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THE FORMAL GROUP OF THE JACOBIAN
OF AN ALGEBRAIC CURVE

MARGARET N. FREUE

In this paper we give an explicit construction of the formal group of
the Jacobian of an algebraic curve using a basis for the holomorphic
differentials on the curve at a rational non-Weierstrass point. We
construct the formal group of the Jacobian of the modular curve Xy (/)
and using a result of T. Honda, we prove that this formal group is p-
integral for all but finitely many p .

Introduction. Formal group laws have proven to be very useful tools
in many areas of mathematics and computer science. In particular, the
formal group of an elliptic curve has been used to great effect in elliptic
curve theory (for details see for example Silverman [13]) and the use
of the formal group of an abelian variety is pervasive in arithmetic and
algebraic geometry (see Shatz [11] or Milne [8]). Despite the fact that
explicit formulae have been useful in the elliptic curve case, explicit
examples of the formal group of other abelian varieties are few.

Recently, Grant [4] and Flynn [3] have independently given explicit
constructions of the formal group of the Jacobian of curves of genus
two. Grant uses classical formulae for genus two theta functions to
give explicit defining equations for the Jacobian and a set of param-
eters for its group law in a specific P® embedding. His embedding
requires that the curve have a Weierstrass point defined over the base
field. Flynn’s result does not assume the existence of a rational Weier-
strass point and thus he must use a P!> embedding of the Jacobian.
This paper gives an explicit construction of the formal group of the
Jacobian using a basis for the holomorphic differentials on the curve.
The construction generalizes that of the formal group of an elliptic
curve.

In §I, we review some of the basic facts about higher dimensional
formal groups. Hazewinkel [5] is a good reference for the theory of
formal groups in general. Section II details the construction of the
formal group of the Jacobian. Since this construction depends only
on a basis for the holomorphic differentials on the curve at a non-
Weierstrass point, it is especially useful in cases where much is known
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about these differentials. In §III, we give an example of just such a case
and construct the formal group of the Jacobian of the modular curve
Xo(l), | a prime. Using a result of T. Honda, and the connection
between the differentials on this curve and the Fourier expansions of
cusp forms of weight 2 on I'y(/) we prove that this formal group is
p-integral for all but finitely' many primes p.

The author wishes to thank the referee for many helpful suggestions
on the styles and organization of this paper.

I. Higher dimensional formal groups. Let R be a commutative ring
with identity and let R[[X]], X = (X1, ..., X»), be the power series
ring in n variables over R. If f(X) and g(X) € R[[X]] and 7 is
a positive integer, we say f(X) = g(X) (mod degn) if f(X) - g(X)
has no terms of total degree less than ».

DEFINITION 1. A formal group law F(X, Y) of dimension n over
R is an n-tuple of power series (Fi(X, Y), ..., F,(X,Y)), Fi(X,Y)
€ R[[X, Y]], satisfying:

(i) F(X,00=X, F0,Y)=Y,

(i) FX,F(Y,Z)=FFX,Y),Z).

It is an easy exercise to show that one has formal inverses, that is
there is an n-tuple of power series 1(X) = (1;(X), ..., (X)), 1;(X) €
R[[X]], satisfying 1(X) = —-X (mod deg2) and F(X, (X)) =0.

If F(X,Y)=F(Y, X) wesay F is a commutative formal group.

DEeFINITION 2. (a) If F(X,Y) is a formal group of dimension »
and G(X, Y) is a formal group of dimension m then a: F — G isa
formal group homomorphism over R if a(X) = (a;(X), ..., am(X))
is an m-tuple of power series, a;(X) € XR[[X]], satisfying
a(F(X,Y)) =GaX), a(Y)).

(b) If a: F — G is a formal group homomorphism over R, then «
is a formal group isomorphism over R if and only if there is a formal
group homomorphism g: G — F over R such that o(8(Y)) =Y
and B(a(X))=X.

It can be shown that o: F — G is a formal group isomorphism
over R if and only if dim F = dim G and the Jacobian matrix of «,
J(e) = ((0e;/0x;)(0)) is invertible over R.

ExaMPLEs. 1. The additive group of dimension #n, G4(X, Y):
Ga(X,Y)=(x14+Y15---s Xn+Vn)-
2. The multiplicative group of dimension n, G,(X, Y):
Gm(X,Y)=(x1 +y1+X1V1;s .- » Xn + Yn + Xn¥n) -
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3. Let a(X) =(In(1 +x;), In(1 +x3), ..., In(1 +x,)). Then a is
a formal group isomorphism over Q between G,, and Gg, i.e.,

a(Gu(X, Y)) =Gala(X), a(Y)) =a(X)+a(Y) and
J(a) = n x n identity matrix.

The isomorphism o« is an example of a more general fact. If R is
a Q-algebra and F(X, Y) is a commutative formal group over R of
dimension » then there is a formal group isomorphism between F
and the additive group of dimension n. We now show briefly how to
construct this isomorphism.

Let Q =3 R[[X]]dx; be the space of differential 1-forms where d
is the total derivative map from R[[X]] to Q. If w = Y], ¢;(X) dx;,
pi(X) € R[[X]] isin Q, then you can get a new differential by evalu-
ating w(a) =Y., ¢i(a)dx; for any a € R".

We define w = Y}, 9;(X)dx;, ¢i(X) € R[[X]], to be translation
invariant if w(F(X,T)) =YY" ,0iF (X, T)dF(X,T)=ow. Thus
we have w is invariant if and only if

1) (@EX, T, ..., oalFX, T)) (BF (X, T))
= (@1(X), ..., pu(X)).

Evaluating at X = 0 clearly implies

. -1
(2) (¢1(T),---,<0n(T))=(¢1(0),---,¢n(0))(g—g(0,T)) :

On the other hand if we use the associative law for F, differentiate
F(Y,F(X,T))=F,((F(Y, X), T)) with respect to y; and then set
Y =0, we have:

®  (Fro. Fa.m) = (FE@. D) (50, 10).

Substituting F(X, T) for T in (2) and using (3) we have (2) is
equivalent to (1).
We have therefore that w is invariant if and only if

: —~1 dx1
w=(a1,...,an)(g—Q(O,X)) ( : )

dxy
where w(0) =a;dx; +---+a,dx,.
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Thus the space of invariant differentials of F is an R module of
rank n.

There is also a map d from Q to the space of differential 2-forms
Q2. If R is a Q-algebra, dw = 0 implies w = df for some f €
R[[X]]. If F is a commutative formal group over R and ® is an
invariant differential of F then dw = 0 (Proposition 1.3, Honda [6])
and thus if R is a Q-algebra w =df, f € R[[X]].

Let F be a commutative formal group defined over a Q-algebra
R and let w,, ..., w, be a basis for the invariant differentials of F
over R. Let £(X) € R[[X]] be the unique power series such that

n az

(X)dxj=w; and Z(0)=0.
j=1

We then have the following well-known theorem:

THEOREM 1. Let F be a commutative formal group of dimension n
defined over a Q-algebra R. Let £ (X) = (A (X), ..., Z (X)) with
Z(X) defined as above. Then £ (X) is a formal group isomorphism
Z: F — G! from F to the additive group of dimension n.

Proof. w; is an invariant differential of F; thus w;(F(X, T))
w;(X) over R[[T]]. This implies that Z(F(X, T)) = Z(X)
¢(T) where ¢(T) € R[[T]]. Evaluating at X = 0 we get ¢(7) =
Z(F(0,T)) = Z(T). Thus &£ is a formal group homomorphism
from F to G? over R. The Jacobian matrix of &, J(Z) = (a;))
where ;(0) = )" a;;dx;. This isinvertible over F since wy, ..., Wy
is an R-basis. Thus . is a formal group isomorphism over R and
F(X,Y)=2"1(ZX)+Z(Y)).

The isomorphism . is called a logarithm of F. If J(&) = the
identity matrix, then % is called the strict logarithm of F.

L+

II. The formal group of the Jacobian of an algebraic curve.

NotATION. If I = (ij, ..., ig) is an index set of nonnegative inte-
gers, let I! denote iy!iy!---ig!, Ny =i, +2ip+---+ gig and

(=D)hatit=(jy + iy + -+ ig — 1)!
1! '

B(I) =
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Forany k=1, ..., g, iy B(I) is a multinomial coefficient and thus is
an integer. If X = (x, ..., Xg) is a g-tuple of variables, let X! de-
note x{'xé’ . -x;" and S(X) = (s1(X), ..., s¢g(X)) where s;(X) is the
ith symmetric function on g letters. Finally, let ¢, be the standard
kth basis vector in Ré and let e be the g-tuple (1,1,...,1).

Let C be a complete nonsingular algebraic curve of genus g de-
fined over a field K, of characteristic zero. Let A be the Jacobian
of C. A is an abelian variety of dimension g defined over K. If
O is the local ring of functions defined at the origin, A its maximal
ideal and O the completion of O in the .#-adic topology, then O is
isomorphic to K[[X]] where X = (x;, ..., Xg) is a system of param-
eters at the ongm The group morphism m: A x4 — A induces a map
m:0—0x0. _Thus there are power series 4;(X, Y) € K[[X, Y]]
such that m; = A; i(X,Y). Since A4 is an abelian variety, it is easy to
check that /T(X, Y)= (/fl(X, Y),..., A}(X, Y)) defines a commu-
tative formal group, the formal group of the Jacobian of C. Chang-
ing the choice of parameters gives rise to an isomorphic though not
strictly isomorphic formal group so we will make a definite choice of

parameters.
Let Py be a K-rational point on C which is not a Weierstrass point
and let ¢ be a local parameter at Py. Choose a basis {7, ..., g}

for the holomorphic differentials of C such that the K-expansion of
n; with respect to the parameter ¢ satisfies

ni=(-t)"'dt (mod 8 dt).
(See for example [1] to see that this can be done.) Let /;(¢) = [#;

be the integral of the formal power series 7, satisfying /;(0) = 0 for
i=1,...,g and let

Li(ty, ..., tg) =Li(t) + -+ 1Li(tg).
L; is symmetric in ¢, ..., t; and thus L;(t;, ..., tg) = Z(S(T))
where % is a power series is g variables.

Let A: C — A be the canonical map deﬁned over K with A(Py) =
origin of 4. A extends to a map A®: Sym(®) C — 4 which is bira-
tional over K and biregular in a neighborhood of Q = (P, ..., Fp).
This map induces isomorphisms between the completed local ring of
A and the completed local ring of Sym(®) C and between the space
of holomorphic differentials on 4 and those on Sym() C. Thus we
regard (s1(7T), ..., sg(T)) as a set of local parameters at the origin
of 4 and d.% as the local expansion at the origin of a differential on
A . Using this identification we have the following theorem:
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THEOREM 2. Z(X) = (A(X), ..., Z(X)) is the strict logarithm
of the formal group of the Jacobian of C, i.e.,
AX,Y) =2 Y(ZX)+Z(Y))

is the formal group of the Jacobian of C and £ (X) = X (mod deg2).

Before proving the theorem, we need the following lemma express-
ing the sum of the nth powers of the variables x; as a polynomial in
the symmetric functions.

LEMMA 1. Let Py(X) =x +---+Xxg.
Then

Py(X)=n Y BU)(S(X))'.
I

N,=n

Proof. P,(X) satisfies Newton’s identities. That is,

n—1
Py(X) =Y (= 1)*si(X) Py j(X) + (= 1) 15y (X)
Jj=1

where s5;(X) is defined tobe 0 if j > g.

The lemma follows from these identities by induction. It is clearly
true for n = 1. Assume it is true for all integers less than 7, then we
have:

n—1
Py(X) = Y (-1)Ms;(X) | (n—j) D B(I'\(S(X))!
Jj=1 r
N,::n—j

+ (=) ns,(X)

min(n-1,g) n—1 ,
= ) (-p* ((n - /)Y BUI')(SX)) ”f)

=1 =1
+ (=) ns,(X).

Let [ =T +e¢; then B(I') = (—1)7*1i;/(iy + -+ ig — 1))B(I).
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As j runs from 1 to min(n — 1, g) and I’ runs through all index
sets with Ny = n — j, I runs through index sets with N; = n except
possibly I = e, where n < g.

If n> g we get:

1 =
PalX) = 3 BUNSUO) gy 2 = ) + Blewnsa(X)
#e, j=1
N-n
! 1 g N
= 3 BUSWX) sy o = )i + Blewns(X)
T#e, j=1
N,=n
since if Ny =n<g,I+#e,, ij=0for j=n,...,g, wecan

replace n —1 by g in the summation. Therefore

g
= > B( I)(S(X)) 7 lg —3 (Z (nij) - ) + B(en)nsa(X)
I;ée =1

=n

1
> nB(I)(S(X))Ii1 ot ig—1 (

I#e,
Ny=n

=n Y BI)(SX)).

I
Ny=n

(ij) — 1) + B(ey)ns,(X)

~.
Il th

If n>g,as j runs from 1 to » — 1 and I’ runs through all index
sets with N = n — j, I runs through all index sets with N; = n.
Thus we have

4
Pr(X) = 21: B(I)(S - 1+ =1 (Z;(n —j)ij)
=n J=

Z B(I)(S(X))! as above.
I
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Proof of Theorem 2. By the results of the last section, we must show
that {d.4, ..., d%;}, where d.Z = Z 1(&.S”(X)/&‘x])dx,, is the
standard basis for the invariant differentials on 4. The canonical map
A from C to A induces a bijection A,: H°(4, Q') — HO(C, Q)
from the holomorphic differentials on 4 to the holomorphic differen-
tialson C. (See [9].) Since all holomorphic differentials on an abelian
variety are invariant, it suffices to show that A, d.% is a holomorphic
differential of C for i=1, ..., g and that d.%(0) = dx;.

We write 7, = Y50 a;(n)t"~! dt where as above ¢ is a parameter
at a rational non-Weierstrass point Py and a;(i) = (—1)/"1¢;; for
i,j=1,...,g. Then

L) =Y aj(my/ntr,
n=1
Li(T)= Ziéﬂ(t{’+~--+tg).
n=1

By Lemma 1,

L) =)= 3 aj(mBI)(S(T))
n=1 1T

N,:n
i.e.,
Zi(X) = Zaj(Nz)B(I)(X)’,
I>0
8
dZ(X) =Y (Z ikB<I)a,~(Nz)<X)’-€k) dxy,
k=1 I

g
= > Bleaj(k)dx, = (-1 (-1) ' dx; = dx;.
k=1

There is a natural map ¢: C — Sym(®) C which is given by the com-
position of the diagonal map C — C# with the natural projection
C¢ — Sym'® C. The induced map on the completed local rings takes
Xi to XpoA=s;(t, ..., 1) =si(e)tk and (X o A) = (S(e)) tV:.
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g
A dZ(X) = 303" ik BI)a;(ND)(X 0 )~ d(xi 0 A)

»
1

—
~

I
Mo

> ikB(1)a;(Np)(S(e) =4 (¢ ) (ki (e)t* ") dit
k I

1

I
~M -

B(I) (Xg: kik) a;(Ny)(S(e) (1"~ dt

k=1
B(I)Nra;(Ny)(S(e)) (¢"i=1) dt

ot

> B()n(S(e))" | aj(n)t"" dt
1
N,=n

=Y Pu(e)a;(n)t" ' dt = gn;.

n=1

3
1l
—

Note: if a different basis of differentials is used we still have .&(X)
is a logarithm of the formal group of the Jacobian but it is not the
strict logarithm.

II1. The formal group of the Jacobian of Xy(/). Let / be an odd
positive prime and

To(l) = {(‘c’ 3) € SLy(Z)|c = 0 (mod 1)} .

Let # be the complex upper half-plane. Let Yy(/) = #Z /To(/). Then
Yy(/) can be compactified by the addition of finitely many cusps. The
resulting complex curve has a complete non-singular model defined
over Q which we denote by Xy(/) (Shimura [12]). The genus of

Xo(l) is
[+1 .
I+1 .

Atkin and Ogg have shown that the cusp at oo is not a Weierstrass
point on Xy(/), (Ogg [10]), so we will use this as base point to con-
struct the formal group of the Jacobian of Xj(/).
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If f(z) =32, a,e*™" is the Fourier expansion at ico of a cusp
form of weight 2 for I'g(/) then a parameter g can be chosen on
Xo(l) at the cusp at ioo so that

w=2mif(z)dz = anq""'dq

n=1

is the expansion at ioco of a holomorphic differential on Xy(/).

Let {fi,..., f¢} be a Q-basis for the cusp forms of weight 2 on
[o(/) with Fourier expansions 3 ¢;(n)e?*?" at ico and [¢;(j)] = Id,,
the g x g identity matrix. Let {w;, ..., @z} be the corresponding
basis for the holomorphic differentials on Xy(/). Let

Z(X) = (ZX), ..., Z(X))

be the logarithm map as given in the construction above. In this case
the Jacobian matrix of &, J(Z) = [(-1)"*14;;].

Since the cusp forms of weight 2 on I'g(/) have a Z basis also,
(Shimura [12]), there are only finitely many primes which divide the
denominators of {c;(n)} for i=1,...,g and n € Z*. Let S be
this finite set of primes.

THEOREM 3. Let | € Z be a prime. If the formal group of the
Jacobian of the modular curve Xy(l) is given by J(X,Y) =
L HLX)+ZX)=("(X,Y),...,Jg(X,Y)), then J(X,Y) €
Zpl[X , Y]] for all primes p ¢ S.

Before proving this we will need the following lemmas. Let M, =
[ci(jp) +pci(j/p)] for p #1, and M; = [c;(jl)] where ¢;(j/p) =0 if
ptJ.

LEMMA 2.

ci(np) c1(n) c1(n/p)
Y

cg(np) cg(n) cg(n/p)
for all n € Z*+ and for all primes p .
Proof. Let T, and U, be the standard Hecke and Atkin operators.

Since f; is a cusp form of weight two on I'g(/), T,(f;) for all primes
p # 1 and U)(f;) are also cusp forms of weight two on I'g(/) (Atkin
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[2]). Since {fi, ..., fg} is a basis we have

[ T,(f) ] S
Gy [ : ] for some C, € M,(Q) and

s

T,y
i Ul(fln

A
: =C [ : ] for some C; € M,(Q).
LU (fg) Je

Thus the Fourier coefficients of the f; satisfy the following:

ci(np) +pcl(n/p) . cl(.n)} for all p # [ and
: =Lp :
for all n € Z*
cg(n/p) + pcg(n/p) cg(n)
and
ci(nl) ci(n)
: =C | : foralln e Z*.
cg(nl) cg(n)
Evaluatingat n=1,..., g gives C, = M, and C; =M.

The following is a special case of a theorem of T. Honda. (Honda
[6].) Hazewinkel ([5] page 59) gives a similar result in a functional
equation lemma. Let U, = {n x n matrices over Z,[[t]]}. We say
u € U, is a special element if ¥ = pI,, (moddegree 1). For f(X) =
([iX), ..., fo(X)), fi(X) € QlIX]], fi(0) =0 and u =3 C;t/ €
U, we define (u* f)(X) =Y C,f(X?).

LEmMMA 3 (Honda [6]). Let f(X) = (fi(X), ..., a(X)), fi(X) €
Qul[x1 with f;(0) = 0. Assume J(f) is an invertible matrix in
M,(Zy,). If there exists a special element u € U, such that ux f =0
(mod p) then F(X,Y) = f~1(f(X) + f(Y)) is a commutative for-
mal group of dimension n defined over Z,. Moreover, if g(X) =
(&1(X), ..., &gn(X)), with gi(X) € Ql[X]] and &:(0) = 0 also has
J(g) invertible in M,(Z,) and ux g =0 (mod p) for the same ele-
ment u, then G(X,Y) =g Y (g(X)+g(Y)) isisomorphicto F(X,Y)
over Zy.

. Lemma 4. pB(I/p")—B(I/p™*') =0 (mod pZ,) for any r and for
any index set I = (iy, ..., ig) where B(I/p") =0 if p"{ I (ie, if
p"t iy for some k).
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Proof. Let n € Z with p {n. Then by induction we see
a a—1
X1+ +x )P "=V +---+x5)P " (mod p?).

Therefore by the multinomial theorem,

ap)! p1p)!
R T
retetr,=pin tl+...+tg=p”"n
Let J = (ji,..., jg) be an index set such that p { j; for some k

and pb(j; +---+ jg) = p°n for some b, 1 < b < a. By comparing
the coefficients of X?'7/ above we have:
(pn)! _ (p®!n)!

@I = iy e
p°n ( (p°n—1)! )
Pl N1t (0P — D! (0P 1jg)!

_ pa—ln ( (pa—ln _ 1)!
— i Nt - (P2 ik = DY+ (2 )
Since p{n and ptj; we have:

) (mod p?)

4) (p?n - 1)!
@8t (P = )Y+ (PP Jg)!
(p*1n-1)! b
= - ; - mod p°Z,).
T (05T = D (5T 2
Now let I = (ij, ..., ig) be any index set and fix r€ Z. If p" {1

then pB(I/p") — B(I/p"t!) = 0. Thus assume I = p®J where p {J
and b >r.
If b=r ,
pB(I/p") ~B(I/p™") = pB(I/p") = pB(J) = £(p/ji) jx B(J)
where p { ji and ji B(J) is a multinomial coefficient. Thus pB(I/p")
—B(I/p™*') =0 (mod pZ,).
Assume b > r.

pB(I/p") — B(I/p™") = pB(p®~"J) — B(p*~""'J)

= pb_r_ljk ((pb—r.]l)‘ R (pb—rjk — 1)! cee (pb—rjg)’
(* 'n-1)!
T (pb L — 1) (Pb"“‘jg)!>

where p°n = pb~'(jy +---+j,) and p{n.
Hence pB(I/p") — B(I/p™*') =0 (mod pZ,) by (4) above.
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THEOREM 4. For any prime p ¢ S, let u, = plg — Myt +1t*>. Then
up is a special element in the sense of Honda and u,*.Z = 0 (mod p).

Theorem 3 follows immediately from this result and Lemma 3.

Proof. Recall that Z(X) = 3,.0 B(I)c;(N;)X!. Thus

Z(X) Z(XP) H(xP)
e () )-

Z(X) Zxr))  \ e
> By (N X! > B(I)ey (N x?!
>0 ’ I>0
=D : - M, :
> B(I)cg(N) X' > B(I)cg(Np) X!
>0 1>0
S B(I)ey (N XP!
>0
+ .
Y B(I)eg (N X?
>0
Using Lemma 2,
> B(I)ey(Np) X! > " B(I)cy(pNp) X!
I>0 >0
My : = :
> B(I)cg(N) XP! > B(I)cg(pNp) X?!
I>0 I>0

> B(I)ey (%N,) x?!

>0
+p :

> B(I)cg GN,) x»!

>0

Let J =pI. Then N;j=pN;.
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Thus we have:
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Y B(De (N X! > " B(I)ci(pNp) X?!
>0 >0
upxZ =p : - :
> B(I)cg(ND) X' > B(I)cg(pNp) X*!
>0 >0
J YA
(28 (5)a )
I>0
J 1 J
\Z;,B (p) “ (pZNJ> X
>0
J I J
[Z;,B <p) “ (pNJ) )
>0
+

3 (rr- B (1)) s’
) 3 ZUE B(f,)) co(N)X
(5 (5 (2) (3)a ()
© ()2 (2 (o)
=0 (mégopr)

by Lemma 4.

ReEMARKs. (1) If p > g, M, reduces to the matrix [c;(jp)], the
Hasse-Witt matrix of the curve. The special element u, is then a gen-
eralization of the special element found by Honda ([7]) in the elliptic
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curve case, namely u, = p — ayt + t*> where a, is the Hasse invariant
of the elliptic curve.

(2) The cusp forms of weight 2 on I'g(/) also have a Z-basis. (See
Shimura [12]). If {f], ..., fg} is this basis with f;(g) = Y a;(n)q",
then the primes in the set S are precisely those primes which divide
the determinant of the matrix [a;(j)].

3. The author wishes to thank M. Rosen and J. Lubin for many
helpful discussions about this material. In particular, it was J. Lubin
who suggested the construction given in §II.
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