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WEIGHTED NORM INEQUALITIES
FOR THE FOURIER TRANSFORM ON
CONNECTED LOCALLY COMPACT GROUPS

JEFFREY A. HOGAN

Let G be a locally compact connected group. If G is also either
compact or abelian, sufficient conditions on a non-negative pair of
measurable functions 7 and V' are given to imply that there exists a
constant ¢ independent of f for which an inequality of the form

(_/;,|f(Y)|p,T(Y)dmr(Y))l/p(SC(fGlf(x)r)V(x)de(x))

holds for all integrable f on G (1 <p <2,p’ =p/(p — 1)). Here, |
denotes the Fourier transform of f defined on T' (the dual of G) and
mg, myp are Haar measures on G,I" respectively. Conditions on T,V
are also given to esnure that the inequality holds with p’ replaced by a
more general exponent on a more restricted class of groups.

1/p

1. Introduction. In [6], sufficient conditions are placed on non-
negative pairs of functions 7, V' to imply

([ 171 rC ] “ < o L 170 vty s

for all integrable functions f on R”, with ¢ a constant independent of f.
Our aims here are to first make sense of such inequalities in a more
abstract setting (in particular, for functions defined on a fairly broad class
of locally compact groups G and their Fourier transforms defined on the
suitable dual object I' with m, m being the appropriate measures on G
and I’ respectively), and then to produce conditions on 7, V' analogous to
those found in [6] so that the inequality will be valid. In the case
1<p<2and g=p =p/(p— 1), the main technical difficulty is the
proof of the existence of a measurable function W: G —» R™ (= [0, o0))
with the properties

(11) V(x) < 2W(x) < 2¥V(x) forall x € G and

' mg{xe€ G;W(x)=a}=0 foralla>0.
In the case g # p’ however, it is necessary to have a measurable function
S: T —» R™ satisfying
T(y) <2S8(y) <2T(y) forally e I' and
mp{y€T:S(y)=a} =0 forall a>0.

1/p

(1.2)
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Let G be a locally compact abelian (LCA) group. Let I' denote the
dual group of G. Equip G and I' with Haar measures m; and m
normalized so that the Plancherel identity is valid. If y € T and f € L} G),
the Fourier transform of f is defined by

f(y) = /G F)y(x) dmg(x).

The Hausdorff-Young theorem then states that if 1 <p <2 and f€
L?(G), then f € L?(T) and

(17 amen] ™ < ([ 1700 Fameto)

Now let G be any group. A representation of G is a homomorphism
U: G — GL(5,) where GL(5) is the group of invertible endomor-
phisms of some finite-dimensional linear space 5. 5, is the represen-
tation space of U and the dimension of 5, is defined to be the
dimension of the representation U (= d(U)).

A unitary representation of G is a homomorphism U: G - %(¢,)
where %(5#,,) is the group of unitary endomorphisms of some finite-di-
mensional Hilbert space J¢,.

If G is compact, let G denote a maximal set of pairwise inequivalent
continuous unitary representations of G. If f € L(G) and U € G, define
f(U) € End(£,) by

(V) = [ F()U(x) dmg(x).

Let E(G) =T1,ccEnd(5£,). If ¢ € E(G), define

1/p

ol = { T awv @)} it e (1)
91 = sup [4(0) ..

where || - || o denotes the pth von Neumann norm on End(5#7) ([5] Sec.
28.34). Now let E?(G) be the linear space of € E(G) for which
l¥ll, < co. In this context, the Hausdorff-Young theorem states that if
1 <p<2and f€ L?(G)then f€ E”(G) and

. ;N\ /P » 1/p
Y aIAIE) < ([ 170 dng(x)

veé

The sufficiency conditions for the case ¢ = p’ are as follows.
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THEOREM 1.1. Let G be an LCA, non-compact, connected group with
dual group T'. Let T be a non-nonegative, measurable function on T and V a
non-negative, measurable function on G. Suppose 1 < p < 2 and there exist
positive constants A, B such that

) ([ 1@an|[f e ang()| <

for all ¥ > Q. Then, for every integrable function f on G,

) ([T am) " <ol [ 110V anga)
with ¢ dependent on A, B, p but not on f.

If G is compact and abelian, I is discrete and m is just the counting
measure.

THEOREM 1.2. Let G be a compact, connected, abelian group with dual
group T'. Let T be a non-negative function on I' and V a non-negative,
measurable function on G. Suppose 1 < p <2 and there exist positive
constants A, B such that

) (T 10)f V) )| < 4
T(y)> Br V(x)<rp~!
for all r > 0. Then for every integrable function f on G,

00 (S 1P| s el [ 100 V) dmel)

yeTl

1/p

with ¢ dependent on A, B, p but not on f.

If G is compact and non-abelian, the statement of the theorem is
slightly more complicated.

THEOREM 1.3. Let G be a compact, connected, non-abelian group with
dual object G. Let T be a non-negative function on G and V a non-negative,
measurable function on G. Suppose 1 <p <2 and there exist positive
constants A, B such that

(1.7) Y T(U)d(U)z)(fV V(x) " Vamg(x)| < 4

T(U)> Br (x)<rr!

for all r > 0. Then for every integrable function f on G,
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1/p

X , ' .
(1.8) anlf(U)ll’é,»T(U)d(U)) sc([G |70x) PV (x) dmg(x)

Ueé
with ¢ dependent on A, B, p but not on f.

Note that the statement of Theorem 1.3 collapses to that of Theorem
1.2 if G is abelian.

The author wishes to express his appreciation to John Price and
Michael Cowling of the University of New South Wales for many helpful
conversations.

2. Non-compact abelian case. To prove the theorems, several lem-
mas are required leading to the existence of a function W on G satisfying
(1.1).

LEMMA 2.1 ( Price, Hogan). Let (X, m ) be a o-finite measure space.
Let V be a non-negative, measurable function on X which is greater than 0
my-a.e. For eachr> 0, let B,={x € X; V(x)=r} and R = {r > 0;
m y(B,) > 0}. Then R is countable.

Proof. X =U,.,K,, my(K,) < oo foreach n € Z. Let R, = {r €
Rymy(B,NK,) >0} and R ={r€ R;my(B,NK,)>1/m} for m
€Z " (={n€Z;n>0}). Then my(B,NK,) <my(K,) < oo forne
Z. So #R7 (= cardinality of R7) < co. But R, = U%_ R, hence R, is
countable. Let r € R, 0 < my(B,) < X, czm (B, N K,). Therefore, r €
R, forsomen € Z,ie. R C U, ,R, and hence, R is countable. a

The utility of this lemma lies in the observation that if G is a
connected LCA group then by Theorem 2.4.1 of [8],

(2.1) G=HXR" (nx=0)

with H compact and abelian. (Here = denotes a topological isomor-
phism.) Of course, if G is non-compact then n > 0 in (2.1). G is then
o-compact. The regularity of the measure m implies the o-finiteness of
the measure space (G, m), so Lemma 2.1 applies to G.

LemMA 2.2. If G is a connected, non-compact, LCA group and V is a
non-negative, measurable function on G which is greater than 0 mga.e.,
then there exists a measurable function W on G satisfying (1.1).

Proof. G = H X R" with H compact and n > 1. Let m, denote the
unique Haar measure on H satisfying my(H) = 1. Let m, denote
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ordinary Lebesgue measure on R". Then m;=my X m, is a Haar
measure on G. (Any other Haar measure on G will be just a constant
multiple of this one, so sets of measure zero are independent of the choice
involved.) Denote the Euclidean norm on R” by || - ||. Let B, = {(h, x) €
G;V(h,x) =r} (r>0), a Borel subset of G. Let E=U,, 5,-0B,- By
Lemma 2.1, E is also a Borel set (being the countable union of Borel sets).
Let S,(y) be the sphere in R” with centre y, radius r. Let G(h, x) = ||x||
and g(h, x) = sin||x||.

G(hy, x,) = G(hy, x,) = x| =[x, ] (= r say)
© (hy, x1), (hy, x,) € H X S,(0).
Therefore,
me{(h,x) € G;G(h,x)=r}=mgz(H X S,(0))
=my,(H)m,(S,(0)) =0 forall »> 0.

Now, {(h, x) € G; g(h, x) = a} is either empty (if |a| > 1), or a counta-
ble union of sets of the form H X S,(0), so mg{(h,x) € G; g(h,x) = a}
=0 forall a > 0. Let

3V(h,x)/4 G\ E

W |/ on G\
3r/4 + rg(h,x)/8 on B,.

W satisfies (1.1) and the measurability of V" and continuity of g imply the

measurability of W. a

In what follows, x ; denotes the characteristic function of a measura-
ble set E and we adopt the convention 0 - co = 0.

Proof of Theorem 1.1. If V(x) = 0 on a set of positive measure then
(1.3) implies T(y) = 0 mr-a.e., so that (1.4) is true trivially. If m {x €
G; V(x) = o0 and f(x) # 0} > 0, then the right side of (1.4) is infinite so
that (1.2) is true trivially. From now on we assume V(x) > 0 mga.e. and
mg{x € G;V(x)= o and f(x) # 0} = 0. Let

(2.2) I= /F ()P T(y) dmp(y) < 221, + 1)

where

P

h- % () FRT dmgx)| ()

i=—00 Y2/B<T(y)<2’*'B

-[V(x)zzfl"f*1
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and

o0

p,
I, = dmp(y).

j=-o

T(y) f(x)y(x) dmg(x)

‘/;JB< T(y)<2/*'B fV(x)<2”’“/_1

"/p

<28 3 V[ [ 1) xyri(x) ()]

j=-

(by the Hausdorff-Young inequality)

< 28( [ 170 n0) dmg())

(since p’'/p = 1) where h(x)=2X%__ 277X, ,s--1(x). For any x,
h(x)=XJ__,2/P/? where J is the largest integer satisfying V(x) >
277=/-1 Estimating the geometric series defining h, we see h(x) <

2V(x)/(1 — 2'77). Therefore, there exists a constant ¢ such that

23) s e [ 15V dng(o)

Now, I, < [¢ T('Y)(fZV(x)<(r(y)/B)P-1 |f(x)|de(x))1" dmr(y). By
Lemma 2.2, there exists a measurable function W satisfying (1.1). Let J
be the least integer such that 27 > || f]|;. Let r, = oo and for j < J, choose
r, such that

3-2772< | f(x)]|dmg(x) < 27.
2W(x)<rp!
J P’
L ¥ 10| [,,, L dmel)| amel)
j=-00 Br,_<T(y)<Br, 2W(x)<rf
Let
D, = {x € Gyrr3' <2w(x) < rP3t).

Then

sz(X)<,p-1 |f(x)|dmc(x)38fD |f(x)|dmg(x) and

J p’
Les ¥ )|, 1) dm(x)] o).
o0 VBr,_1<T(y)<Br, D,

j=_

Since V(x) > 0 mg-a.e. and f= 0 mga.e. on the set where V' = oo, we
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may write
FG) = (17 V()7 (x) 7

and apply Holder’s inequality on D, to get

J

L,<8”" Y f T(y)dmr(y)(f V(x)-P/Pde(x))
j=—c0 "Br_1<T(1) D,

'/p

X

J, V) )|

J

However, D, C {x € G; V(x) < ’,"——11}> SO

J

O At I}

Jj=-00"Br_1<T(y)

V(x)*?"” de(x))
(x)<rpi!

"/p

X

[, V) gl

J pP'/p

ssf"A( [ 1) V(x) dmg(x)

j=-o"D;

(by the condition (1.3) and the fact that p’/p > 1)
) » p'/p
- 87 [ 1A V() dmg(x)]
G
Combining (2.2), (2.3) and (2.4) gives (1.4). a

3. Compact abelian case. The decomposition (2.1) is trivial if G is
compact in the sense that no R” factor appears. A different argument is
required.

LemMma 3.1. If G is a compact, connected, abelian group with Haar
measure m and V is greater than 0 m;-a.e., then there exists a measurable
function W on G satisfying (1.1).

Proof. Choose a non-trivial y € I" and let kery = H. H is a proper
closed subgroup of G, hence m;(H) =0 (since G is compact and
connected). Now y(x) = y(y) if and only if xH = yH so that y is
constant on cosets of H and assumes different values on different cosets.

Let ¢(x) = Re(y(x)), ie. ¢(x) = 3(y(x) + y(x)). If ¢(x) = cos@ for
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some 0 € [0,27),

mg{x € G;¢(x) = cosf}
=mg{x € G;y(x) = cos# + isinf or cos§ — isinf}
=mg{z;HVU z,H} with z;H, z,H cosets of H in G
<mgs(z;H) + mg(z,H) = 0.
Let B,={x€ G V(x)=r}(r>0)and E=U,,3,.0B,. E and each
B, are measurable. Let
_ [3V(x)/4 on G\ E
|\ 3r/4 + re(x)/8 on B,.
W satisfies (1.1) and the measurability of V" and continuity of ¢ imply the
measurability of W. a

W(x)

Proof of Theorem 1.2. This is exactly as for Theroem 1.1 except that
the measure on I' is now counting measure so that all integrals over T’
(and its subsets) are replaced by the corresponding sums.

4. Compact non-abelian case. If G is compact and non-abelian,
there is a further complication due to the fact that the representations of
G are not necessarily one-dimensional, so that an argument like that of
Lemma 3.1 will not hold. We rely instead on a decomposition of G
involving Lie groups.

LEMMA 4.1. Let G be a compact, connected Lie group and d the
invariant Riemannian metric on G. For each y € G, let S(y)= {x €
G;d(x,y)=r}(r=0). Thenmy(S,(y)) = 0.

Proof. Omitted.

LemMmA 4.2. If G is a compact, connected, non-abelian group with Haar
measure mg and V is a non-negative, measurable function on G which is
greater than 0 mg-a.e., then there exists a measurable function W on G
satisfying (1.1).

Proof. If G is compact and connected, then

G = (T x I1 G,.) JH
iel
where T is a compact, connected, abelian group, {G;; i € I} is a family of
compact, simply connected, simple Lie groups and H is a totally discon-

nected, closed subgroup of Z(T X I, ,G;) (the centre of T X I1,.,G)).
For a discussion of this decomposition, see §6.5.6 of [7].
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G is non-abelian, so I must be non-empty and at least one G, must be
non-trivial. Let G, be non-trivial, T, = T X I, ., ,,,G; and G, = G, X
T,. G,, being a connected, compact Lie group, possesses an invariant
Riemannian metric d yielding the topology.

Define an invariant pseudo-metric d on G, by

J(x, y) =d(x;, y)
where x,, y, are the G,-components of x, y (€ G,) respectively. Define
D: GX G- R"by
D(xH,yH) = inf d(xa, yb).
a,beH
In particular, D(yH, H) = inf, . ,d(y,,a,) (by the invariance of d).
Now HC Z(G, X T}) = Z(G,) X Z(T,) and Z(G,) is finite since G, is
simple. Therefore, the infimum in the definition of D(yH, H) is taken

over a finite set (i.e. d(y;, a;) takes only finitely many values as a varies
over H). So we may write

D(yH,H) = mind(y,, a,).
a€H
We shall need Theorem C §63 of [3] which implies that if 7: G, » G,/H

= G is the canonical homomorphism then m o 7! is a Haar measure on
G. (There exists a constant & > 0 for which m; = am; o 77') So

mg{yH € G;D(yH,H) = B}
= am(;z{y € Gy; ‘Illéigd(ybal):B}
<amg{y € G,;d(y,,a,)=p forsome a € H)
< amcz{ U (SB(a{) X Tl)}
i=1
(where {a%, cey a{’} is the finite set consisting
of the projection of H onto Z(G,))
<a) mGl(SB(a{))mTI(TI) =0
i=1

where the last step follows by Lemma 4.1 and the compactness of 7). Let
g(yH) = sin D(yH, H). As before, let B, = {x € G;V(x) = r}(r > 0)
and E=U,, .08, E and B, are measurable. Let

_ [3V(x)/4 on G\ E

W(x) = 3r/4 + rg(x)/8 on B,.
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For 1 <i<n define h; G,—> R* by h,(y)=d(y,a;). Each h, is
continuous, hence measurable, and D(yH, H) = min,_,_,h,(y), so D is
measurable as a function on G and hence g is measurable also. The
measurability of ¥ and g now implies the measurability of W. Also, W
satisfies (1.1). O

Proof of Theorem 1.3. First note that if U is a representation of G,
then d(U) > 1. Suppose ¥V(x) = 0 on a set of positive measure. Then the
second integral in (1.7) is infinite for all » > 0. Therefore the first integral
(sum) in (1.7) must be zero for all » > 0 and this implies that 7(U) = 0
for all U € G. If this were the case then (1.8) would be true trivially.

If mz{x € G;V(x)= o0 and f(x)+# 0} > 0, then the second in-
tegral in (1.8) would be infinite and once again (1.8) would be true
trivially. From now on we assume that V(x) > 0 mg-a.e. and m {x €
G, f(x) # 0and V(x) = oo} = 0. Let

(4.1) I= Y [f(U)lsT(U)d(U) <27(1, + )

Ued
where

L=Y ¥ 1))

p/

[ f(x)U(x) dmg(x)
V(x)=2/7"/

Jj=-00 2JB<T(U)<2’'*'B b
and
[e 0] P’
L= X Y T f(x)U(x)dmg(x)
j=-00 2B<T(U)<2/*'B V(x)<2/pi~1 &y

(using the fact that ||4 + BHg;, < 21"(||A||§;, + |]B|lgl;) for A, B €
End(5%,)).

(42) 5,<2B L 2 % [(7xyernmm) ()], (V)
vedG

Jj=-

<28 £ ([ 10 s dmg())

J=-00

(by the Hausdorff-Young inequality)

<o f 11V dme())

(estimating the integral as in the proof of Theorem 1.1).

pl

L< ) T(U)d(U)
veé

F(x)U(x) dmg(x)

fzv(x)<(T<U)/lf?>f"1 oy
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By Lemma 4.2, there exists a measurable function W satisfying (1.1). Let
J be the least integer satisfying 27 > ||f||;, let r, = o0 and for j < J,
choose r; such that

3.2472 <f | f(x)]dmg(x) < 27.
2W(x)<r}”"1
Let D, = {x € G; rj!’_"zl <2W(x) < rj’__ll}.

’

4

L< ¥ Y 1))

Jj=-00 Br,_<T(U)<Br,

.Y ¥ T(U)d(U)(fz

J=-00 Br,_ ;<T(U)<Br,

f(x)U(x) dmg(x)

'/;W(X)<’f_l &y

V) )|

W(x)<

I

M~

Y T(U)d(Uf( /2 If(X)Idma(x))pl

oo Br,_,<T(U)<Br, W(x)<rp~!

Il
I

(10(x) lls, = d(U)"* since U(x) € @(#,))

<8 ¥ ] Tzw) B_T(U)d(uf(/l) |f(x)|de(x)) .

We may write |f(x)] = (Jf(x)|V(x)'/?)V(x)~*/? and apply Holder’s in-
equality on D; to get

I, < 87 i Y T(U)d(U)z(fD V(x)""/"dmc(x))

j=-o0 Br,_;<T(U) )

p'/p
<[ If(X)IpV(x)de(x)) .

However D, C {x € G;¥(x) < r?3'} and combining this with the as-
sumption (1.7) gives

J r/p
43 Lewt £ [ 1V dngl)|

<974 [ 15V amg())

(since p’/p > 1). Combining (4.1), (4.2) and (4.3) gives (1.8). O
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The requirement in the above theorems that the group G be con-
nected may be relaxed slightly as follows.

PROPOSITION 4.3. Suppose G is a topological group with identity

component G, such that G/ G, is countable. If either of the conditions
(1) G, is non-compact LCA

(1) G, is compact abelian

(1) G, is compact non-abelian
hold, and V is a non-negative, measurable function on G which is greater
than 0 mg-a.e., then there exists a measurable function W on G satisfying
(1.1).

Proof. Choose coset representatives x; (j € Z") for G/G,. Let x,G,
be a coset of G, and define V;: G, - R* by Vi(x) = V(x,x) (x € Gy).
By either Lemma 2.2, 3.1 or 4.2 (depending on whether (i), (ii) or (iii) is
satisfied), construct a measurable function W, on G,, with the properties

V,(x) < 2W(x) <2V(x) forallx € G, and
me{x € Gy W(x)=a} =0 foralla>0.

Now let W/: x G, > R" be given by W/(x;x) = Wj(x), and W: G — R"
by W(y) = W/(y) for y € x,G,. W is measurable and satisfies (1.1). O

So if, in Proposition 4.3, G satisfies (i), (i1) or (iii), then the conclu-
sions of Lemmas 2.2, 3.1 or 4.2 (respectively) hold, and hence Theorems
1.1, 1.2 or 1.3 (respectively) will apply to G.

5. General exponents. In this section, a supplementary result is
stated which loosens the restrictions on the exponents involved in the
inequality at the expense of additional restrictions on the class of groups
for which such an inequality may hold.

Given weight functions ¥ on G and T on G (the dual object of G), the
proof requires the existence of measurable functions W on G and S on G
satisfying (1.1) and (1.2) respectively. If G is compact, however, (1.2) is
clearly impossible since G is discrete. The proof will work for

(5.1) G=HXJXR" (n>0)

where H is a countable abelian group and J is a compact abelian metric
group. The decomposition (5.1) then implies

(5.2) G=T=HXJxR" (n>0)
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where H (the dual group of H) is a compact, abelian, metric group and J
(the dual group of J) is a countable, abelian group. Hence, H X J and
H x J are o-compact and we may use Lemma 2.1 and the proof of
Lemma 2.2 to construct functions W and S satisfying (1.1) and (1.2)
respectively. (Note that Lemma 2.2 requires only that G = K X R" with
n > 0 and K o-compact.)

If T is a measurable function on a measure space M, then T*:
[0, 00] = [0, o0] is the non-increasing rearrangement of 7, a discussion of
which may be found in Chapter 5 §3 of [9].

THEOREM 5.1. Let G be an LCA group of the form (5.1) with dual group
I'. Suppose V is a non-negative, measurable function on G and T is a
non-negative, measurable function on I'. If 1 <p <2, p<q<p' and
there exist positive constants A, B for which

L q/p
(5.3) ( f T*(1) dt)( f V(x) Ve de(x)) <4
(tT*(1))? /9> Brt V(x)<rp~?

holds for all r > 0, then for every integrable f on G

54 ([T @) < [ 17007V ()

with ¢ independent of f. If 2 < g < o0, ¢’ <p < g and there exist
positive constants 4, B for which

63 ([, wwalf T(y)dmrm)p/q' <4

holds for all r > 0 (with W(z) = (VY (»~D)*(¢)), then for every integra-
ble f on G, (5.4) holds with ¢ independent of f.

By considering the case G = R”, the sufficiency conditions given here
may be shown to be not necessary (as in [6]). However, if T and V are
assumed to be radial and, as functions of |x|, T is non-increasing while V'
is non-decreasing, then the conditions are also necessary.

1/p
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