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AUTOMORPHISMS OF CONGRUENCE
FUNCTION FIELDS

M. RzeDOWSKI-CALDERON AND G. VILLA-SALVADOR

Let k be a finite field. For a function field K over k and m > 3,
it is proven that there are infinitely many non-isomorphic function
fields L such that L/K is a separable extension of degree m and
Aut, L = {Id}. It is also shown that for a finite group G, there
are infinitely many non-isomorphic function fields L/k such that
Aut;y L = G . Finally, given any finite nilpotent group G such that
|G| > 1 and (|G|, |k| — 1) =1 and any function field X over k,
there are infinitely many non-isomorphic function fields L over k
with Gal(L/K)=Aut;, L=G.

1. Introduction. Let k be any field and K be an algebraic function
field over k. Given a finite group G, does there exist a finite extension
L/K, where the exact field of constants of L is k and whose full
automorphism group, Aut L, is isomorphic to G?

If k is an algebraically closed field, Madden and Valentini [9],
proved that any finite group can be realized as the full group of auto-
morphisms of an algebraic function field over k.

In [13] Stichtenoth, still under the assumption that k is algebraically
closed, proved that if E/k(x) is a finite separable extension with
[E : k(x)] > 1, then, for any function field K/k of genus larger than
one, there exist infinitely many separable extensions L/K such that
[L:K]=[E:k(x)] and Auty L = Autg L = Auty,) E . In particular,
if the non-trivial finite group G is realizable as Galois group of an
extension of the rational function field k(x), then, for any function
field K/k of genus larger than one, G is realizable as Galois group
of an extension L/K and as the full group of automorphisms of L
over k.

A congruence function field is a field of algebraic functions of one
variable over a finite field of constants.

The main purpose of this paper is to prove that, under one ram-
ification condition, Stichtenoth’s result still holds when k is finite
(Theorem 3). In this case, we have no restriction on the genus of
K . We also prove the analogue, in congruence function fields, to the
result of Madden and Valentini (Theorem 5). In §3 we obtain, as a
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consequence of the results in §2, that if G is a finite nilpotent group
such that |G| > 1 and (|G|, |k|—1) = 1 and K is a function field
over k, then there are infinitely many non-isomorphic Galois exten-
sions L/K such that Aut, L = Autg L= G.

Our approach is as follows: Given a congruence function field K
over k and m > 3, infinitely many non-isomorphic function fields L
of degree m over K are constructed whose exact field of constants is
k and such that Aut; L = {Id}. Theorem 2 achieves this.

From now on, k£ is a finite field of characteristic p and with ¢
elements. If L is a field extension of K, Autg L denotes the group
of automorphisms of L that fix K pointwise. In particular, if L/K
is Galois, Autg L = Gal(L/K). x,y, z denote transcendental ele-
mentsover k; K, E, F, T, L, ... are various function fields whose
exact field of constants is k. For x € E, (x)g is the principal divi-
sorof x in E. If E/k is a function field, L/E denotes a separable
finite extension where the exact field of constants of L and E is k
and Dp g stands for the different of the extension. For a place P in
a function field, deg(P) denotes the degree of the place. Finally, we
write g; for the genus of L.

2. Automorphism groups. As in the papers of Madden-Valentini [9]
and Stichtenoth [13], here Castelnuovo’s Inequality plays an important
role:

THEOREM 1. Let L, K, E be function fields with field of constants
k and such that L = KE. Then

gL <[L:Klgx +[L:Elge + ([L:K]-1)([L:E]-1).

Theorem 1 is an easy consequence of the Riemann-Hurwitz for-
mula in the case that K and E contain a common transcendental
element over k. In the case that K and E do not contain common
nonconstants, the proof is not so easy (see [12]).

The following lemma is a direct consequence of Theorem 1 with
E =a(K) ([9], [13]):

LemMma 1. If L/K is a finite extension of function fields with field of
constants k and such that for any intermediate field M, K G M C L,
it holds that gy > [M : K1> + 2(gx — 1)[M : K]+ 1, then for any
o€ Auty L we have d(K) =K.

Given a congruence function field K and a positive integer m,
we will construct extensions L/K such that the constant field of L
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is k, [L : K] = m and all the intermediate fields different from K
have suitably large genus. Then, by Lemma 1, it will follow that any
o € Aut; L satisfies g(K) = K. Also, we obtain these extensions
satisfying one extra ramification condition that forces any ¢ € Aut; L
to fix K pointwise.

DEerFINITION. Let Ey/k(x) be an extension of function fields and C

be a real number. If an extension FE|/k(y) satisfies:
(1) [Ev: k()] =[Eo: k(x)],
(ii) Autk(y) E, = Autk(x) Ey,
(ili) if M; is any intermediate field, k(y) G M; C E;, then
gm, 2C,

we say that E;/k(y) is a C-improvement of Ey/k(x).

First we prove the analogue of Lemma 2 in [13].

LEMMA 2. Let Ey/k(x) be a function field extension. Then, for any
real number C, there exists a C-improvement of Ey/k(x).

Proof. (See [9], [13].) Let EO be the normal closure of Ey/k(x)
and n = [Ep : k(x)].

Let us assume first that if M is any intermediate field, k(x) &
M C E,, we have gy > 1. Choose any positive integer m such
that (m,pn) =1 and m > C. Let y = x!/". Then k(y)/k(x)
is a separable extension of degree m where the only ramified places
are the zero and the pole divisors of x and are fully ramified. Let
E, =Ey(y). E{/k(y) is separable, [E; : k(¥)] = [Ep : k(x)], the field
of constants of E; is k ([7]) and Auty,) E; = Autyy) Eo. If M,
is any intermediate field, k(y) G M; C E; and M = M; N Ey, then
M; = M(y). We have k(x) G M C E;. Let p be any place of M
that lies above the zero or pole divisors of x. Since (m,n) =1, p
is fully ramified in M;/M . Thus, deg(Dys/5r) > 2(m—1) and by the
Hurwitz Genus Formula,
gm, = 1+[M : Mi](grr—1)+75 deg(Dag yn) = 1+5(2(m—1)) =m > C.

It remains to prove that there exists a 1-improvement of Ey/k(x).

Let m denote a natural number larger than one such that (m, pn) =
1 and again let y = x1/m. Define E; = Ey(y). As before, E,/k(y)
satisfies (i) and (ii) of a 1-improvement of Ey/k(x).

Let M, be such that k(y) G M, C E;. Then M = M,NE, satisfies
k(x) G M C Ep. Let pp and po be the zero and the pole divisors
of x in k(x).
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(a) Assume that at least one of gy and po is not fully ramified
in M/k(x). Say that g, is not fully ramified. We have that in M,
po = P{'---P;*. Then, either h > 2 or deg(P;) > 2. Thus, at least
three places ramify fully in M;/M(P;, P, and a place of M that lies
above p,) or at least two places ramify fully and one of them is of
degree > 2. By the Genus Formula, gy, > 1/2. Therefore gy, > 1.

(b) Observe that if gy > 1, then gar > 1.

(c) In the case that there exists M such that k(x) G M C Ep,
gy = 0 and both py and p., ramify fully in M/k(x), we will
require a further construction.

The extension E,/k(y) just obtained does satisfy that if k(y) &
M, C E; and gy, =0, then M, = k(y'/5) where s = [M; : k(p)].

Therefore, the extension E,/k(y) is such that if k(y) G M, C E;
and gp, = 0, then the zero and pole divisors of y in k(y) are fully
ramified in M, /k(y).

Let d be any integer such that d > 1, (d,np) = 1 and large
enough so we can choose two different places B; and B, in k(x) of
degree d.

Ey;, —  E4
| |
M; — M,
| |
kz) k)

Let z € k(x) be such that (z)x) = B1B2‘1 . We construct an exten-
sion E3/k(z) satisfying (i) and (ii) of a 1-improvement of Ey/k(x)
and if Mj; is such that k(z) & M3 C E3 and gy, = 0, then the zero
and pole divisors, Qp and Q. , of z are fully ramified in A3/k(z).

We have [k(x): k(z)]=d, Qp and Q are inert in k(x)/k(z).
We define E4 = E3(x). .

The extension E4/k(x) satisfies (i) and (ii) of a 1-improvement of
Ey/k(x). Let My be any intermediate field k(x) G My C E4. Then
M; = My E; satisfies k(z) & M3 C E3. If gy > 1, then gy, >
1. If gm, = 0, then Qo and QO ramify fully in M3/k(z). Thus,
By, B, ramify fully in M4/k(x). Again, by the Genus Formula,
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gm, = ([My : k(x)] - 1)(d — 1) > 1. The extension E4/k(x) is a
l-improvement of Ey/k(x).
This completes the proof of Lemma 2.

REMARK. It follows from the proof of Lemma 2 that if g, ram-
ifies and p., does not ramify in Ey/k(x), then the same occurs in

Ei/k(y).
Next we have

LEMMA 3. Let m be any integer, m > 3 and let x be any tran-
scendental element over k. Then, there exists an extension E/k(x) of
degree m such that Auty ) E = {Id}, the zero divisor of x ramifies
in E/k(x) and the pole divisor of x does not ramify in E/k(x).

Proof. (See [13].) Let E = k(y), where y™!1(y — 1) = x. Then
E/k(x) is separable of degree m. Since any automorphism of E
over k(x) fixes three places of degree one of E, Auty) E = {Id}.
We observe that the zero and pole divisors of x ramify in E. It
follows from gr = 0 and the Hurwitz Genus Formula that there
exists at most one place (which must be of degree one), besides the
zero and pole divisors of x, that ramifies in E/k(x). If k #F,, F;
the finite field with two elements, there is at least one place of degree
one which is not ramified. If k = F,, there is wild ramification, thus
the third place of degree one is not ramified. In any case, there is at
least one place of degree one that ramifies and at least one place of
degree one that does not ramify in E/k(x). We may assume that the
zero divisor of x is the one that ramifies and the pole divisor of x is
the one that does not ramify.

This completes the proof of Lemma 3.

Now, we prove the analogue in congruence function fields to Satz 3
in [13].

THEOREM 2. Let K be any function field over k and m be any
integer, m > 3. Then there exist infinitely many non-isomorphic fields
L such that L/K is separable of degree m, and Aut; L = {1d}.

Proof. Let H = Aut; K. We have that H is a finite group ([2],
[11]) say of order n. Let F denote the subfield of K fixed by H.

Let A be a place of K of degree a, where (a, mnp) = 1. Asa
consequence of the Riemann Hypothesis, we have that the number of
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places of degree ¢ of K is lg' + O(q"/?) (see [3], page 41). We also
have that the number of places of degree ¢ of K that restrict to lower
degree places of F is bounded by

Z % . (Number of places of degree z of F )

fin 4
>1
n f n
=Y (7 747 +0@")) < ¢+ 0q"?).
ft t
fln
f>1

Therefore, there exists a positive integer ¢y such that for any ¢ > ¢,
there are places of degree ¢ of K that restrict to places of F, also of
degree t. Any of these places in F decomposes fully in XK.

E L
" |
k(x) —— K

|
F

Choose a positive integer ¢ such that ¢ > t;, t > gg + 1 and
(¢, mnp) = 1. Let Q be a place of F of degree ta that is fully
decomposed in K/F and denote by B;,..., B, the places of K
that lie above Q.

Consider first the case n > 2. By the Riemann-Roch Theorem there
exist x € K such that (x)x = B;A"CB;*B;!---B;;! where C isan
integral divisor, s > 2 is such that (mnp,n+s—-2) =1 and r =
(n+s—4)t+1. Since deg(C) = (t—1)a < ta = deg(B;), C is relatively
primeto B;, i=1,...,n. We have [K : k(x)] =ta(n+s-2) and
(ta(n+s—-2),n)=1. Hence K = F(x).

Let po and p, denote the zero and pole divisors of x in k(x).
Using Lemmas 3 and 2 we can construct an extension E/k(x) such
that [E : k(x)] = m, Auty () E = {Id}, for any intermediate field M,
k(x) G M C E, we have gy > m?+2(gx —1)m+1, po ramifies in*
E/k(x) and p does not ramify in E/k(x).

Define L = KE. L/K is an extension of degree m. Let g €
Aut; L. From Lemma 1 it follows that o(K) = K. Now, since g
ramifies in E/k(x) and B; is not ramified in K/k(x), it follows
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that B; ramifies in L/K. Since p. does not ramify in E/k(x),
B,, ..., B,, do not ramify in L/K. Hence BY = B;. Thus, neces-
sarily ¢ = Id. Therefore Aut, L = {Id}.

If n=1, we have Aut, K = {Id} and the extension L is obtained
as above.

Finally, we observe that since gz can be chosen arbitrarily large,
gr can be arbitrarily large so there are infinitely many fields L with
[L:K]=m and Auty L = {Id}.

The proof of Theorem 2 is complete.

Partial analogues to Satz 1 and Satz 2 in [13] follow immediately
from Lemma 2 and the proof of Theorem 2.

THEOREM 3. Let Ey/k(x) be an extension of function fields with
[Eo: k(x)] > 1. Let pg and po denote the zero and pole divisors of
x in k(x), respectively. Then, if po ramifies and p, does not ramify
in Eyg/k(x), we have that for any function field K over k there exist
infinitely many non-isomorphic extensions L/K such that [L : K] =
[Ep : k(x)] and Auty L = Autg L = Autk(x) Ey.

THEOREM 4. If G is a non-trivial finite group realizable as Galois
group of an extension Ey/k(x) with the ramification prescribed in The-
orem 3, then for any function field K over k there exist infinitely many
Galois extensions L/K such that Auty L = Autg L = G.

We finish this section by proving the congruence function fields
analogue to the result of Madden and Valentini [9].

THEOREM 5. Let G be any finite group. Then, there exist infinitely
many non-isomorphic function fields L/k such that Aut, L=G.

Proof. Let | be a prime number such that G C S;. Then, there
is an extension Ey/k(x) such that Gal(Ey/k(x)) = S; ([4], [6], [8]).
Let T denote the subfield of E, fixed by G. Then E,/T is a Galois
extension with Galois group isomorphic to G. Let d, d,, d, be
positive integers such that d is a prime number, d # p, d\+d, =4d,
d, > d, > max{3, 2g7 — 2} and large enough so we can choose two
places By, B, in T that decompose fully in E;, of degrees d;,
d, respectively. By the Riemann-Roch Theorem, there exists y € T
whose pole divisor is B1B,. Then, the extension Ey/k(y) is not
normal (see [9]). By Theorem 2, we can obtain an extension K/k(y)
of degree relatively prime to [Ey : k(y)] and Aut; K = {Id}.
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E, — L
G| |G
I, — F
d |
k(y) —— K

Using Lemma 2, we can construct a C-improvement E;/k(y) of
Ey/k(y) such that there is an intermediate field 7, k(y) ¢ T} C E;
with Gal(E,/T;) = G, where C = [E; : k(»)]*+2(gx — D)[E; : k(¥)]+
2. Since the genus of K is smaller than the genus of any intermediate
field of E;/k(y) other than k(y), it follows that KN E; = k(p).

Let L = E\K and F = ;K. Then L/F is a Galois extension
such that Gal(L/F) = G and by Lemma 1, Aut; L = Autg L. Since
L/K is not normal and [F : K] =d, a prime number, we must have
F is the field fixed by Auty L. Thus Auty L = Autp L=G.

The existence of infinitely many non-isomorphic such fields L fol-
lows from the fact that we can choose gg arbitrarily large.

3. Nilpotent groups. We use the results obtained in §2 to prove the
following theorem.

THEOREM 6. Let G be a finite nilpotent group, |G| > 1 and (|G|,
q—1) = 1. Then, for any function field K over k, there exist infinitely
many non-isomorphic Galois extensions L/K such that Auty L =
Autgy L= G.

Proof. We first prove the theorem for the case G is an /-group,
where [/ is a prime number such that (/,g—-1)=1. Let |G| =1",
v > 1. We will make the proof by induction on v.

For v =1 we consider two cases:

(i) I = p: Let x € K be such that ([K : k(x)],p) = 1. Let
E =k(x,y), where

E

k(x) — K
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Then, E/k(x) is a cyclic extension of degree p where pg, the zero
divisor of x in k(x), is the only ramified place. By Theorem 4 we
obtain infinitely many cyclic extensions L/K of degree p such that
Auty L = Auty L=G.

(i) l#p: Let H,n,F,A,a,ty,t,Q,By,...,B,, x,C,s,r
as in the proof of Theorem 2, with m = [ in this case, (x)x =
BiA"CB;*B;'---B;!. We have K = F(x). We consider first the
case n > 2.

Let d > 1 be such that

(@ d,))=1;
(b) %(1—1)(d—2)>12+2l(gK—1)+1;
(c) l|lg?-1.

Such d exists. It suffices to take d = u(/ - 1), (¥,/) =1 and u
large enough.

Let o be a generator of the multiplicative group of the finite field of
g% elements. Then, the order of a is g?—1. Let P be the irreducible
polynomial of o over k. P is of degree d.

Let A = k(x)(Ap) be the cyclotomic extension determined by P
(see Hayes [5]). We have that P is fully ramified and g, , the pole
divisor of x in k(x), is ramified with ramification index ¢ — 1 and
decomposes in (g9 —1)/(g—1) places in A. No other place is ramified
in A/k(x). Let E be the unique subfield of A such that [E : k(x)] =
/. Since (/,q—1)=1, P is the only ramified place in E/k(x) and
P decomposes into / factors. We have gg = 3(/ — 1)(d —2). Let
po be the zero divisor of x in k(x). It follows from the election of
P that x/ = 1 mod P if and only if g — 1|f. Therefore the minimal
such f is f = g% —1. By Carlitz [1], Theorem 12, it follows that the
degree of inertia of gy in A/k(x) is g% — 1. Therefore, the degree
of inertia of gy in E/k(x) is /. Let L=KE. L/K

E — L=KE
! k
k(x) K
|
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is a cyclic extension of degree /. Let ¢ € Auty L. Since g; >
ge =3(—-1)(d-2)>1>+2l(gk — 1)+ 1, it follows from Lemma
1 that ¢(K) = K. Now, By = B;, forsome i=1,2,... ,n. Since
9o decomposes in E/k(x), it follows that B; decomposes in L/K,
i=2,...,n. Finally, since g is inert in E/k(x) and the degree
of inertia of B; over gpq is ta, and (ta, /) =1, we have that B, is
inert in L/K. Therefore, BY = B, and o|g = Id. Thus Aut; L =
Auty L=G.

Finally, we observe that we have infinitely many such L because d
can be chosen arbitrarily large.

If n=1, we have Aut; K = {Id} and the extension L is obtained
as above.

This finishes the case v = 1.

For |G| =1”,let T be a subgroup of G of order / contained in
the center of G. Let G = G/T. We have |G| = ["~!. As induction
hypothesis we have that there exist

E —  L=EK

| |
Eo _— LQ = EoK

| |
k(x) —— K

x € K and an extension Ey/k(x) such that ([K : k(x)],]) =1,
Ey/k(x) and Ly = EoK/K are Galois extensions with Galois group
G and Auty Lo =Autg Ly = G.

In [10], an extension E/Ej is obtained such that E/k(x) is a Galois
extension with Galois group G and such that the number of ramified
places in E/E, is arbitrarily large. We have ENK = k(x). We choose
the number of ramified places in E/E, so that gg > [2+2/ (8r,— 1)+ L
Let L = KE. We have that L/K is a Galois extension with Galois
group G. Now, let o € Aut, L. Since g > gg > I>+2[(g —1)+1, it
follows from Lemma 1 that (Lo) = Lo . Therefore, |, € Aut; Lo =
Autg Ly. Hence, 0 € Auty L. L satisfies Auty L = Autgy L= G.

This finishes the case G is an /-group.
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For the general case, let G be a nilpotent group with |G| > 1,
(|G|, g —1) =1. We express G as the direct sum of its Sylow sub-
groups, G = @f;l Gi, |G| = ll‘.x ‘", Iy, ..., 1, the different primes
dividing |G|. For A = 1, the theorem has been proved. For 2 > 1,
we obtain, by induction, an extension L;/K such that Aut, L, =
Autg Ly = G/Gy, . It follows from the case where G is an /-group and
from [10], Lemma 1, that there exists a

L,

K— I,

Galois extension L,/K with Galois group Gj, such that Aut, L, =
Autg Ly = G, and such that any intermediate field K g M cC L,
satisfies gy > [ +2[7 (g —1)+1 > [M : KPP+2[M : K](gr, —1)+1.

Wehave LiNL, =K. Let L=L,L,, L/K is a Galois extension
with Galois group G. Let o € Aut, L. Since any intermediate field
L, ;Ct M, C L satisfies &M, > [M; : L1]2 + 2[M; : Ll](gL‘ - 1) +1,
we have o(L;) = L;. Thus o|r € Auty L, = Autg L;. Hence o €
Aut, L=Autxy L=G.

Finally, the existence of infinitely many such extensions L/K , fol-
lows from the fact that the genus of L can be chosen arbitrarily large.
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