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HARDY INTERPOLATING SEQUENCES
OF HYPERPLANES

PascaL J. THoOMAS

A sufficient condition is given on unions of complex hyperplanes
in the unit ball of C" so that they allow extension of functions in
the Hardy H' space. The result is compared to Varopoulos’ theorem
about zeros of H? functions.

1. Notations and definitions. For z,w € C”,

n
zZ W= Z Z;W;,
i=1
B'={zeC":|z))=z-z< 1}.
For a; € B", a; # 0,
Gk
laxl”
Ap =D real-dimensional Lebesgue measure. For instance, on C,
—5dzNdz =dA,.
Automorphisms of the ball.

b1 (2) == g (2) :=

a, =

ay — Pi(z) — 5,.0r(2)
1—2z- ay

where P (z) := ‘%"%ak is the projection onto the complex line through
ax,Qx(z) := z — P(z) is the projection onto the complex hyperplane
perpendicular to ay, s? =1 — |a;|%.

The map ¢y is an involution of the ball (see Rudin [4]). Note that

O (B") ={z: P(2) =0} = {z: z- 4 = 0}.

We write

— 1|2 — 2
dotz,w) = pua)ft = 1 - S IEEZRD),

This is an invariant distance: if ¢ is an automorphism of the ball
(i.e. any composition of unitary transformations and the above invo-

lutions), dg(¢(z), p(w)) = dg(z, w).
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We will study hyperplanes in the ball, denoted by:
Vi:={z€B": z-a; = |aj|*}.

The point a; is the point in V; closest to the origin. It is also the cen-
ter of the n — 1-complex-dimensional ball which V; defines inside B”.
This definition makes no sense when a; = 0, so we will not consider
that case. However, the problem we will consider is automorphism-
invariant and if there is a hyperplane going through the origin, apply-
ing to the whole sequence an automorphism ¢,, with |a| small enough,
will preserve the hypotheses (at the expense of a change in the value
of J, see below) and yield the conclusion. We define cj.’k to be the
“center” of the hyperplane ¢ (V}), i.e

o(V)) = ¢;1(V}‘) ={zeB": z-: E?k = lc})klz}.
We further consider the angle between ¢ (V;) and V:

|9, - al
cos By := kT
|c kllakl
LEMMA 1.
Likcjk
(1) ¢ =L
Ik Ic_1k|2
where

a’f-c‘zk .
k= ((1 “Sk)l]ale - |aj|> ai + Sidj,

Lk = ar - @; — |a;* = (a — a)) - a};

lejil? = 11> + (1 = |aj|*)(1 = |ag]?).

_ 2 . = 5
(2)  cos’f = <|Jk_kl) _ 2[ k% |21|| ill _
lcjklla| 2+ (1= a1 = [a?)
- 12
02 |(ax —a)) - aj|
|cjil® = S 7 ’

I(ak - aj) -aj|? +aj|2(1 = |a;1)(1 - |ax|?)
I |2 'ajlz)(l - Iakl )
T L |2+(1—l‘11|2 )(1—|a]?)

(3)

The proofs of all lemmas are deferred until §4.
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The interpolation problem. The Hardy space HP(B") is the space of
functions f holomorphic on the ball and verifying

1AW = sup [ 1ARDP do(@) < o,

where o is 2n — 1-dimensional Lebesgue measure on 0 B”.
The Bergman space AP (V}) is the space of functions a holomorphic
on the hyperplane V) and verifying

ol - / (2)P dAzn_a(2) < co.

DEFINITION. [?(A4P(V}),1 — |ai|?) is the product of the Bergman
spaces on each hyperplane, endowed with the following norm: if a =
{ak}kez,, where oy is a function defined and holomorphic on V,

lallf = Ila”]p (AP (Vi) 1=lagl?) = Z(l —Jax|? ”ak”Ap V)
k

Notice that ¢y|y, is just an affine map from ¥V} to Qi (B") ~ Bn-1,
so that we can rewrite

”01” “0‘”11: AP(BP=1) (1—|a |2))

= >0 lapy o 2 90 i 2(w).

Given a function f € H(B"), the space of holomorphic functions,
we consider the following map

T: H(B") — ﬁH(V,-),
i=1

f'_’{fIVi}i21°

DEFINITION. We say that {V}} ez, is an H?-interpolating sequence
of hyperplanes if T maps H?(B") onto [?(A4?(V;), 1 — |ax|?).

Equivalently, given {a;} a sequence of functions holomorphic on
Vi, such that

0= ) /V o (2) dAgn_s(2) < oo,

there exists f € HP(B") such that

f|Vk=ak.
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This definition is the one given by Amar [1] and reduces in the case
n = 1 to that of Shapiro and Shields [5].

REMARK. With this definition, if a sequence of hyperplanes is H”-
interpolating and we take points b, € V;, Vk, then the sequence {b;}
is HP-interpolating (in the sense of [2]).

Proof. If we are given a sequence of complex numbers {f;} such
that

> (1= b Bel? < oo,

k
then define N
_ (115 )
ak(Z)— (1-—2-51( ﬂk-
Then
[ lax(@P dizn-a2)
Vi
L= |2 ["
= ﬂ p|l___— 1Tkl J ’U_)) i (w ’
/Qk(Bn)I Kl 1 —y(w)- b | Jy (w)| dAzn—2(w)
where y(w) = a; + s w.
[Ty ()] = 5" = (1= |ax[)"",  and

1—y(w) gw')=(1-|a?) (1 -w- o),
so, setting b}, = y~1(by), we get

/ o (2) dAzn_2(2)
Vi

2n-1 A
= |BulP(1 = |a "-/ 2O G a(w
| Bicl? (1 = |a ) ousm | T=w B 2n-2(W)
< C|BlP(1 = |ag|®)"~1(1 — |b}|*)" because np > n — 1,
(1= be[*)"
_ P
Clﬂkl l_laklz .

It follows that
301 - [a ) /V ok (2)P dAan-a(z) < C (1 = B IBel?,
k k k

and the function f € H? which we get by interpolating the a; on the
hyperplanes verifies f(b;) = ay(by) = Px- a
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Taking b, = ay, we get from [8] (for p > 1) the following necessary

condition:
n
(1 —|a>)(1 - a;]?)
sup — < 00.
k ZJ:( |1 —a - aj|?

We also get that any sequence {b; } must be separated in the Gleason
distance; thus there exists > 0 such that if j # k, then

dc(V;, Vi) = inf{dg(z,w),z € V;,w € Vy} > > 0.
We say that the hyperplanes are separated.

2. The main result. We are looking for a sufficient geometric condi-
tion to ensure that a sequence of hyperplanes be H!-interpolating. To
do so, we define another family of neighborhoods for the hyperplanes.

DEFINITION. Given ¢ a positive number, we call tube around Vj, the
following open subset of B":

Ts(Vi) :={z € B": |(z — ay) - ag| < 6(1 — |ax|*)}.

Those neighborhoods of the hyperplanes will be larger than those
given by separatedness in the Gleason distance. This will follow from:

LEMMA 2. (1) Given any z € B",

) 1P o $u(2)P
96 V) = B Of + (L = 18P
Q) VinVi =3 & cos’ O > (1 e [*).
(3) If (2) is satisfied,

0
(1- a1 = |a?) _ (- 1ehl®)
@@ — [ajllall”  cos? Oy

(4)

do(Vj, Vi) 2 81 > 0 & (1 —67) cos? 6 > (1 — [c)[?).

From this we can prove that all points of the ball which are close
enough to ¥V} in the invariant distance must be within the tube. Indeed,
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by applying Lemma 2(1) and the fact that

(z—a)-a a
1-z @ |4l

P o ¢i(z) = -

we see that

I(z — ag) - a|? .
I(z — ax) - @) + lag|2(1 = |ag|?)(1 = |z]2)
Clearly then, if z € 0 T5(V}),

02 02
V)2 =
de(z Vi) = =7 2P 2EE T 874 2(1+3)
1—|a|?

dg(z,Vi)? =

which shows the inequality holds for z & T(V}).

THEOREM. There exists a number cy = cy(d) > 0 such that if

. (1= la (1 = a1 \"

(i) sgpj%k( = P ) < ¢
and

(i1) Jorany j#k, T5(V;)NTs(Vy) =9,

then {Vi}rez, is an H'(B")-interpolating sequence of hyperplanes.

REMARKS. (1) It was proved in [6] that (ii) together with

(1= la[>)(1 = |a;l?)
(B) supZ - @] < 00

forms a sufficient condition for {¥;} to be an H* interpolating se-
quence of hyperplanes.

(2) A similar result holds for a sequence of points, but condition
(1) is enough, with any constant ¢y < 1 [8]. Here ¢y will have to
be even smaller; therefore condition (i) by itself is enough to ensure
separatedness of the points, since in particular each term of the sum
must be less then c¢g.

Proof of the Theorem. We will construct an approximate extension,
i.e. an operator

E: 1'(A' (V). 1 = |ay?) — H'(B")
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such that

(E1) IElop < 00
and

(E2) ITE —Iflop < 1.

Then TE is invertible, and one can write a true extension by letting
E = E(TE)~!. The operator TE will be the identity map on /! and
for a € [!, E(c) will be a solution to the interpolation problem.

Let ,
: _ L—laP\™ .
B = 3 (=) s,

where &; = ay o ¢y 0 Oy o @y is an extension of oy to B”. Note that for
z € V}, the jth term in the sum is exactly 12"a;(z) = a;j(z). (E1) is
easily checked, for the coefficient of &,(z) is bounded and it follows
from the computations in [6] that

Lo (1) a2

< C(1-JaP) /V ok (2)| dAzn—a(2).

do(z)

This step fails for p > 1, and prevents us from proving H? results
for hyperplanes similar to those for points in [8].
The theorem reduces to:

MAIN LEMMA. For ¢y small enough, there exists ¢, < 1 such that for
any a € I'(4'(Vi), 1 — |ai|?),

Y- la? D> P (i%)znak(z>

—_ 2 (87 .
5c1§<1 ) /V ok (2)| dAzn—a(2)

]

Comparison with zero-set results. Clearly, if {V}rez, satisfy the
hypotheses of the theorem, then their union will be a subset of a zero
set for H! functions. To see it, simply adjoin to the sequence a hyper-
plane ¥} such that (i) and (ii) still hold (this can be achieved by taking
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aj on OB"\ Uy<; T25(Vi) and |ag| very close to 1); then interpolate 1
on V), and 0 everywhere else.

This needs to be compared to the results of N. Th. Varopoulos, at
least in the special case of a divisor made up of a countable union of
complex hyperplanes [9, §8]. In that case, he showed:

PROPOSITION 8.2. There exist constants Cy, ..., Cy such that if
(8.18) > (1= a;)" < Co(1 = o |H)"

Ji|1—a;a|<Cr(1—|ag|?)
and
(819)  Card{j: V;nKy(0) @, ¥; & Ke(0)} < Ca

where K,({) .= {z € B": |1 — z - {| < h}, then there exists p > 0 such
that \J, Vi is a zero set for HP(B").

It can be shown (see e.g. [3]) that (8.18), which is a Carleson measure
condition, is equivalent to

n
(1 =l P)(1 —ajl?)
sup 5 < 0.
k5 ( 11— ay -aj]?

On the other hand, if we assume separatedness in the invariant dis-
tance, (8.19) is satisfied in the following stronger form:

3Cs > 0 such that Card{j: V;NK,({) # D, V; £ Kc,n({)} < 1.

Note that the above set is non-empty only when 4 < 2/Cs.

The idea of the proof is first to use the triangle inequality for the
Koranyi distance to reduce oneself to the case where { € V;N9B"; then
to apply an automorphism to bring V; to ¢;(V;), which is a hyperplane
through the center of B". The region K,({) is transformed into a
similar region, because a;, by the assumption that j is in the above
set, is far enough away from (. If another index k was also in the
set, the hyperplane ¢;(Vy) would pass through ¢;(K,({)), and thus its
projection onto ¢;(¥;) would come too close to the boundary, violating
the conclusion of Lemma 5, given below.

Varopoulos’ theorem, as he pointed out, provides no control over
the value of p (which could indeed be very small, if one works out
the constants involved). This is essentially because the norm of the
Carleson measure supported by the divisor cannot be made arbitrarily
small. For this very special structure of the divisor |J ; V;, our result
provides additional control on the exponent, although the actual zero
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set involved could be much larger than |J ; Vj. Namely:

PROPOSITION. If {V} }kez, satisfies

((1 ~lax (1 - |a,~|2>)” < Mg,

11— a - aj?

(inr) sup >

Jij#k
and
(iy)  foranyk, Card{j: T;(V;)NT5(Vi) # @} < N,

where M > 0, N > 0, are integers, then there exists f # 0, f €
H'/2M(N+D(B), such that f|y, =0 for all k.

Proof. An elementary combinatorial argument shows that under
(iiy), the sequence can be split into N + 1 subsequences, each of
which satisfies (ii), and of course (ip/). Then Mills’ Lemma [8] al-
lows us to split each such subsequence into 2 further subsequences
verifying (i). Thus we are reduced to the case M = 0, N = 0, i.e. the
assumptions of the theorem; by the argument given at the beginning
of this section, each subsequence has a nonzero H'! function vanish-
ing on it. Taking the product of the annihilating functions, we find
fe H1/2M(N+l)(Bn).

3. Proof of the main lemma. For convenience, we shall introduce
the notation 4; = ay o¢,. Thus 4, is a function defined on A4, (B") ~
B! and

(A—laely [ (e ddan (2

= (1 g ) /V o (2)| dAzn_2(2).

Furthermore, &; = Ay o Qi o ¢. With this new notation, it is enough
to bound

> X -l ey [ 2ol gy, o,

— 7 .a,|2n
K itk 1=z-ad
The integral in question is equal to

|4y 0 Ok (w)| _
/ask(V) =z agn 7o) L ddgn-2(w),
J

where Jy, |v,(2) is the Jacobian of the map ¢, restricted to V;.
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LeEMMA 3.
1-la 2\n—1 .
(D) = TR @ - ) a3 + (1= oy )01 — fae )
_ Q=g
- |1 — Z‘ak|2" lc_]k‘ »

with the notations from Lemma 1.

Thus the terms in the sum reduce to:

(1~ la;)(1 = a2y i
2+ (U= 1a; D)1 = [a?) Jg ) |4k © O (w)| dAzp—2(w)
(1 —la; )1 — |ae )"+

= e [ gy (0 a0
J

LEMMA 4. Givena€ B", let V ={z € B": z-a = |a|*}. Then

(1) )
|a'ak|) 2
J = —") =:cos*6.
oy (|auak;

(2) In the case where a-a; # 0, Qi (V) is the subset of Q) (B") given
by the equation

la-a ]\~ 2 2 2
Ia“akl |'UJ1 - Qk(a)l + |’U)2’ <1l- |al 5

where w, is the coordinate in the Qy(a) complex direction, and w,
represents the n — 2 complex coordinates in the orthogonal directions
within Qi (B™). Qx(V) is thus an ellipsoid of radii (cos 0)(1 — |a|?)'/2
in the w, direction, and (1 — |a|?)!/? in each of the w, directions. In
the case where a - a;, = 0, we get simply Q,(B") NV as the projection.

(3)

max |z| = |a|sin 0 + (1 — |a]?)!/? cos 6.
(V) ’

We apply this lemma with a = cj.’k and 6 = 6. Since, under the
separatedness condition, V; NV, = O, we always have |c§’k cqy| =
lakllch | cos 0k > lagllch (1~ [c% )72 > 0, ie. ¢ -a; # 0. Replacing
the Jacobian by its value (see Lemma 1(2)), we get for each term of
the sum:

_ (1= laP)(1 = Py g
lak - Cj|?

[ et diana(w)
Orodi(V})
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We now make use of (ii):

LEMMA 5. If T5(V;) N T5(Vy) = &, then there exists 6; = 6,(6) > 0
such that

max{|z|: z € Qp o ¢ (V})} < /167 < L.

Thus the distance to dB" from Qy o ¢y (V;) is at least d, = 1 —

V1- 612. By the classical theory of Bergman spaces, this implies that
Ay, satisfies a uniform estimate on Qy o ¢ (V)):

2 /
Ar(w)| £ 55— A (u)| dAzpn—2(u).
| k( ), = 522,,_2 Qk(B"), k( )| 2n—2(#)

It follows from Lemma 4(2), applied with a = c?k, that
Aan—2(Qk © ¢ (V})) = cos? B (1 — |9 )"
2n-2(Qk © P (V})) = cos” O (1 — |c |7)" .
Thus each term in our sum is bounded by

(1 —la;P)(1 —Jae?)"*1(1 = e [)"~!

lcjk|2

() / A ()] dAzn— (1)
Qk(B")

which Lemma 1(3) and some arithmetic reduces to:

— |a;1?)"(1 — |ai|2)*"
ekl

= c@ [ o 4601 i),

We must estimate |c;x|> = |1i]? + (1 — |a;|?)(1 — |ax|?) from be-
low. Simply writing that a; ¢ T;5(V;), condition (ii) implies |/;;| >
o(1 ~|ajf?).

Case 1. (1 -0)|1 —a;-a| <2(1 —|aj|). Then

o(1-¢6
( 2 )Il_aj.&kl'

Case 2. (1 -0)|1 —a;-a| > 2(1 —|a;|). Then

el > 6(1 ~laj?) 2

il = lag - @ — lay
=1 —ap-a;— (1 lg)(1 +a -@)| 2 0|1 - ac - 3]
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In either case, |cjx|*" > |[x|*" > C(6)|1 — a; - @|*", and our whole
sum is majorized by

C(®) Y (1~ lax )"
k

(1= a1 — &)
x ( )3 [ T ] ) / oy A0 i 20

J:j#k

<@C@ Y1~ laP) [ law(2)]dinna(2).
k Vi

It will now be enough to pick

b =) 501 _ sy\2n o 56n—4

which concludes the proof of the Main Lemma.

4. Proof of the Lemmas.
Proof of Lemma 1. Since ¢y = ¢,

ok(V) = ¢ (V) ={z € B": ¢(2) - aj = |a;|*}.
This equation becomes:

~ Z-ay _ _ _
ap - aj — Wak -aj(l —Sk) —SkZ-aj= |aj|2(1 - Z -ak),

ar - a; _ _ _
z-((laj? = ==L (= se) ) ax — s¢a; ) = laj|* — ay - a;.
|a|
Let |ajlcjk := ((1—-s1)(aj @/ |ax|?) — |aj|?) ay +seajs Lk := ax-a; —layl.

The equation now reads z - Cj; = [j, or equivalently
2

) jkc ik

lc jk|2

We need to compute |c;;|2. Note first that

e _ Wl _
|le<|2 |C'jk|2

]alejk = (1 —sk)aj -y — ]ajlzlaklz + S,aj - ag
=a; - @ — |a;Pal’;

and

j'flkl2

~ la - 2
|aj|cjk.aj=(l—sk) Iak|2 —|aj|2ak.dj+Sklaj| .
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Thus
|a;?lcjxl? = |ajlcjx - lajlf'
= lajlei - @ ((1 -0k Ia,I2> + (ajlen - a)s
la; - akl _ B
= (1 —sx) f T — (1= si)a - ajlaj|* — |ajlPa; - & + |a;|*|ax|?

la; - a|? _ 2
+ 85, (1 = sk)—il—2 - sklaj®ay - aj + s?|a;|

|a
=la; &) —|aj]* (@ - aj + aj - @) + |a; P (1 — a]*) + |aj|*|ax )
=la;-a - IajI2|2 + (laj1? = la;|*) (1 = |a[?)
= |a;j*(lax - @} — lajlI* + (1 = |a;1*)(1 — |a|?))-

This proves (1).
We get from the above
la; - a — |a;*|ai|*)?
lar2la;2(1xl? +la; (1 = a;|) (1 = |al?))’
which proves (2) after cancelling |a,|?|a;|* from top and bottom. Fi-
nally,

cos? 0 =

:_ |
kl? + (1 = |a;|?)(1 = |ax|?)’

I

C ik
from which (3) follows.

chklz =

Proof of Lemma 2. Since d; is automorphism-invariant, we can
compute dg(dr(Vy), z) first. But P (z) = ay for z € V}, s0 ¢ (V) =
Qr(B™). Now fix z € B". We need to find

: (=20 = Jw}?)
inf )(1 )

weQy (B" |1 —z-w|?

=1-(1-|z sup —.
(1-12p )wer gny |l —z-w|?
If z.w = Qy(z) - w remains fixed, the largest value is obtained
for |w| minimal, i.e. w parallel to Q;(z). Set w = aQy(z)*, with
a € A= B! c C. We have to study

max 1% §
aed |A+ Ba|?’

with A = 1, B = Qi(z)* - Z = |Qk(z)| < 1. This function is always
differentiable and the gradient vanishes for « = —B/A. The maximum
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equals (|4 — |B|*)~! = 1/(1 — |Qx(2)]?).

R o N 1 XC X
1=10c(2)> 1-1Q(2)2 1|z +|P(2)?
That gives the distance from z to ¢, (V;). By invariance under auto-
morphisms, dg(Vi, z) = dg(dx(Vi), $1(2)), and we get (1) by substi-
tuting ¢, (z) into the above formula.
Now we want to minimize dg(¢(Vy), z) over z € ¢ (V;), i.e. for
z -9, =|c%|*. Recall that P(z) = z - a;. Let

|z - a;)? 1
|z - ak|2+1—|z|2 1+ (1-|z]?)/|z-a;|*’

¥(z) =

so to minimize ¥ we have to maximize 1 —|z|?/ |z-a |2. We can reduce
ourselves to the case where z € Span(ak,cj?k); otherwise, projecting

z onto it will not change z - a; and will increase 1 — Iz2. If z €
¢« (V) N Span(ay, ¢, ), we can write

z=ch+ (1 - )‘/zcoka,

0
where « is a complex number, a € A, and |c k| =1, c?k € Span(ay, cjk),

and ¥, 7 c? = 0. With this notation,
1-|z)=(1- 'cjklz)(l — |af?),

z-ap =0 -ap + (1= %)) *ac), - a; = A+ Ba.
Note that

so that , o 210 2oog?
| A4I* = |cjy - @i |® = |cji| = cos” O,

|c -a;|?
|B|2=(1—|C?k|2)( | |2

= (1 = [c9|*)(1 — cos® 6).

As above, the maximum of (1—|a|?)/|4A+Ba|? is (|4|?>~|B|*)~!, pro-
vided that 4| > |B|. This last condition simply means that ¢, (V) N
&(Vj) =D, 1e. VNV ;= . This is equivalent to |4|> > |B|?, which
is easily rewritten into (2).
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Getting back to 1 — inf{d2(z,w), z € V}, w € V;}, we find

1 _ 1 —|chl”
L+ (L= 1% 2)/(142 = [BI2) |42 ~ B> + (1 = |c0,]?)
0
cos? 6

Writing d2(V}, Vi) > 6% gives (4) immediately. (3) follows from sub-
stituting the values given by Lemma 1 (2) and (3).

Proof of Lemma 3. Recall from [4] that the global Jacobian of ¢y is

g 1— Iaklz n+1
" \lT-z-al) -
To restrict to V;, we must divide out the dilation corresponding to the
directions orthogonal to the source set, a; LV}, and to the target set,

Cjk L &1 (V;). This will be |Da; (dx(2) - Ejk/l(,"jk|)[2, where Da; denotes
the derivative in the complex direction of aj;.

Px(2) - Cik
_ a1 - (1 =5z @/lal?) = sz
1—z a;
(1-s5 )a;'ak —|a-|)a +5 a*]
“lal? J1) STk
1 . _
=1—_775;[(1—5k)ak' * — |ajllal® + scay - @
at-a at -
1 —s5.)2L—= — (1 = sp)|aj| — s, (1 = sp)-L—
+[( k) Iaklz ( k)l j' k( k) |ak|2
a;'ak = 2 ¥
+silaj| — sk (1 —Sk)W Z -8z
1 i, 2
=——[a,-a—|ajl|a
l—z-ak[k 7= lajlla]

~ _ 2 _
+(aj—ax)-aj(z-a) — (1 —|a|%)z - aj].
Since z-a; and z - a; are linear forms,

Da;(z -aj)=aj-a;=1 and Da;(z-ak) = aj - a.
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Thus
Dy (b1 (2) - Cjic)
_i(z) i, 1 . ,
=Tz Y At T U @ (L= ad D)l

For z €V}, z-a; = |aj|* and ¢ (z) - Cjk = ljk, so that all that remains
is the second term inside the square brackets:

S \|P_ (1= |a]?)?
(¢"( ) |c,k|)

el =z @ P
Dividing the global Jacobian by this quantity yields the result.

Proof of Lemma 4. (1) At any point of V, split the tangent space 7
into an orthogonal direct sum:

7 =7 NSpan(a,a;)® 7.

The projection Q, induces the identity on Z”, so it is enough to con-
sider the situation on the complex line Z” N Span(a, a;) = Span(#),
where i := a; — (ay - a/|a|?)a. Thus

_ Q@)

lJlevl— |ﬁ|2 >

and an easy computation gives (1).
(2) If a-a; # 0, then Q| is one-to-one. Let (Q|y) '(w) =
w + Aay, where A € C.
P 2 _ |a|2 —-—w-a
(w+4iay)-a=lal*=1i= oz

Since we want the image under the projection of those points inside
the ball,

. lla]> —w - af?
0u(v) = {we 0u(pn: p + 1= By o <1,
Using the w;, w, notation, the above equation is written

2 ~12
a wy -
|wl|2+|wz|2+———II | 1

Notice that w; - @ = w; - 0(@), [w; - G(@)|* = w1 ]2|Q(a)]%, and

f = 10l + 14241
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The equation becomes:

2 21412
o (1+ 125 ) - 8wy @+ - 0wt
g Plal*

2
|ak‘a|2 +|w2| <1

+

which simplifies to

g |*|al?
lay - a|?

lwi ~ Qr(@) + w2 < 1~ af.

(3) In the above ellipsoid, the minimum distance to the boundary
is attained when w, = 0, and equals

1—|0k(a)] — (1 —la]®)"/?>cos8 =1 —|a|sin 8 — (1 — |a|*)!/? cos 6.

Proof of Lemma 5. First, since V;NT5(Vy) = @, ¢p (V) N (T5(Vx))
= . Although tubes have no reason to be invariant under automor-
phisms, ¢, (T5(V;)) is not far from being a tube around Q;(B") =
o1 (Vi). More precisely, if |P,(z)] < d/(1 +6), then qS;l(z) = ¢p(z) €
T5(Vi). Indeed,

—(1 — &) Pi(2)

((2) —ar) - a =

1-2z- (_lk
(6e(2) - @031 < (1 ~laeP e

under the above hypothesis. It follows that for z € ¢, (V;), since
z & ¢i(T5(Vi)), | Pi(2)| 2 6/(149) =: &y, and consequently |Qx(z)| =

(1= 1P(2)P)'/? <4 /1 =67 u!
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