in a sense to be
made clear, to functors 4: & — % and 4: & — ¥ as follows:

(3) DEFINITION. Let B €.9/ be any algebra. Then for ¢ > 0 let
A,B = Z-spanof {r: B —> C(A)|r: B~ C(A)|r € /) C L(B,C(A,))
andforq<01etAB—0 a

We make a similar definition for 4 ,JBand B e /. The graded groups
AB and AB can be made into chain complexes by defining a boundary
operator as follows. We define d(7) = p(did ) 7, whereid : A, — A is
the identity map considered as an element of S,(4,). With thlS defmmon
we obtain functors A: Z— % and A: &/ — ‘5 We now make clear the
sense in which A is an extension of A4.

(4) PROPOSITION. Let I’ be the full subcategory of J whose objects
are compact Hausdorff spaces. Then

o o Cly = A| 5.
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Proof. This follows immediately from the well known fact that any
algebra homomorphism from C(X) to C(Y), where X and Y are compact
Hausdorff, is induced by a continuous map from Y to X. O

Now let # be the category of commutative Banach algebras with
identity and G: # — 7 the Gelfand factor. The previous proposition
suggests the following:

(5) THEOREM (see [R]). There exists a natural chain isomorphism from
Al g to Ao Glg. ]

We can also show

(6) PROPOSITION (see [R]). Let M be a maximal ideal in some algebra
B € #. Then

H,AB = H AM forallq >0
and
H,AB = H,AM & Z. O

(7) DEFINITION. Let M: 9 — % be the functor that is the kernel of
the natural transformation p (see (2)). O

There is a short exact sequence 0 - MX — SX - AX — 0 of chain
complexes for any space X. We turn now to the characterization of
elements in MX.

(8) DerINITION. For any collection of continuous maps 6,;: X = Y,
ielwelet I(x,y)={i€l|f(x)=y}. O

(9) PROPOSITION. Let X be an arbitrary topological space and let Y be
any metric space. Let 0, X — Y, i € I, be any finite set of not necessarily
distinct continuous maps. Denote by T, the algebra homomorphism induced
by 0, from C(Y) to C(X). If {v,},e; C Z then:

Yur=0inL(C(Y),C(X))e Y ov,=0foral(x,y)e XXY.
4 I(x,y)

(Note: when I(x, y) is empty we define ¥, , v, = 0.)
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Proof. = Fix (x,y) € X X Y and assume I(x, y) # &. Define Y =
{z€ Y|0(x) =z for some i € I}. Now let f be a continuous function
such that f(y) = 1 and f vanishes on any elements in Y, \ { y}. Evaluat-
ing X, v,7; at f and then at x we have

0= (Zon)(Nx) =Tufes(x)= T o

I I I(x,y)

by our choice of f.
<=Let f€ C(Y) and x € X, then

(Zen)x)=Eos60)= £ (f0) £ v)=0. D

I yeY, I(x,y)
COROLLARY. Let X be a metric space. If ¥, v,0, € S, X then

p(Zvloi)=0=> > v,=0 forall (1,x) €A, X X.
I I(x,y)

It can be shown that p is injective when restricted to the subgroup of
S, X generated by simplicial maps. This suggests a result we will shortly
prove, namely that for a simplicial complex X, H,MX = 0 and hence
H.,X=H,AX.

Corollary (10) suggests the analogues of the complexes MX and 4X
when coefficients are taken in some group G.

(11) DEFINITION:
M (X|G) = {Z g0,CS,X®G| ) g =0foral(s,x)e€A, X X}.
I I(1, x)
4,(X|G)=5,X® G/M (X|G). |
Note that M (X[Z) = M (X) and 4,(X|Z) = 4,(X). We will let
M( |G) and A( |G) denote the obvious functors from J to ¥. We now

set out to show that M( |G) and A( |G) are homology theories on 7.
There are short exact sequences

0 > A(Y|G) -» A(X|G) - A(X|G)/A(Y|G) - 0
for any spaces Y C X. We define M(X,Y|G) = M(X|G)/M(Y|G) and
A(X,Y|G) = A(X|G)/A(Y]|G).

(12) THEOREM ( Homotopy Invariance). Let (X,Y) and (W, Z) be any
pairs of spaces. If f,,, f;: (X, Y) = (W, Z) are homotopic, then

HM(f,|G) = HM(f,|G): HM(X,Y|G) —» HM(W, Z|G)
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and
HA(f,|G) = HA(f,|G): HA(X,Y|G) » HA(W, Z|G). O

This theorem is proved in singular homology by defining an operator
P called the prism operator (see [G]). The proof of Theorem (12) proceeds
identically once we have shown that the prism operator on SX ® G can
be suitably restricted to M( X|G). This is contained in the following which
uses nothing more than the naturality of P.

(13) LeEMMA. Let P be the prism operator on SX ® G. Then
P(M (X|G) € M, (X X I|G)).

Proof. Let id, € S,(A,) be the identity map. Suppose P(id,) =
Y csw0; where w, € Z and §, € S, (A, X I). Let X, g;0, € M (X|G).
By the naturality of the prism map we have

P(; gioi) = ; giP(oi) = ; giSq+1(°i X id)(; szj)

= Z WjZ giSq+1(°i X id)°8j-
J I

Let f/ = §,.,(0; X id) §,. We will show that ¥, g,f/ € M, (X X I|G).
Letz€ A, , and (a,b) € X X I. Then

1(z,(a, b)) = {i|S, (o, x id)° §;(1) = (a,b)}

- {j'(oi(8}(t)), 82(1)) = (a,b)} = & or {ilo,(8}(1)) = a}.

Therefore
Z g = Z g =0 sinceZgioiEM(X|G)
I(1,(a, b)) (ilo;(8X(1))=a) I

or
Z g =0.
(7]

and hence

P(Z gioi) € MqH(X x 1|G). H

I

(14) THEOREM ( Excision). Let (X,Y) be any metric pair. If U is any
open subset of X such that U C intY, then the excision map J: (X — U,
Y — U) = (X,Y) induces isomorphisms

HM(J|G): HM(X - U, Y — U|G) » HM(X, Y|G)
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and
HA(J|G): HA(X — U, Y — U|G) » HA(X, Y|G). O

We will first prove excision for HM. Excision for HA will then follow
from the five lemma. In outline the proof of excision for HM is the same
as that for singular homology (see [G]). The only substantial difference lies
in the proof of Lemma (16), which requires a new idea.

The subdivision operator Sd: S,(X) ® G = S,(X) ® G and the de-
generacy operator T: S (X)® G — S, ,(X) ® G can be suitably re-
stricted to M_( X|G) with their usual properties. The proof of this is the
same as that for the prism operator and uses nothing more than the
naturality of Sd and T.

(15) LeMMA. Let X be any space with Y C X. If z € M (X|G) and
0z € M,_(Y|G), then, foralln, z — Sd"z € IM_ ,(X|G) + M (Y|G).

Proof. Identical to (15.14) of [G]. O

(16) LEMMA. Let X be a metric space with z € M (X|G) and % an
open cover of X. Then there exists an r so that Sd’z =¥, z, with z, €
M (U|G) and {U,},c, © %.

Proof. Fix z=1Y"_ g0, where g, € G and o: A — X. Let id
A, — A, be the identity map and suppose that Sd(id ) = X7_, w,§, for
integers w, and maps §: A, — A . An easy induction argument shows
that

m

n
ry — . o . ..
sai= B Saoene e,
i=1

Jiseees J=1

Let W € X be the union of the images of all the o, W is compact
since it is the finite union of compact sets. Now apply the Lebesgue
covering lemma to the space W and the open cover ¥~ of W defined by
¥Y'={UnN WU € %}. This yields an & > 0 such that if Z C W with
diam(Z) < ¢ then there is a V€ ¥~ with Z C V. By (15.13) of [G] we
may choose r so that each of the maps 0,08, --- 4§, is such that
diam(imo,©§; o - - © 8,) < &/n. This r will be leCd for the remainder of
the proof.
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For any integers 1 < ji,..., j, < m, the set

W(jli"'ajr)= U imoioaho oaj,
i=1

has a finite number of compact components since it is a finite union of
compact connected sets. Define

D(jis---»j,)={Ac{1,...,n}3 acomponent, C,of W(ji,...,J,)
with 4 = {ie {1,...,n}limageof g,08, 0 --- 0§, C C}}

Since W(j,,..., j,) is the disjoint union of its components it follows that
D(ji, ..., j,)is apartitionof {1,...,n}.
We now show that if 4 € D(ji,..., j,) then
> 80,08, 0+ 08, €M(U|G) forsomeU € %.
ied
First we show that ¥, 80,08 o --- 28, € M (X|G) and then that
Uic4imo, 08,0 -+ 0§ C UforsomeUE 02/
Let C be the component of W(j;,...,J,) associated with 4 and
suppose x € C and ¢ € A . Since X2, g0, € M (X|G) we must have
X 8,0 o8,(00.x) 8i = 0. But thlS implies that ¥, _ , g, = 0 since only those

maps o0,°0;° --- o8, with i €4 can have image containing x. We
conclude that Z,eAg,a ©f; o --- 08, & M (X|G). Since C is connected
and diam(imo, 2§, o --- ° 8,) <g/n,it follows from the triangle inequal-

ity that diam(C) < card(A4) - ¢/n < n - ¢/n = &. By our choice of ¢ there
must be V€ ¥ with CC V. But V is of the form UN W for some
U&€ % and hence there is U € % with C C U. Therefore
Y, c480,°8,0 028 € M(U|G) for some U € %.

We can now complete the proof of the lemma as follows:

Sdz= X w- Wj,(z 8i0;° 0; 0 -+ °81,)
i i=1

CE e 3 (B

A€D(jy---j) \ied
(since D(jy,-.., j,) is a partition of {1,...,n})

Jir-ees Jr A€D(j,..., Jr) i€A

I
™
™
3

Since

W. - W, .( Z gioi°8j1° 081}) qu(UIG)
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for some U € % we see that Sd’z = ¥, z, and U, € %. O

With Lemma (16) in hand the proof of Theorem (14) for HM follows
identically to that given in [G]. Excision for H4 now follows from
excision for HM and HS and the five lemma applied to the diagram of
long exact sequences obtained from the diagram

0 > M(X-UY-U|G) » S(X-U,Y-U|G) » A(X-U,Y—-UG) - 0
! i l
0 - M(X,Y|G) - S(X,Y|G) - A(X,Y|G) -0

Technical Remark. We have been unable to prove excision directly for
HA. This was the original reason for introducing M. O

In summary we have proved:

(17) THEOREM. HM( , |G) and HA( , |G) are homology theories on the
category of pairs of metric spaces. O

On simplicial complexes we can identify exactly what our functors
are.

(18) THEOREM. If (X,Y) is any pair of spaces homotopy equivalent to a
pair of simplicial complexes (not necessarily finite), then HM(X,Y|G) = 0
and HA( X, Y|G) = HS(X, Y|G) (naturally).

Proof. HM(point|G) = 0. Therefore by the uniqueness theorem HM
vanishes on finite simplicial complexes. It is easily checked that HM is a
homology theory with “compact carriers” (see 4.8.11 of [S]) and hence the
first result follows. The second result is immediate from the long exact
sequence relating HM, HS and HA. |

Cohomology. Using results of Bergman [B] it is easy to move that
A(X) is a free abelian group. In [R] we give a long and tortuous proof that
A(X)/A(Y) is free abelian for Y an open subset of a metric space X. This
is enough to prove the analogue of Theorem (18) in cohomology for
G = Z. We mention in passing the following interesting connection with
the first Cech cohomology group H'( X; Z).

(19) THEOREM (see [R)). If X is a locally path connected metric space
then there is a natural isomorphism n: H'(X) —» H'A(X).
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2. In this section we will show that H,M is non-trivial on the
following spaces:

(20) DErFINITION. Let X|,, be a countable union of r spheres having a
single point in common and a metric topology in which the diameter of
the spheres tends to zero with increasing index. O

Our proof that H,M(X|,,) # 0 will be based on a result of Barratt
and Milnor, namely, that the singular homology of X|,, (for r > 2) is
anomalous in the sense that H S(X,,,) # 0 for arbitrarily large g. We will
see that there is a one-one correspondence between the elements they
construct and certain elements of H,M(X,)). Their theorem is the
following:

(21) THEOREM (see [BM)]). The rational singular homology groups
H, S(X,); Q) withq=1mod(r — 1), ¢ > 1, r > 1 are not zero. In fact
these groups are not even countable. O

Their proof is based upon the Hurewicz homomorphism w,: 7, ( X,,)
— H_S(X,); Q). The non-trivial elements they construct, are images
under w, of elements in 7 ( X,,) built up from Whitehead products. The
application of (10) requires that we have descriptions of maps at the point
set level. For this reason, in the following definition of Whitehead
products and other subsequent definitions, we will be careful to make all
choices of representatives explicit.

(22) DEeFinITION (Whitehead Product). Let 1" be the oriented n-cube.
Let a €7, ,(X,*) and B € 7, (X, *x) have representatives f:
(I™*19I™*Y) > (X,*) and g (I"*1,9I"*!) > (X, *) respectively. The
boundary of I™*"*2 equals 3(I™*! X I"*1) = [+l x 9I"*1 U AI™*! X
I"*! which is an m + n + 1 sphere, S, oriented by the usual orientation
on I™*"*2 We define a map e(f, g): (X, *) » (X, *) by

f(x) (x,y)eImtxoI!,

(23) e(f,g)(x,y)= 2(x), (x.y) € BT X P,

Now fix for all time an orientation preserving homeomorphism A, , . ;:
(Im*n*l grmrntly — (3I™*"*2 ). Denote by {f, g} the composition
e(f, g)° A. This is the representative of an element in =, , . ,( X, *) which
is called the Whitehead product of a and S and denoted [a, 8] or [{ £, g}]
when we wish to make the choice of representative explicit. O
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Basic properties of the Whitehead product can be found in [W].
The next two definitions are in preparation for the description of the
elements constructed by Barratt and Milnor.

(24) DErINITION. By an infinite sum of elements [A;] € 7, (X, %),
J=12,..., we will mean an element [h] € 7 ( X, %), where h: (19,019)
— (X, *) is given by

(25) h(1,....1,)

B R R R R .

fort, € [1— ! , 1 —i]
2071 2/

Note that part of this definition is that the 4, must be such that 4 is

continuous. We will denote h by X7_, & O

(26) DerINITION. We will say that [#] € 7 (X, #) is an infinite sum of
Whitehead products if h = X5, { f,, g,}, where f, and g, are representa-
tives of elements in T, +1(X *) and 7, + (X, %), respectlvely, with m, +
n, + 1=gq. We will denote an 1nf1n1te sum of Whitehead products by

il 8,3 O

(27) PROPOSITION. All of the elements of H,S(X,,*), with q =
mod(r — 1), g>r, r>1, constructed in [BM], are of the form

wo(EF=1 { /) 83D
We will require a point set description of the Hurewicz map.

(28) DerINITION. Fix for all time an orientation preserving homeo-
morphism /: (A ,0A,) — (19,319). Let C, be the constant map (A, A )
— (X, ). Then for [f] € 7 (X, *), the Hurewicz map #: 7,(X,*) —
H_S(X) can be described as

[fol] if g is odd,
(29) w([f]) = [fel—C,] ifqiseven.

(30) DeriNiTION. For [f] € 7, (X, ), we define n(f) to be the
constant map (1%, I¥) - (X, *). O

The elements in the next lemma will be used to construct non-trivial
elements in H,M(X,,)).



EXTENSION OF SINGULAR HOMOLOGY TO BANACH ALGEBRAS 401

(31) LEMMA. Let [X7,{ f;, g;}] € m (X, ). Then
D) X {(n(f) g} and Z l{fj,n(gj)} are continuous;
(11)[Z°°1{n(f) g1 =[5 { [} = 0in 7 (X, *).

Proof. (1) obvious

(i) We will show that [X5_; {n(/), g,}] = 0, the proof for the other
term being identical. Since image n( f;) = *, we can regard [{n(f)), g,}] as
an element of 7 (imageg,, *) by (23). [{n(/)), g,}] = 0 in = (imageg,, *)
(since the Whitehead product of anything with the trivial element is zero)
and hence there is a homotopy H;: I X (14,017) — (imageg ,*) from
{m(f), g,} to the constant map. Since the image of H; is contained in the
image of g;, these homotopies can be glued together in the obvious way to
form a homotopy from X%, {n(f), g,} to the trivial map. O

(32) ProrosiTioN. If [X5.,{f,g,}] € m(X,*) is an infinite sum of
Whitehead products, then there exists (Y] € H M(X) such that H (i)[y]
= w([X5, { f;> 8,}]) wherei: M(X) — S(X) is the inclusion.

Proof. Using Lemma (31) and (29) we have

o (5]

:w([g{f,,g,}})—w( |

w(lg (1)}

1

£ u,g,})ol_(; (o))

(£ aten)or-( £ (gl

Jj=1 Jj=1

= [y] (say).

Note that (33) will hold even if g is even since the C, terms will all
cancel out (see (28)). We will complete the proof of the proposition by
using the criterion given in (10) to show that ¢ € M _(X).
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Letuec A " Then

(34) (gl {fj,gj})OI(u) = (é {j’j.,gj})(fl,...,fq) for some

(#,...,7,) € 17 with {, € [1 -
LA (= R

=e(f;,8))
o=t gl -3

=e(f,,g;)(x,y) forsome(x,y)e drst

which we think of as being 77«*1 X 91™*! U 9I™*! X I"*1 and where
[fi]l € 7, (X, %) and [g,] € m, (X, %) (see (22) and (23)).
Smularly we obtain

(35) ( 5 {n<f,),g,-})oz(u) = e(n(£), )% ¥)

(36) (i (7.1(s) })oz(u)=e(fk,n(gk))<x,y)
@ [ £ (a(5)ate))]o100 = etaln()x )

There are two cases to consider. If (x, y) € I™*! X 91™*! then by
(23) we have:

(i) e(fe, 8)(x,9) = filx) (i) e(n(f), g)(x,p) ==
(i) e(fe-n(g))(x, ) =filx) () e(n(f),n(8))(x, ») = =
Similarly if (x, y) € aI™*! X I™*1 we have:

() e(fi.8)(x, ) =g(y) () e(n(f).8)(x,y) = g(»)
(i) e(fe,n(ge))(x,p) == () e(n(fo),n(g))(x,y) = =
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If we let v; be the set of coefficients of the four terms in (33) we see
that X, . v, = 0 for any z € X. Since u was arbitrary, we conclude, by
(10), that ¢ € M (X). O

(38) THEOREM. H M(X,), Q) and H ,M(X,,,) are uncountable groups
forg=1mod(r —1),g>r, r>1

Proof. Suppose ¢ = 1 mod(r — 1), ¢ > r, r > 1. Then, by (27), there
are an uncountable number of elements in H_S(X,),Q) of the form
wo([X7_1{ ;> g;}]), where we recall that w, is the composition of the
Hurewicz map w: 7,(X,),*) = H,S(X,,) with the map H S(X,)) —
H_S(X,,Q) induced by the inclusion Z — Q. By (32) we can always
find [c] € H,M(X,,) such that H (i)[c] = (X7, {f;g,}]) and hence
we conclude that H ,M(X,) is uncountable. If Q: H M(X,)—
H _M(X,), Q) is the map induced by the inclusion Z — Q, then we have

Hq(i®idQ)°QS([c])=wQ([Z {fj,gj}])
j=1
and hence H,M(X,,,, Q) is uncountable. O

3. By a co-product on a space ( X, x,) we will mean any continuous
base point preserving map ¢: (X, x,) = (X V X, (x,, X,)). In particular
we are not assuming x, is a co-identity for ¢. For any space (Y, y,) we
can then use ¢ to obtain a binary operation on [( X, x,),(Y, y,)] in the
obvious way. We will denote the constant map X — y, by y,.

(39) LEMMA. Let (X, x,) and (Y, y,) be any spaces and ¢ a co-product
on X. Let p. be the binary product induced on [( X, x,),(Y, y,)] by ¢. Then,
for any ¢ € S (X) we have:

(40) S,(B(f,8))(c) = S, (B(f, 7o))(e)
=8, (E(%, &))(e) + S, (B (Fo, 7o))(c) € MY.

Proof. Let 6: A, — X be any simplex. We will show
(41) B(f.g)eo —E(f,Jo)°o0 — i(Fo,8) o0 + B(Fo, yo) o0 € M,(Y).
From (41) we deduce (40) immediately from the definition of S, and
linearity.

To see that (41) holds, let € A, and suppose in the first case that
¢(o(t)) = (x,x,) € X V X. Then we have

(42) B(f.g)eo(t)=Ac(fVg)ogeoa(s)
= Ao(fV g)(x,x0) = A(f(x), yo) = f(x).
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A similar computation gives:

(43) B(f.¥o)eo(2) = f(x)

(44) (5o, g)°a(1) =y,

(45) E(Fo, yo) o 0(1) = y,.

If in the second case ¢(a(?)) = (x,, x) € X V X then we obtain
(46) B(f.g)ea(t) = g(x)

(47) B(f, ¥o)oo(t) =y,

(48) (3o, g)eo(g) = g(x)

(49) (3o, ¥o) o o(t) =

If we let {v;} be the coefficients of the four terms in (41) then we see
by (42)—(49) that for any w € Y, X, ,,v; = 0. Since ¢ was arbitrary, we
conclude by (10) that (41) holds. a

(50) THEOREM. Let (X, x,) and (Y, y,) be any spaces and ¢ a
co-product on X. Let p be the binary product induced on [( X, x,),(Y, y,)]
by ¢. Then, for g > 1 we have:

() if z€ HeA(X) then p(f, g)«(2) = p(f, Yo)«(2) + p( o, 8)4(2)
and

(1) if « € H*A(X) then p(f, 8)*(@) = pn(f, yo) *(@) + p(¥o, 8)* ().
Proof. Suppose z = [p(c)] for some ¢ € S (X). Then
(51)  n(f,8)4(2) = n(f, 3o) o(2) — 1(5o, 8) 4(2)

= 1(f.8)q(2) = 1(£. 30) o(2) = 1(30, 8) 4 (2) + 1(Fo, o) 4(2).-

This is because p(yy, Jy),(2) € H,A(y,) and H_ A(y,) =0 for ¢ > 1.
Now if we use the fact that for any map h: X =Y, h[p(c)]=
[p(S,(h)(c))], then (51) becomes:

[o(S,(E(f,2)()] = [p(S,(r(g, 7))(c))]

—[o(5,(E (50 £))())] +[0(S,(E(Fo> 7))(c))] = 0 by (40).

Therefore (i) of (50) holds.
Part (i1) follows in a similar manner. O

(52) COROLLARY. Let (X, x,) be any space and ¢ a co-product on X.
Suppose (Y, y,) has the homotopy type of a possibly infinite simplicial
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complex. Let p be the binary product induced on [( X, x,),(Y, y,)] by ¢.
Then, for all ¢ > 1, we have:
(@) If z € H,S(X), then p(f, 8) ,(2) = ([, ¥o) ,(2) + 1(Fo, 8) ,(2)
(1) If a € HS(Y), then p(f, 8)*(a) = p(f, Yo)(@) + (¥, 8)U(a).

Proof. This follows from (18), its analogue in cohomology and (50). O

It can be shown that for each of the elements constructed in [BM]
there is a canoniclal way of constructing a space X and a co-product ¢
providing a counterexample to Corollary (52) when X is not a simplicial
complex.
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