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GENERAL KAC-MOODY ALGEBRAS AND
THE KAZHDAN-LUSZTIG CONJECTURE

WAYNE NEIDHARDT

Let g be a Kac-Moody algebra defined by a not necessarily sym-
metrizable generalized Cartan matrix. We use operators of coherent
continuation to define modules U,L(w - 1) with o a simple root
of g and w in the Weyl group W of g, and then use these mod-
ules to study the integers dimExt"(M(x -A4), L(y - A)) for x and
y in W, where A is a dominant integral weight, M (u) denotes
the Verma module over g of highest weight 4 and L(u) denotes
its irreducible quotient. In particular, we show that in the presence
of a parity conjecture and a weak assumption on the behavior of the
modules U,L(w - 1), both of which hold in the case of a finite di-
mensional g, we may compute the dimensions by induction on the
length of x, recovering the coefficients of “twisted” versions of the
Kazhdan-Lusztig polynomials, where the twist comes from the fact
that we start at the top of the orbit /7 - A, rather than at the bottom.

1. Introduction. Let g be a Kac-Moody algebra over a field K of
characteristic zero defined by a not necessarily symmetrizable gener-
alized Cartan matrix. Translation functors over g were introduced in
[6] and [7]. In the latter, operators of coherent continuation were in-
troduced, but did not possess the desired self-adjointness which is so
useful in the finite dimensional case, i.e. where g is finite dimensional.

In the present work, we modify the definition of the translation
functors somewhat, so that when we compose two translation func-
tors to obtain an operator of coherent continuation, we do not be-
gin and end in the same Weyl group orbit. We do, however, ob-
tain two operators of coherent continuation which are adjoint to each
other. We then use these operators of coherent continuation to de-
fine modules U,L(w - A) with o a simple root of g and w in the
Weyl group W of g, and use these modules to study the integers
dim Ext¢ ;) (M(x - 4), L(y - 4)) for x and y in W, where 1 is a
dominant integral weight, C(4) denotes the category of weight mod-
ules all of whose weights are less than or equal to 4, M(u) denotes
the Verma module over g of highest weight 4 and L(u) denotes its
irreducible quotient.

In our study of these dimensions, we show that the various
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Extey(M(x - A), L(y - 4)) occur as terms in long exact sequences in-
volving the modules U,L(w - A), just as they do in the finite dimen-
sional case. In particular, we show that in the presence of a parity
conjecture and a weak assumption on the behavior of the modules
U,L(w - A), both of which hold in the case of a finite dimensional g,
we may compute the dimensions by induction on the length of x, re-
covering the coefficients of “twisted” versions of the Kazhdan-Lusztig
polynomials, where the twist comes from the fact that we start at the
top of the orbit W - A, rather than at the bottom.

It is worth noting that the major accomplishment in this work is -
not the reduction of the computation of the integers

dim Exte ) (M (x - 4), L(y - 4))

to these conjectures, but rather the definition itself of the modules
U,L(w - 4). Since, in the nonsymmetrizable case, we do not have the
Casimir operator and can possibly have Verma module imbeddings
between modules of highest weights in different Weyl group orbits,
considerable care must be taken just to define the translation func-
tors. Also, in defining the translation functors in one direction we are
tensoring with an infinite dimensional highest weight module, which
means that the translation functor in the reverse direction involves
tensoring with an infinite dimensional lowest weight module. Thus,
when attempting to show adjointness, these two functors are not in-
terchangeable; one must be the left adjoint and the other the right.
For this reason, in order for the operators of coherent continuation
to have nice adjoint properties, we cannot simply return to the same
orbit. More precisely, to obtain an operator of coherent continuation,
we translate from the orbit of a dominant integral weight A to an
integral weight A, on the a-wall by tensoring with a highest weight
module, and then translate from 1, to a different dominant integral
weight u by tensoring with a highest weight module. The operator
of coherent continuation in the reverse direction then translates from
u to i, to A by tensoring with lowest weight modules at each stage.
Further difficulties are encountered as we try to control the composi-
tion factors of highest weights in the other orbits under translation.
We would like to have “lower” orbits remain lower and “higher” orbits
remain higher, but this cannot be completely controlled. For this rea-
son, we work only with A and u close enough to the a-wall that only
two orbits become reversed under translation, and these orbits can be
sorted out by the representation theory of sl(2, K). Thus the mere
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fact that we can define U,L(w - 1) may be viewed as the significant
result of the present paper.

In §2 we give the definitions, notation, and background associated
with Kac-Moody algebras. Section 3 generalizes some previous results
from [7] on Verma series and reverse Verma series to modules with
highest weight series and reverse highest weight series. In §4 we de-
fine certain functors on modules with highest weight series and reverse
highest weight series which essentially pick out those factors with high-
est weights in a particular set of weights, such as a Weyl group orbit.
We also show that these functors act as adjoints to certain functors
previously defined in [6]. In §5, we define the translation functors
and operators of coherent continuation and prove their adjoint prop-
erties. The behavior of Verma modules and irreducible highest weight
modules under translation and coherent continuation is studied in §6,
resulting in the definition of U,L(w - A). Finally, in §7 we apply this
to study the integers dimExte ;) (M (x-4), L(y - 4)).

2. Notation and background. In this section we give the basic def-
initions and notation associated with Kac-Moody algebras and their
representations, and introduce certain categories of modules and fil-
trations of modules. We also state some basic results which will be
needed in the sequel.

Let A= (A4;;) be an / x/ generalized Cartan matrix, meaning that
A;; =2 forall i, A;; is a nonpositive integer for i # j, and 4;; =0
if and only if 4;; = 0. Let K be a field of characteristic zero, and
let g be the Kac-Moody Lie algebra over K defined by 4, so that g
satisfies

(1) g is generated by an abelian subalgebra b, called the Cartan
subalgebra and satisfying dimg h = / + corank(A4), together with ele-
ments ey, ..., ¢, fi,..., f1,called simple root vectors and negative
simple root vectors, respectively.

(i) There are linearly independent sets {k;, ..., #} in bh and
{a1,..., 0q} in bh* such that 4;; = aj(h;) for all i and j. The
a;’s are called the simple roots, and the 4;’s are called the simple
Coroots.

(111) [e,-, f}']=5ijhi for all i,j= l,..., l.

(iv) [k, el =a;(h)e; and [k, fi] = —a;(h)f; for all A €h and all
i=1,...,1.

(v) (ade;) ™t (ej) = 0= (ad ;) F!(f;) forall i #j.

(vi) There is an involutive antiautomorphism o¢: g — g such that
o(e;))=fi forall i=1,...,/,and a(h)=h forall hep.



90 WAYNE NEIDHARDT

Denote by n* (respectively, n~) the subalgebra of g generated
by {e1,..., e} (respectively, {fi,..., f;}), and set b = h & nt,
called the Borel subalgebra of g. Foreach i = 1,...,/, let a; =
Kh; ® Ke; ® K f; , a subalgebra of g isomorphic to sl(2, K).

For any h-module M and any A€ b*,let M; ={me M|h-m =
A(h)m for all h € b*}, called the A-weight space of M ; if M; # 0
we call 4 a weight of M . Note that this notion of weights applies as
well to g-modules and b-modules, which may be viewed as h-modules
by restriction. In particular, for the adjoint representation of g, we
let A= {a € bh*|gs # 0 and o # 0} and call A the set of roots
of g, and call each g, with a € A the a-root space of g. In case
M is a g-module satisfying M = P,y M;, we call M a weight
module, and write II(M) for the set of weights of A/ . If in addition
each M, is finite dimensional, we define the character of M to be
chM =3, - (dim M;)e* , where the e*’s are formal exponentials.

In the sequel, whenever M and N are weight modules, we will
write Hom(M , N) for the set of g-module morphisms from M to
N, and Ext"(M, N) for the set of equivalence classes of n-extensions
of M by N in the category of weight modules. We also write
Ext(M, N) for Ext'(M, N). :

The root lattice is @ = Y°'_, Za;, and we let Q* = Y/_ Z a4,
where Z, is the set of nonnegative integers. For any 5 € Q*, we
define the height of # to be ht(n) = é:l k;, where n = 25:1 kia; .
We may define a partial order on h* by letting u <A if A—pueQ*.
We set AT = {a € Ala > 0}, called the set of positive roots, and
A = —At = {a € Ala < 0}. Also, let P = {1 € b*|A(h;) € Z for all
i}, called the set of integral weights, and let P* = {1 € b* |A(h;) € Z;+
for all i}, called the set of dominant integral weights.

For any A € h*, we denote by C(4) the full subcategory of the
category of g-modules M such that M is a weight module with finite
dimensional weight spaces and such that II(M) C {u|u < A}.

Suppose M isa g-module. If v € M; is a nonzero vector satisfying
nt-v =0, we call v a maximal vector. If in addition M = U(g)v,
where U(—) denotes the universal enveloping algebra functor, we call
v a highest weight vector and M a highest weight module of weight
A. Every highest weight module is a weight module.

Let A € b*, and denote by K(1) the one-dimensional b-module of
weight 4 on which n* acts trivially. The Verma module of highest
weight 4 is then the induced g-module M (1) = U(g) ®up) K(4).
It is well known that M (A) is the universal highest weight module
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of weight A, and that it has a unique irreducible quotient, which is
denoted L(A). Similarly, we may define lowest weight modules, and
let W(A) be the universal lowest weight module of weight A and
I'(4) its unique irreducible quotient. (These latter two modules may
be viewed as “upside-down” versions of M (A) and L(4); hence the
choice of notation.) If A, u € h*, it is easy to see that any nonzero
morphism from M(1) to M(u) must be injective.

The Weyl group W is defined as follows. Foreach i =1,...,/,
define the linear involution s;: h* — §* by s;(4) = 4 — A(h;)e;, and
take W to be the subgroup of GL(h*) generated by {s;,...,s}.

For any w € W, define the length of w, denoted /(w), to be the
smallest integer n such that w is expressible in the form s; ---s;
for some iy, ...,i,€{1,...,1}. Let p € h* be a fixed element such
that p(h;) = 1 for all i, and define the dot action of W on h* by
w-A=wlA+p)—p.

If L is a weight module which is a direct sum of finite dimensional
(a; + h)-modules for each i = 1,...,/, we say that L is integrable.
It is well known, and easy to see from the representation theory of
sl(2, K), that for any integrable g-module L, any A € h*, and any
w € W, we have dimL; = dim L,; . It is also easy to see that when
n € P*,both L(n) and I'(—7) are integrable.

Certain types of filtrations of modules will be useful in the sequel.

DEefFINITION 2.1 ([2]). Let M be a weight module, all of whose
weight spaces are finite dimensional, and let x4 € h*. By a local
composition series (LCS) for M at u, we mean a finite sequence
0=Myc My Cc---C M, =M of submodules of M such that
each factor F; = M;/M;_, satisfies either II(F;))N{v|v > u} = @ or
F; = L(u;) for some u; > u. In case M has such an LCS, we write
(M:L(n)) for the number of i such that u; = u. If (M:L(u)) #0,
we call L(u) a composition factor of M.

REMARK. In [2, Proposition 4.2] it is shown that if Zyz u dim M,
is finite, then M has an LCS at u. In particular, such series al-
ways exist for modules which are objects in categories of the form
C(A). It is also shown in [2] that the multiplicity (M:L(u)) does not
depend on the choice of LCS. One also obtains the same multiplici-
ties, when ch M exists, by defining these multiplicities by ch M =
5 en (M: L()) ch L().

DEeFINITION 2.2. Let M be a weight module. By a Verma series
(VS) for M we mean a sequence (possibly finite) 0 = My C M, C ---
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of submodules of M such that (i) M = J;5,M;, (ii) each factor F; =
M;/M;_; = M(4;) for some A; € h*, and (iii) for any u € b*, {i|i; >
u} is a finite set. In case M has such a VS and u € h*, we write
[M:M(u)] for the number of i such that 4; = u. If [M: M(u)] #0,
we call M(u) a Verma factor of M .

ReMARK. Condition (iii) above is equivalent to the requirement
that all weight spaces of M be finite dimensional, but compare this
with Definition 2.3 below. Also, the numbers [M: M (u)], when they
are defined, can easily be seen to be independent of the choice of VS,
by character considerations. In fact, we obtain the same result by
using ch M =3 .[M: M(u)]ch M(u) to define the multiplicities,
when M has a VS. For this reason, we can and do use this formula to
define the multiplicities [M: M (u)] whenever M is an object in one
of the categories of the form C(1), but not necessarily with a VS.

DEFINITION 2.3. Let M be a weight module. By a reverse Verma
series (RVS) for M, we mean a sequence (possibly finite) M = My D
M; D> --- of submodules of M such that (i) (\,»oM; = 0, (ii) each
factor F; = M;_y/M; = M(A;) for some A; € b*, (iii) for any u € b*,
{il4; < u} is a finite set, and (iv) there exist weight vectors v; € M)
such that v; + M; is a highest weight vector for F; for each i =
1,2,..., and such that M; =}, ,;U(n")v; foreach i=0,1,....
In case M has such an RVS and u € h*, we write [M: M (u)] for the
number of i such that A, = u. If [M: M(u)] # 0, we call M(u) a
Verma factor of M .

REMARK. The idea of an RVS was introduced in [7], where it was
shown that the numbers [M: M (u)], when they are defined, are inde-
pendent of the choice of RVS.

The following proposition, which is easy to prove, deals with some
cases in which VS and RVS actually occur.

PROPOSITION 2.4 ([7, Propositions 4.16 and 4.17]). (i) Suppose that
M has a VS and that N is a highest weight module with highest
weight . Then M ®x N also has a VS, and [M ®x N:M(v)] =
Yy<ulM: M (v — x)1dim Ny for any v € b*. In particular, M(4) ®k
L(u) has a VS for any A, u € bh*.

(ii) Suppose that M has an RVS and that N is a lowest weight
module with lowest weight u. Then M ®kx N also has an RVS, and
M@k N:M)] = 3,5, [M:M(v — x)]dim N, for any v € h*. In
particular, M(A) ®x I'(u) has an RVS for any A, u € h*.
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In a similar vein, we also define the concepts of highest weight series
and reverse highest weight series.

DEFINITION 2.5. Let M be a weight module. By a highest weight
series (HWS) for M we mean a sequence (possibly finite) 0 = M, C
M, C --- of submodules of M such that (i) M = J;»qM;, (ii) each
factor F; = M;/M;_, is a highest weight module of weight A; for
some A; € h*, and (iii) for any u € b*, {i|4; > u} is a finite set.

REMARK. The concept of highest weight series was introduced in
[3], where it was shown that any module in a category of the form
C(A) has an HWS. Also, condition (iii) above is equivalent to the
requirement that all weight spaces of A be finite dimensional, but
compare this with Definition 2.6 below.

DEFINITION 2.6. Let M be a weight module. By a reverse highest
weight series (RHWS) for M, we mean a sequence (possibly finite)
M =My > M; D --- of submodules of M such that (i) ();5oM; =0,
(i) each factor F; = M;_{/M; is a highest weight module of weight
A; for some A; € b*, (iii) for any u € h*, {i|A; < u} is a finite set,
and (iv) there exist weight vectors v; € M; such that v; + M; is a
highest weight vector for F; for each i = 1,2,..., and such that
M;=3%;,;,Un")v; foreach i=0,1,....

We now recall the finitely generated indecomposable projective ob-
jects in C(4), for any fixed A € h*, introduced in [8]. Forany u <4,
let

PH(u) = U(g) ®u) { [U(lﬁ)/ ( &y U(n+)a>} ®k K(ﬂ)} ,

u+afi
which is a projective object in C(4), as was shown in [8], since
for any M € ObC(A), Hom(P*(u), M) is naturally isomorphic to
Homy (K (1), M), and hence to M,. Note that P*(u) is finitely
generated—in fact, it is generated by the weight vector 1@ I ® 1 of
weight u. The indecomposable summands of the various P*(u) with
u < A have several nice properties, which we summarize here.

ProrosSITION 2.7 ([8, Propositions 4.5, 4.7, 4.8, and 5.3, Lemma
4.12, Corollary 4.13, and Theorem 6.2)). For each irreducible object
L(u) in C(A), there is a unique (up to isomorphism) finitely gener-
ated indecomposable projective object I*(u) in C(A) which maps onto
L(u). Conversely, every finitely generated indecomposable projective
object in C(A) has a unique irreducible quotient, so that L(u) < I*(u)
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gives a one-to-one correspondence between the irreducible objects in
C (1) and the finitely generated indecomposable projective objects in
C(A). Furthermore, I'(1) has a finite VS with M(u) as the top fac-
tor, and [I*(pn): M(v)] = (M(v) : L(u)) for all u,v < A. Finally, for
any M € ObC(A) we have (M:L(p)) = dimHom(I*(u), M).

It is easy to see that I*(u) is a summand of P*(u), so that I*(u)
is generated by a weight vector of weight u.

The following result, which follows easily from the fact that the
modules I*(u) have finite VS as specified in the above proposition,
will be needed in the sequel.

PROPOSITION 2.8 ([6, Theorem 3.5)). Let T be the directed graph
whose vertex set is h* and with an edge of multiplicity (M (u): L(v))
from v to u for each v < u. We denote by g,(v, u) the number of
paths of length n from u tov inI'. Let A€ b*, andlet M € Ob C(A)
have a finite VS. Then M has a projective resolution in C(A)

dn+1 d d

q
L, p s S Py M — 0

such that each P, is a finite direct sum of various I*(v) and such that
each Kerd, = Imd, | has a finite VS. The projective resolution can be
chosen so that for any v < A the multiplicity of I*(v) as a summand
of P, is equal to [Imd,: M(v)], and both multiplicities are equal to
u<alM: M(u)lgn(v, ). In particular, if all Verma factors M(u) of
M satisfy > x for some x € b*, then the same is true of all Verma
factors of each Kerd, =Imd, .

We make the observation for use in the sequel that it follows im-
mediately from the above proposition that Ext¢ »(M(p), M) =0 for
all n whenever M has no weights > u.

We conclude this section with some facts relating Verma module
imbeddings, composition factors, and extensions of Verma modules.

ProPOSITION 2.9 ([S, Propositions 2.1 and 2.4] and [7, Proposition
4.6]). Let A, u,veb* with u,v <A. Then Hom(M(v), M(u)) #0
if and only if (M(u):L(v)) # 0. Also, if M is a highest weight
module of weight u and Extg)(M(v), M) # 0, then there exist
weights v = v, < Vy_1 < - < yg < u with (M(u):L(vp)) # 0
and (M(vi_1):L(v;)) # 0 forall i = 1,...,n. In particular, if
Ext(M(v), M) #0, then v < u and (M(u): L(v)) #0.



KAC-MOODY ALGEBRAS 95

3. Highest weight series and reverse highest weight series. In this
section, we examine some properties of modules with HWS or RHWS.
In particular, we describe how certain partitions of sets of weights
induce corresponding filtrations on modules with HWS or RHWS,
where the ordering of the factors can be controlled. We also give a
criterion for distinguishing modules with RHWS. The results of this
section essentially generalize results from [7] on modules with VS or
RVS.

LeEMMA 3.1. Let sets of weights S; and S, be given such that
Hom(M(A), M(u)) = O whenever A € S| and u € S,. Suppose we
have g-modules N C M, where M/N is a highest weight module of
weight A € Sy and N is a highest weight module of weight u € S,.
Then there exists a submodule N' of M such that N' is a highest
weight module of weight A, and either M /N’ is a highest weight mod-
ule of weight u or M/N' =0.

Proof. Note that if v; + N is any highest weight vector of M/N
with v; € M, and if v, is any highest weight vector of N, then
M =U(n")v;+U(n")v,. Observe that n*-v, = 0 for any such choice
of v; and v,. We show that v; may be chosen so that n* -v; =0,
also.

Let n: M(A) — M /N be an epimorphism, and consider the pullback

0 N P M) — 0
I [
0 N M M/N —— 0.

Since Ext(M(4), N) = 0 by Proposition 2.9 and our hypotheses on
S; and S;, we must have P = N & M(A). Identifying M (1) with
its corresponding direct summand in P, and letting v be a highest
weight vector for M (1), we set v; = ¢(v). Then nt-v; =0, v; € M),
and v; + N is a highest weight vector for M/N , by an easy diagram
chase.

Finally, setting N’ = U(n~)v; gives the result, since M /N’ is gen-
erated by v, + N'.

This lemma will allow us to switch the order of the factors in a high-
est weight series or a reverse highest weight series without increasing
the number of factors, thereby producing useful filtrations of modules.
We begin by applying this to modules with RHWS.
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PROPOSITION 3.2. Let sets of weights S| and S, be given such that
Hom(M(A), M(u)) = 0 whenever 4 € Sy and p € S,. Suppose M
has an RHWS M = My > M, > M, D> --- where all factors have
highest weights in 5,US,, and such that only a finite number of factors
have highest weights in S, . Then there is a submodule N of M such
that N has an RHWS, all of whose factors have highest weights in
Sy, and such that M/N has a finite RHWS, all of whose factors have
highest weights in S, .

Proof. This follows by repeated application of Lemma 3.1 to each
of the finitely many factors with highest weights in S, , switching the
order of the factors to bring them to the top of the RHWS or eliminate
them.

PrOPOSITION 3.3. Let sets of weights S, and S, be given such that
Hom(M (1), M(u)) = 0 whenever A € Sy and u € S,. Suppose that
M and M' each satisfy the hypotheses of Proposition 3.2, and further
suppose that N ¢ M and N' C M’ are submodules satisfying the
conclusion of Proposition 3.2. Then for any ¢ € Hom(M , M'), we
must have ¢(N) C N’, so that ¢ induces maps ¢;:N — N’ and
¢y: M/N — M'/N'.

Proof.. If this were not the case, then ¢ would induce a nonzero
map ¢: N — M'/N'. Let N =Ny D Ny D N, D --- be an RHWS
for N, and choose weight vectors v; € N in accordance with Def-
inition 2.6(iv) for i = 1,2,3,.... Since M’/N’ has only a finite
number of factors in its RHWS, the finiteness condition in Definition
2.6(iii) guarantees that ¢(v;) = O for i large enough. Thus, there
is some k with Hom(N/N;, M'/N') # 0. But now each of N/N
and M’/N’ has only finitely many factors in its RHWS. We see that
there is at least one factor F of the RHWS for N/N, and hence of
N, and at least one factor F’ of the RHWS for M’/N’, such that
Hom(F, F') # 0. But F has some highest weight 4 € S; and F’
has some highest weight u € S, , which, by Proposition 2.9, implies
that Hom(M (1), M(u)) # 0, contrary to our hypothesis on .S; and
S, . Therefore ¢(N) C N'.

COROLLARY 3.4. Let Sy,S,, and M satisfy the hypotheses of Propo-
sition 3.2. Then the submodule N given in the conclusion of Proposi-
tion 3.2 is unique.
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Proof. This follows immediately from Proposition 3.3 applied in
the case where ¢ is the identity map on M .

THEOREM 3.5. Let sets of weights Sy, Sy, ..., S, be given such that
Hom(M (1), M(u)) = O whenever A € S; and p € S; with i < j.
Suppose M = My D M; D M, D --- is an RHWS with factors F; =
M;_/M; of highest weight A;, and suppose that all A; € S{US,U---U
Sy . Further suppose that for each j=2,3, ..., k, the set {i|A; € S;}
is a finite set. Then there is a unique filtration 0 = No C N; C --- C
Ny = M such that each N;/N;_\ has an RHWS with all factors having
highest weights in S; for j=1,2, ..., k, with the RHWS being finite

for j=2,3,..., k. If M' is another module satisfying the hypotheses
and 0= Ny C Ny C---C N, =M is its corresponding filtration, then
for any ¢ € Hom(M , M’) we have $(Nj) C NJ’- for j=0,1,...,k,

so that ¢ induces maps ¢;: Nj/N;_; — N]’./Nj"_1 for j=1,2,...,k.

Proof. This follows from Propositions 3.2 and 3.3 and Corollary
3.4, by induction on k.

We now apply Lemma 3.1 to the case of modules with HWS, ob-
taining similar filtrations, but without the extra finiteness assumption.

PRroPOSITION 3.6. Let sets of weights S; and S, be given such that
Hom(M(A), M(u)) = 0 whenever A € Sy and pn € S,. Suppose M
has an HWS 0= My C M, C M, C --- where all factors have highest
weights in Sy US,. Then there is a submodule N of M such that N
has an HWS, all of whose factors have highest weights in Sy, and such
that M/N has an HWS, all of whose factors have highest weights in
S,.

Proof. We first use induction on the number of factors to prove the
result for modules with finite HWS. Thus, assume that for M) we
have already found a submodule N, such that N, has a finite HWS
whose factors have highest weights in .S; and such that M} /N, has a
finite HWS whose factors have highest weights in S, . Now, consider
My . We have 0 C Ny C My, C M. If the factor M /M, has
highest weight in S, , then we simply set Ny, ; = N, . Otherwise, if the
factor M; /M, has highest weight in S}, then repeated application
of Lemma 3.1 allows us to switch the order of factors and produce
a filtration 0 C N C Npy C My, where N;.(/N, has the same
highest weight as M}, /M, , and where M} /N, has a finite HWS
whose factors have highest weights in S, .
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We thus have a sequence of submodules 0 = Ny c Ny C N, C --- of
M , and by setting N = [J; 5o Nk, we see that N has an HWS whose
factors have highest weights in S; . It remains to show that A/N has
the appropriate HWS. Consider 0 = (My + N)/N C (M; + N)/N C
(My+ N)/N C --- as a filtration of M/N . Note that there may be
some repetitions. We show that if repetitions are eliminated, then this
is the desired HWS for M/N . Observe that each factor

[(Mics1 + N)/NY/[(My + N)/N]

is a homomorphic image of M) ,/M, , and hence it is either zero or a
highest weight module of the same highest weight as M) /M, , which
is therefore in S; US,. On the other hand, that same factor module
[(Mg, 1+ N)/N]/[(M;+N)/N] is also a homomorphic image of M,
with Np,; contained in its kernel, and hence it is a homomorphic
image of M) /Ny, whose HWS has factors with highest weights
in S, . Thus, applying Proposition 2.9 and our hypothesis on S; and
S, , we see that the factor module

[(Mj+1 + N)/NJ/[(M) + N)/N]

cannot have any composition factors of the form L(4) with 1 € §;.
We conclude that [(Mj,; + N)/N]/[(My + N)/N] is either zero or a
highest weight module with highest weight in S,. Therefore, elimi-
nating repetitions gives the desired conclusion on the HWS for M/N .

The following proposition, corollary, and theorem are analogous to
Proposition 3.3, Corollary 3.4, and Theorem 3.5. Consequently, their
proofs, which are similar to those dealing with RHWS, are left to the
reader.

PROPOSITION 3.7. Let sets of weights S; and S, be given such that
Hom(M(A), M(u)) = 0 whenever A € S; and pu € S,. Suppose that
M and M’ each satisfy the hypotheses of Proposition 3.6, and further
suppose that N ¢ M and N' C M’ are submodules satisfying the
conclusion of Proposition 3.6. Then for any ¢ € Hom(M , M’), we
must have ¢(N) C N', so that ¢ induces maps ¢:N — N' and
¢ M/N — M'/N'.

COROLLARY 3.8. Let Sy, S,, and M satisfy the hypotheses of Prop-
osition 3.6. Then the submodule N given in the conclusion of Propo-
sition 3.6 is unique.
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THEOREM 3.9. Let sets of weights Sy, Sy, ..., Sy be given such that
Hom(M (1), M(u)) = O whenever A € S; and pu € S; with i < j.
Suppose 0 = My c My C M, C --- is an HWS for M with factors
F; = M;/M;_, of highest weight A;, and suppose that all 1; € S; U S,
U---USk. Then there is a unique filtration 0 = Ng C Ny C --- C N =
M such that each N;/N;_, has an HWS with all factors having highest
weightsin S; for j=1,2,..., k. If M' is another module satisfying
the hypotheses and 0 = Ny C Ny C --- C N = M’ is its corresponding
filtration, then for any ¢ € Hom(M , M') we have ¢(N;) C N; for
j=0,1,...,k,sothat ¢ induces maps ¢;:Nj/N;—y — N;/N;_, for
j=1,2,...,k.

We conclude this section with a look at certain cases where modules
do indeed have RHWS. The following lemma gives a criterion for
distinguishing those modules with RHWS.

LEMMA 3.10. Let M be a weight module. Then M has an RHWS
if and only if M = Y72, U(n")v;, where the v; are weight vectors of
weights A;, respectively, and for any u € %*, {i|A; < u} is a finite set.

Proof. If M has an RHWS, then such weight vectors v; exist by
Definition 2.6. Conversely, suppose such v; € Mx,. exist. By rear-
ranging the order of the v; if necessary, we may assume that 4; < 4;
implies i < j. Set M; = Zj>i Un~)v; foreach i=0,1,2,....

Comparing this with Definition 2.6, it remains to show that each
M; is a submodule of M, and that each factor F; = M;_{/M; is
either zero or a highest weight module of weight A;. To show that A;
is a submodule, it suffices to show that forany j=1,2,3,..., we
have

U(g)U(n™)v; = U(g)v; C Y_ U(n™ ).
k>j

Since U(g) = U(n")U(b) by the PBW Theorem, it suffices to show
only that U(b)v; C 3 5 ; U(n™)vy . But this is clear from the order-
ing of the weight vectors when we write U(b) = U(n*)U(h) by the
PBW Theorem. Therefore each A; is a g-submodule of M . For the
result on the factors, note that if F; = M;_,/M; is nonzero, then it is
generated by the image of v; and that by the ordering of the weight
vectors, n*-v; C M;, so that the image of v; is a highest weight vector
and F; is a highest weight module of weight A;.
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ProposITION 3.11. If M has an RHWS and N is a lowest weight
module, then M ®x N has an RHWS.

Proof. By the above lemma, we may write M = Y ;2, U(n")v;,
where the v; are weight vectors of weights A;, respectively, and for
any u € b*, {i|A; < u} is a finite set. Choosing a K-basis {w;, w,,
...} of weight vectors for N, we see that M ®x N is generated over
U(n~) by the weight vectors v; ® w; for i,j=1,2,3,.... Since
N is a lowest weight modaule, it is clear that the finiteness condition of
Lemma 3.10 is satisfied by the weights of the weight vectors v;  w; .
Therefore, we may apply Lemma 3.10 to conclude that M ®x N has
an RHWS.

REMARK. This shows, in particular, that M ® I'(#) has an RHWS
for any M with an RHWS and for any u € b*.

4. Functors and an adjoint-like property. We begin by using the
results of the previous section to define certain functors on modules
with HWS or RHWS. We then prove an adjoint-like property of two
of these functors.

Throughout this section we fix three sets of weights S}, S, and
S5 such that h* = S; US, US; and such that Hom(M (), M(u)) =0
whenever A€ S; and u€S; with i< .

DEFINITION 4.1. For any module M with HWS, let 0 = Ny C N; C
N, C N3 = M be the filtration given by Theorem 3.9 relative to the
sets of weights S;, S, and S3. We denote the quotient N,/N; by
MS: . Also, if ¢ € Hom(M , M"), where each of M and M’ have
HWS, then we denote the induced map ¢, given in Theorem 3.9 by
¢%: MS: — M'S:. Thus the assignments M — MS: and ¢ — ¢S
define a functor on the category of modules with HWS.

We define similarly a functor on the category of modules with
RHWS with finitely many factors having highest weights in S, U S3,
where we use again the notation M — MS: for the assignment of
the “middle” subquotient given by Theorem 3.5 and ¢ — ¢%: for the
assignment of the map induced by ¢ on these subquotients, as given
by Theorem 3.5.

REMARK. Although we use the same notation for both functors, it
will be clear from the context whether we are dealing with modules
with HWS or modules with RHWS. In either case, MS: denotes the
subquotient whose factors in its HWS or RHWS have highest weights
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in S,, and ¢%: simply denotes the map induced by ¢ on these sub-
quotients, so this should not cause any confusion.

In the following definition and lemma, we will be working with
resolutions of modules by modules with VS. It should be noted that
for any module with HWS, one can always construct such a resolution.
To see this, first recall the standard resolution

q 0
-+ = U(g) ®u(w) /\(8/0) = - — U(g) ®ur) \(8/b) = K — 0

of K constructed and shown to be exact in [1, Theorem I1.9.1]. By
tensoring this resolution with A over K, we obtain the desired res-
olution of M, because for each g, (U(g) ®ur) A (g/b)) ®x M =
U(g)®u)(A?(g/6)®k M) by [3, Proposition 1.7], and this latter mod-
ule is easily seen to have a VS by choosing a K-basis of A%(g/b)®x M
consisting of weight vectors.

DEFINITION 4.2. Let M be aS module with HWS. Then for each
g=0,1,2,..., we define W;2M to be the gth homology of the
complex

-~-—>M52—-+MISZ—->MOSZ—-—>O,

where
=My - M > My—- M —0

is any resolution of M by modules with VS. Furthermore if M’ is
another module with HWS, and if ¢ € Hom(M , M’), then, using the
standard resolution of K to obtain resolutions of both M and M’,
we see that ¢ induces a morphism of complexes, and we denote by

W;IS2¢: W}ISZM — WqSZM " the map induced on homology.

REMARK. In the above definition, it is not clear whether the mod-
ule WqSZM depends on the choice of resolution. The functors M —
W},SZM form a sequence of locally derived functors introduced in [6]
and used extensively in both [6] and [7]. A better approach than that
of the above definition is to use local projective resolutions, where the
projectivity is used to guarantee independence from the choice of res-
olution. It was shown, however, in [6, Theorem 6.2] that resolutions
by modules with VS may be used to obtain the same results. Since for
our purposes we will not need to make extensive use of local projective
resolutions, we choose to use the above definition here. Also, we will
almost exclusively work with the functor WOS2 . This functor is right
exact.



102 WAYNE NEIDHARDT

LEMMA 4.3. Let M be a module with HWS. If all the composition
factors of M have highest weights in S;US3, then M has a resolution
by modules with VS, all of whose Verma factors have highest weights in
S, US3. Furthermore, if all the composition factors of M have highest
weights in Sz, then the modules with VS may also be chosen to have
all factors with highest weights in Ss.

Proof. For the first statement, it suffices to show that there is a short
exact sequence

O-N—->V->M-—-0

in which V' has a VS whose factors all have highest weights in S, U
S3, and in which N satisfies the same hypotheses as M , since we
may then repeat the argument on N and splice together the resulting
short exact sequences. We begin with an epimorphism ¢: X — M
in which X has a VS. Such an epimorphism exists, since we may
choose, for example, the tail end of any resolution of M by modules
with VS. Let 0 = Ny C Ny C N, C N3 = M be the filtration of M
given by Theorem 3.9, andlet 0 = Y, C Y] C ¥, C Y3 = X be the
corresponding filtration of X given by Theorem 3.9. Our hypothesis
on M implies that Ny = 0. Also, it was shown in [6, Corollary
4.4] that the factors of the filtration of X have VS, not just HWS,
since nothing is lost when the order of Verma factors is reversed.
Now Theorem 3.9 shows that ¢(Y;) C Ny = 0, so that Y; C Ker¢.
Hence ¢ induces an epimorphism y: X/Y; — M . Setting V' = X/Y)
and N = Kery gives us the desired short exact sequence, with the
appropriate Verma factors. The condition on the composition factors
of N follows from Proposition 2.9, since that proposition may clearly
be applied to obtain the result for ' and N cC V.

For the second statement, the proof is similar, and is left to the
reader.

LEMMA 4.4. Let M be a module with HWS. If all the factors of the
HWS have highest weights in S, , then there is a natural epimorphism
T I/I/'OszM — M in which all the composition factors of Kern have
highest weights in S5 .

Proof. Our hypothesis on the HWS for A/ means that we can iden-
tify MS: with M. From Lemma 4.3, there exists an epimorphism
¢:V — M where VV has a VS whose Verma factors have highest
weights in S,US3;. We can then identify VS: with a submodule of V.
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Consider the filtration 0 = ¢(0) € ¢(V5:) € ¢(V) = M. Since VS
has a VS whose factors all have highest weights in S, , its homomor-
phic image ¢(¥5:) has an HWS whose factors all have highest weights
in S,. Similarly, since V/V5: has a VS whose factors all have high-
est weights in S3, its homomorphic image ¢(V)/#(VS:) has an HWS
whose factors all have highest weights in S3. But the same is true of
the HWS of the factors of the filtration 0 =0 c M$: =M = M. By
the uniqueness statement of Theorem 3.9 applied to the sets of weights
S, and S3, we must have ¢(VS:) = MS: = M. Set My = V5. We
now have an epimorphism y: My — M. Letting N = Kery, we
have by Proposition 2.9 that all composition factors of N have high-
est weights in S, U S3. Applying Lemma 4.3 to N, we obtain a
resolution
= My —- My —->N-—-0

of N by modules with VS whose Verma factors all have highest
weights in 8 U.S3. Splicing this sequence with the short exact se-
quence

O-N-My—M—-0,

we obtain a resolution
o= My, - M, —§->M0—+M—>0

of M by modules with VS whose Verma factors all have highest
weights in S, US3, in which all the Verma factors of M have highest
weights in S, . Note that we may identify Mg 2 with M, and that we

may identify MIS 2 with a submodule of AM;. Since the resolution is
exact, we have M = M,/E(M,). Also, using Definition 4.2, we have

WOSZM = Mo/f(Mfz). Since é(Mfz) C &(M;) we see that there is

an epimorphism 7: %S2M — M with Kerzn = é(Ml)/é(Mfz). Note
that Kerz is a homomorphic image of M, /MS2 , so that by Propo-
sition 2.9, all composition factors of Kern have highest weights in
S3.

Finally observe that all of the above constructions, including those
used in the proof of Lemma 4.3, depend only on choices of resolu-
tions by modules with VS. Since we may always work with resolutions
which are constructed from the standard resolution as in the discus-
sion preceding Definition 4.2, the naturality follows.

We are now ready to prove an adjoint-like property of two of our
functors.
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THEOREM 4.5. Suppose M is a module with HWS such that all
composition factors of M have highest weights in S,US3, and suppose
that V is a module with RHWS such that all the factors of the RHWS
for V' have highest weights in S1US,, finitely many being in S, . Then
there is a natural isomorphism Hom(V WOSZM ) = Hom(VS:, M).

Proof. First observe that for any such V', there is a short exact
sequence
0-X—-V-V5%—-0
in which X has a RHWS whose factors all have highest weights in
S;. Thus Hom(X, WOSZM ) =0, and we have a natural isomorphism
Hom(V , Wy* M) = Hom(VS:, W2 M).
On the other hand, for any such A/, there is a short exact sequence

0-MS%—->M-Y -0

in which Y has a HWS, all of whose factors have highest weights
in S;. By Lemma 4.3 and Definition 4.2, we have WY = 0 for
all g, and by the long exact sequence for locally derived functors [7,
Theorem 3.7] we have WOSZM = WOSZ(M $2). The functoriality of WOS2
shows that this isomorphism is natural. Thus we also have a natural
isomorphism Hom(V'S:, W,* M) = Hom(VS:, Wy (MS2)) .

Now, from Lemma 4.4, we have a natural epimorphism

7w W (MS) — MS:

in which Ker z has all its composition factors of highest weight in S3 .
Proposition 2.9 shows that Ext”(V5:, Kerz) = 0 for all n, so that
in particular we have a natural isomorphism Hom(V5:, I/VOS2 (MS:)) =

Hom(V'S:, MS:). Finally, Proposition 2.9 shows that Hom(V'5:, Y) =
0, so that we obtain a natural isomorphism

Hom(V5S:, M) = Hom(V5:, M).

The result now follows by composing the above natural isomor-
phism.

5. Translation functors. We will now use the functors defined in the;
previous section to define the translation functors. The basic idea is
to “translate” Verma modules from one W -orbit to another (where
orbits refer to the dot action of W). Although we could consider
translation in more generality, as in [7], for our present purposes we
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need only consider translation back and forth between the W -orbit of
a weight on one wall of the dominant Weyl chamber and the W-orbit
of a weight in the dominant chamber which is “close” to that wall.

Throughout this section, we fix a choice of i € {1, 2,...,[}, we
fix A € P* such that A(h;) = 0, and fix n € Pt such that n(h;) =
1 and #n(hj) = 0 forall j # i. Set a = o; and set s = 5;, SO
that o is a simple root and s is the corresponding simple reflection
in W. Observe that for the extreme weight sy of L(n), we have
sp=n—ca. Let 4, =A+sy=A+n—a. Note that A,(h;) = -1,
so that s- A, = Ao, and further note that A,(h;) > 0 for all j # i.
Thus A, is on the a-wall of the dominant Weyl chamber with respect
to the dot action of W on b*, and A is “close” to that wall. This
restriction on A may seem artificial at first, but the reason for this
is that when we begin to apply translation functors, certain W -orbits
become interchanged. With our choice of A and 4,, only two of
these orbits are interchanged, and we may sort these two out by the
representation theory of sl(2, K), as we do in Proposition 5.1(iv)
below.

We now consider certain sets which are unions of W-orbits, and
show that they have many properties which will allow us to apply the
results of the previous section.

PROPOSITION 5.1. Let S| = {v € b*|w -v £ A for some w € W},
Sy=W-4,and S5 ={veblw-v<Aforal weW}. Also, let
S ={veblw-v£i+n for some we W}, S =W:-A, and
Si={veblv ¢Sy and w-v<A+n forall we W}. Then all of
the following hold.

(i) b* is the disjoint union of S}, S5, and S}.

(ii) b* is the disjoint union of S{, Sy, and S%.

(iii) Hom(M (v;), M(v;)) = O whenever v; € S; and v; € S} with
i<j.

(iv) Hom(M(v;), M(v;)) = O whenever v; € S} and v; € S} with
iI<j.

(v) Forany v €S5 and any x € II(L(n)), v+ x €55

(vi) Forany v € S5 and any x € II(L(n)), v+ x €S7US5.

(vii) For any v € S{ and any x €II(I'(-n)), v+ x €S].

(viii) Forany v €Sy and any x € II(I'(-n)), v+ x €SjUS;.

Proof. Statements (i) and (ii) are clear. Statements (iii) and (iv)
follow from [6, Corollary 5.4] and the fact that
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Hom(M(4,), M(A+ 1)) =0

by the representation theory of sl(2, K). Statements (v) and (vi)
follow from the fact that forany w e W, w- (v +x) =w-v+wy
and we always have wy € II(L(n)) so that wy <»n.

To prove (vii), let v € S{ andlet x € II(I'(—#)). Choosing w € W
sothat w-v £ A+7, we must also have wy > —», sothat w-(v+x) =
w-v+wy £ 4, and therefore v + x € S} .

To prove (viii), let v € S7 and y € [I(I'(—#)). Then v = w - 4,4
for some w € W, and we have w™! - (v + ) =w ! - v+wly =
Iotw ly = (A+n—a)+w ly = A+(n+w=x)—a. Now w=ly > -y,
so that we may write n+w™'y = Y/_ njo; with all n; € Z,. If
any n; # 0 with j # i, then the above computation shows that
w~!-(v+y) £ 4, and we then would have v + y € S]. Thus, we may
assume 7 +w~ly = m;a. But then —5 + n,a = w™ly € I(I'(-7)),
and since 7(h;) = 1, there are only two possibilities for 7;, namely
0 and 1. Incase n;=1,wehave w™'-(v+x)=i+a-a=41,and
therefore v + x € S;. Thus, we may assume that »n; = 0. This means
that w='y = —n, so that sw=ly = —sn = —(y —a) = -y + a. But
we also have (sw™!)-v =s-(w™'-v) = Ay, so that (sw™1)-(v+yx) =
(sw™) v+ (sw™l)x = Ay —n+a =4, and therefore v + y € ).

DEeFINITION 5.2. Let S, S5, 83, ST, S5, and S5 be as in Proposi-
tion 5.1. We define the translation functors 7 f « and T/{1 by TfﬂM =

W (WM @k L(n)) and T} M = (MS @k T(—n)) . The functor
Tf = is a functor from the category C(4) to the category C(4,), but

the functor Tf is a functor from a subcategory of C(4,) to the cate-

gory C(A), as it is only defined on those M in C (Aq) with an RHWS
which has only finitely many factors of highest weight in S% U.S% .

REMARK. In the sequel, we will make use of the fact that Tf “isa
composition of right exact functors, and hence is itself right exact.

THEOREM 5.3. Let 1, S;, 83, S{. 85, and S5 be as in Proposi-
tion 5.1. If M € Ob C(4,) has a finite HWS with all factors of highest
weight in S{USY, and if N € ObC(4) has all its composition fac-
tors of highest weight in S5 U S}, then there is a natural isomorphism

Hom(T? M, N) = Hom(M, T}*N).
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Proof. By Definition 5.2,
Hom(7} M, N) = Hom((MS: @k I'(-1))%, N).

Using the finite HWS for MS) , we see by Propositions 3.11 and
5.1(viii) that MS: ®x I'(—n) has an RHWS with all its factors having
highest weights in §] U S’ , and only finitely many are in S;. Thus,
we may apply Theorem 4.5 to obtain Hom((MS: ®k I'(—#))S:, N) =

Hom(MS: @k [(—n), W2N). Now, by [7, Lemma 7.7],

Hom(MS) ® T(~n), W :N) = Hom(MS: , W @ L(1)).

From Propositions 2.9 and Proposmon 5.1(iii), we have that all the

composition factors of W S:N have highest weights in S5 U .S}, and
hence, by Proposition 5. l(v) and (vi), all the composmon factors of

W, 2N ®k L(n) have highest weights in S5 U S5 . Thus, we may again
apply Theorem 4.5 to obtain

Hom(MS! , Wy*N ®k L(n)) = Hom(M , W, (Wy*N @ L(1)))
= Hom(M, T}*N).

We now extend this adjoint-like property to the Ext functors. To
do this, we first need to study what happens to projective modules
under translation. As we will see in the next two lemmas, the result
is a projective module, but in the wrong category, and this is why we
make the following definition.

DEFINITION 5.4. The category C(4)py;ce 1s defined to be the full sub-
category of C(4) consisting of those modules whose composition fac-
tors all have highest weights in S} U S, where S, and S} are as in
Proposition 5.1.

We continue to use the notation of Proposition 5.1 in the following
two lemmas and theorem.

LEMMA 5.5. Let V € Ob C(A) have a finite VS whose factors are all
of the form M(v) with v € S{US}, and let M € Ob C(4)pice. Then

there is a natural isomorphism Ext¢,(V, M) = Exte ;) VS, M).

Proof. Let
=P P>V -0
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be a projective resolution of V' in C(A) as in Proposition 2.8. Observe
that the VS for each P, satisfies the same hypotheses as the VS for
V', by Propositions 2.7 and 2.9. Applying [6, Theorem 4.8] gives the
exact resolution

(+) o PR PSR LS

of VS in C (A)nice - We now note that each P,f ? is projective in

C(A)nice » Since applying the functor Hom(P,‘f 2, -) to a short sequence

of modules in C(A),c. is naturally equivalent to applying the exact
functor Hom(P,, -) to the same short exact sequence, by [7, Lemma
7.3]. Thus (x) is an exact projective resolution of VS: in C(A)nice -
Thus Extc ,{)W(VSQ , M) is the nth cohomology of the complex

0—>H0m(P6g;,M)—+---—->Hom(P5;,M)_+... ,

which, again using [7, Lemma 7.3], is naturally isomorphic to the
complex

0—>Hom(P0, M)—w-o—-)Hom(Pn, M)— - |
whose nth cohomology is Extc (V' , M).

LEMMA 5.6. If v € S{USY, then Tfaﬂa(v) is projective in C(A)pice -

Proof. We need only show that the functor Hom(7} I*+(v), -) is

right exact when applied to sequences of modules in C(4)4;ce . Observe
that the hypothesis on v also holds for any y such that M(x) is a
Verma factor of I%(v), by Propositions 2.7 and 2.9, so that we have a

natural isomorphism Hom(77} I%(v), M) = Hom(I*(v), Tf“M) for
any M € Ob C(4)jce » DY Theorem 5.3. Thus, given an exact sequence
M->M-M -0

in C(A)nice » We may use the right exactness of Tf = and the projectivity
of I-(v) to obtain the exactness of

Hom(I*(v), T} M’) — Hom(I*(v), T;*M)
— Hom(I*(v), Tj«M") -0,

and applying the natural isomorphism noted above gives the exactness
of

Hom(T} I*+(v), M') — Hom(T} I*+(v), M)
— Hom(T} I*-(v), M") — 0.
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THEOREM 5.7. Let V € Ob C(4,) have a finite VS whose factors are

all of the form M (v) with v € S{USY, and let M € Ob C(4)nice . Then

we have natural isomorphisms Extc; \(V, Tf *M) = Extg (T} V, M)
forall n=0,1,....

Proof. By Propositions 2.7, 2.8, and 2.9, V has a projective reso-
lution
in C(4,) in which each P, is a finite direct sum of indecomposable
projectives satisfying the hypotheses of Lemma 5.6, and in which all
images and kernels have a VS satisfying the same hypotheses as the
VS for V. Thus, using [6, Theorem 4.8] twice and the exactness of
the functor — ®k I'(—#) once, we see that

~~—>Tan—>~~-—>T,{lP0——+TfV—+O

is an exact resolution of T f V in C(A)pice - By lemma 5.6, it is in fact a
projective resolution of 7} V' in C(A)nice - Thus, Extt (T} V, M)
is the nth cohomology of the complex ’

0 — Hom(T} Py, M) — --- — Hom(T} P, M) — - - .
By Theorem 5.3, this complex is naturally isomorphic to the complex

0 — Hom(F, T,faM)—> ..- — Hom(P,, Tj“M) — e,

whose nth cohomology is Ext’c‘w(,1 V., T, f *M). We have shown that
there is a natural isomorphism

s A’a
Extgmm(ﬁa V., M) = Extt (V. T)°M),

and the result now follows from Lemma 5.5

We wish to compose translation functors to obtain the operators of
coherent continuation. In order to do this, for technical reasons we
cannot simply translate back to the same orbit. We now fix u = A,+17
for the remainder of this section. The idea of coherent continuation
is to translate from the orbit of A to the orbit of A, on the a-wall,
and then translate from the orbit of A, to the orbit of u.

PROPOSITION 5.8. Let S| = {v e b*|w -v £ A, for some w € W},
Sy =W Ao, and S5 = {v € b*|lw -v < Ay for all w € W}. Also,
let S{ ={vebw-v£u forsomeweW}, S§=W-u, and
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Sy ={veb|w -v<u forall we W}. Then all the conclusions
(1)—(viii) of Proposition 5.1 hold for these sets of weights, as well.

Proof. The proof is essentially the same as that of Proposition 5.1,
but without the difficulties encountered in (vi) and (viii).

DEFINITION 5.9. Let S7, S5, S5, S7, S5, and S3 be as in Propo-
sition 5.8. We define the translation functors 7% and T} by T'M =

WS (WM @k L(n)) and TjM = (MS: @k I'(~n))% . The functor
Tf is a functor from the category C(4,) to the category C(u), but

the functor T,f is a functor from a subcategory of C(u) to the cate-
gory C(4,), as it is only defined on those M in C(u) with an RHWS
which has only finitely many factors of highest weight in S U S5 .

Once again, the functor T,{‘ can be seen to be right exact. We
also have adjoint-like propertiaes, whose proofs are similar to those
in Theorems 5.3 and 5.7 and Lemma 5.6, and are left to the reader.
The following definition makes their statement easier, and they are
summarized in the following theorem.

DEeFINITION 5.10. Let S; and S; be as in Proposition 5.8. We
define C(Aq)nice to be the full subcategory of C(A,) consisting of
those modules whose composition factors all have highest weights in
SHUS;.

THEOREM 5.11. Let S}, S, S5, S{, S, and S5 be as in Proposi-
tion 5.8. If M € Ob C(u) has a finite HW'S with all factors of highest
weight in ST USY, and if N € ObC(Aa)nice, then there is a natu-
ral isomorphism Hom(T,fﬂM , N) = Hom(M , T{'N). If in addition
we assume that the finite HWS for M is in fact a}‘im’te VS, then there
are natural isomorphisms Extg Aa)(T;}“M , N) = Extg,) (M, T/{: N) for

each n=0, 1, .... Also, for any v € SYUSY, we have that T;}‘*I/‘(V)
is projective in C(Aq)nice -

We are now able to compose the functors defined thus far in order
to obtain the operators of coherent continuation.

DEFINITION 5.12. We define the operators of coherent continuation
Ou =T/ 0T} and ¥, =T} o Tje .
The functor ©, is right exact, since it is composed of right exact

functors. We may apply the adjoint-like properties proved for the
translation functors to obtain similar results for coherent continuation.
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We summarize these results in the following theorem, whose proof is
left to the reader.

THEOREM 5.13. Let S}, S5, and S be as in Proposition 5.1, and let
S{, 83, and S5 be as in Proposition 5.8. If M € Ob C(u) has a finite
HWS whose factors all have highest weights in S} USY, and if N €
Ob C(A)nice» then there is a natural isomorphism Hom(W,M , N) =
Hom(M , ©,N). If we impose the additional hypothesis that M have
a finite VS rather than merely an HWS, then we have natural isomor-
phisms Extc (YoM, N) = Extg, (M, ©,N) for each n > 0. Also,
Jor any v € S{USY, we have that Y ,I1*(v) is projective in C(A)pjce -

6. The structure of certain translated modules. We retain the no-
tation of the previous section, and study the structure of the trans-
lations and coherent continuations of Verma modules and their ir-
reducible quotients. We begin with the behavior of Verma modules
under translation and coherent continuation, which involves only a
straightforward analysis of the possible resulting Verma factors.

THEOREM 6.1. Let w € W such that w < ws. Then the following
hold.

(i) Tf“M(w A) EM(w-Ay) = Tf“M((ws)-/'L), and furthermore any
imbedding of M((ws)-1) into M(w -A) translates to an isomorphism
of TjM((ws)-2) and T;"M(w - 4).

(ii) There is a short exact sequence

0—-Mw- -u)—60,Mw-A) - M{(ws) -u)—0.
Also, the same is true with ©,M ((ws) - 1) in place of O, M(w - 1).
(iii) T,f"M (w-p) = M(w-A,) = T;}"M ((ws)-u), and furthermore any
imbedding of M((ws)-u) into M(w - pu) translates to an isomorphism
of T;}"M((ws) - u) and T;}“M(w u).
(iv) There is a short exact sequence
0> Mw-A) - Y. Mw-u)— M({(ws)-A) — 0.

Also, the same is true with Y, M ((ws) - u) in place of Yo M(w - ).
(v) The sequences in (ii) and (iv) do not split.

Proof. For the first statement, since M(w -1)®k L(n) has a VS, we
see that T M(w - ) = (M(w - ) ®x L(n))S , where S} = W -4, as
in Proposition 5.1. Any factor in the VS for M(w - 1) ® L(n) has a
highest weight of the form w-A+v, where v € II(L(%)). In order for



112 WAYNE NEIDHARDT

this highest weight to belong to S5, there must be some x € W with
x-(w-A+v) = (xw)-A+xv = A, = A+n—a. Since we have (xw)-4 <1
and xv < 7, we only have two cases to consider. Either (xw)-41 =21
and xv =n—-a,or (xw)-A=A4A-a and xv = 5. In the first case,
we have xw =1,sothat w=x"! and v =x"!(n—a) =w(n—a) =
wsn . In the second case, since A —a =s-4, we have xw = s, so that
ws = x~! and v = x~!n = wsy. Thus, the only possible factor in
the VS for Tf“M(w A) = (M(w-A)®k L(n))%: is the Verma module
of highest weight w-A+wsp=w-(A+sp)=w-A+n—-a)=w-4,.
Since dim L(#)wsy = 1, this factor can occur orly once, and we have
an isomorphism Tf“M (w-A) = M(w-A,) . A similar argument shows

that we have an isomorphism Tf sM((ws)-A) = M(w-A,). The proof
that any nonzero imbedding ¢: M((ws) - 1) — M(w - A) translates to
an isomorphism Tf“q&: Tf‘*M ((ws) - 1) — Tf"M (w - A) is identical to
the proof of [7, Lemma 9.5].

To prove the second statement, observe that by (i), we have that
O M (w-2) = T} M(w-Aq) = (M(w-4a)®k L(1))% , where S5 = W,
asin Propositioﬁ 5.8, where we use the fact that M (w-4,)®x L(n) has
a VS. Now any factor in the VS for M(w - 4,) ®k L(n) has a highest
weight of the form w -4, + v, where v € I[I(L(n)) . But then, for any
xeW,wehave x - (W-Ay+V) = (XW) Ao + XV < Aq + 1 = u, with
equality only if both (xw) -4, = 4, and xv = 5. The first equality
only occurs for the two cases x = w~! and x = sw~!, so that we have
v =wn or v=wsn. Since dim L(#n)yy = dim L(7)wsy = 1, we see
that (M (w-4,)®k L(n))Sﬁ' has exactly two factors in its Verma series,
of highest weights w - A, + wnp=w -y and w -1, + wsn = (ws) - u,
and each factor occurs once. Since the order of factors in a finite VS
may be arranged so that the factors of higher highest weight occur at
the bottom of the series, we obtain the existence of the short exact
sequence in (ii). Finally, since 6, = T/{‘ ) T; = we may conclude from
(i) that O, M ((ws)- 1) X O M(w-4).

The proofs of (iii) and (iv) are similar, involving RVS in place of
VS, and are left to the reader.

To see that the sequence in (ii) does not split, observe that

dim Hom(M ((ws) - u), O, M(w - 1))
= dim Hom(T;* M ((ws) - i), Ty=M(w - 2))
=dimHom(M(w - 4,), M(w -4,)) = 1.
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Similarly, to see that the sequence in (iv) does not split, observe that
dimHom(W, M(w - u), M(w - 1))
= dim Hom(T}je M (w - ), Tj=M (w - )
= dim Hom(M(w - 4,), M(w -4,)) = 1.

We now look at the more complicated behavior of irreducible high-
est weight modules under translation and coherent continuation.

PROPOSITION 6.2. Let w € W such that w < ws. Then the follow-
ing hold.

(i) TlL(w-2)=0.

(ii) O,L(w-4)=0.

(iii) Tf"L((ws) - A) is a nonzero highest weight module of weight
W - Ay in which L(w - A,) occurs exactly once as a composition factor,
and all other composition factors are of the form L(v) with v € S5,
where S3 is as in Proposition 5.1.

(iv) There is a unique submodule L'((ws)-u) of ©,L((ws)-1) which
is of highest weight (ws) - u and in which L((ws) - u) occurs exactly
once as a composition factor, and all other composition factors are of
the form L(v) with v € S5, where S7 is as in Proposition 5.8.

(v) dim Hom(®,L((ws)-A4), L((ws)-u)) =1.

(vi) There is a complex

0 — L'((ws) - ) % O, L((ws) - ) % L((ws) - 1) — 0
in which ¢ is the injective inclusion map, its image being the unique
submodule of ©,L((ws)-1) with properties given in (iv), and in which
w is surjective, its image being the unique quotient of ©,L((ws) - 1)
which is irreducible of highest weight (ws) - u, as given by statement

(V).
Proof. For the first statement, consider a short exact sequence

0— M((ws)-4) S Mw-2) = X -0,

where ¢ is any nonzero imbedding of M ((ws)-4) into M(w - 4),
so that X is a highest weight module of weight w - A. Since Tf * is
defined as a composition of right exact functors, it is right exact, and
Proposition 6.1 may be applied to show that Tf *X=0.But L(w-4)
is a quotient of X , so we may apply the right exactness once more to
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obtain T’ f L(w -4) = 0. The second statement follows immediately
from the first.
For the third statement, we have that

A S!S
T L((ws) - 4) = Wy* (W' L((ws) - 4) & L(n)),
where §) and S are as in Proposition 5.1. Using Proposition 2.9

and the definition of the functor I/VOS2 , we see that the only possible

factors of T;=L((ws)-A) are of the form L(v) with v € S§USY . What
remains to be shown is that the only possible composition factor of

Tj“L((ws) -4) of the form L(x-A,) is L(w-4,), and that this factor
occurs only once. But, using [6, Theorem 6.9] twice and [6, Corollary
7.5] once, we have

(Ty*L((ws) - A): L(x - Aa)) = (L((ws) - 2) ®k L(n): L(x - Aa).

Now, [6, Proposition 7.6] states that the only such composition factor
which may occur is L(w - 4,), and this factor occurs at most once.
On the other hand, using the isomorphism of Theorem 5.3, we have

dim Hom(M (w - A,) , T, L((ws) - 4))
= dim Hom(7} M(w - A,), L((ws) - 1))
— dim Hom(¥, M(w - ), L((ws)-A)) = 1,
where we have used the structure of W, M (w - u) given by the short

exact sequence from Proposition 6.1 for the last equality. Thus
L(w - 4,) occurs at least once as a composition factor of

Tf *L((ws) - A1), proving the third statement.
For the fourth statement, we have

dim Hom(M ((ws) - 1), G L((ws) - 1))
= dim Hom(¥, M ((ws) - u), L((ws) - 1)) = 1.

We may thus take L'((ws) - u4) to be the unique nonzero image of
M((ws)-u) in Q,L((ws)-4). That is, let

¢ € Hom(M((ws) - ), OaL((ws) - 1))

with ¢ # 0, and set L'((ws) - u) = Im¢. Clearly L'((ws) - u)
is a nonzero highest weight module of weight (ws) - u, and hence
L((ws) - u) occurs exactly once as a composition factor. It remains
to show that L'((ws) - ) has as its other composition factors only
those of highest weight in S%. We use the notation S7, S5, and
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S% of Proposition 5.8. Let X be the unique maximal submodule of
M((ws)-u), and consider an HWS for X, which exists by [3, Lemma
4.4]. Since, by Proposition 2.9 and Proposition 5.8, the only possible
highest weight factors of X have highest weights in S7USY , we see by
Proposition 3.6 that X has a two step filtration 0 C X S, c X, where
XS has an HWS 0 = X, C X; C X, C --- in which each factor
has highest weight in S, and where X/XS: has an HWS in which
each factor has highest weight in Sy . We show by induction that each
X; Cc Ker¢. Clearly Xy C Ker¢. Assume X; C ¢. if X;,; ¢ Kerg,
then ¢ would induce a nonzero map from X;,/X; to ©,L((ws)-4).
But then, since by Proposition 2.9 and [4, Theorem 4.1] X;,;/X; has
highest weight of the form x - 4 for some x € W with x > ws, we
would have a nonzero map from M (x-u) to ©,L((ws)-1). However,
using Proposition 6.1(iii) and (iii) above, we have

Hom(M (x-1) , O L((ws)-4)) = Hom(T M(x-u), T, L((ws)-4)) = 0.

Therefore we must have X;,; C Ker¢, completing the induction, so
that in fact X; C Ker¢ for all i > 0. But XS5 = Uiso Xi, so we
have XS c Ker¢. This shows that L'((ws) - u) =Im¢ is a nonzero
quotient of M ((ws) - u)/X S,", and thus L((ws) - u) occurs once as a
composition factor and all other composition factors are composition
factors of X/XS: , hence have highest weights in S7.

By the right exactness of ©,, we see that there is an epimorphism
: O, M((ws) - 4) — O,L((ws) - 4). Using Proposition 6.1(ii), which
gives us a filtration 0 C M(w - 1) C ©,M((ws) - 1), we may consider
the images under n to obtain a filtration 0 C M C ©,L((ws) - 1),
in which M is either zero or of highest weight w - x4, and in which
O,L((ws)-A)/M is either zero or of highest weight (ws) - 4. But
Hom(M(w - ), O.L((ws)-4)) = Hom(¥ M (w - u), L((ws)-4)) # 0,
so that M is nonzero. To show that ©,L((ws)-4)/M is nonzero,
note that otherwise we would have M =©0,L((ws) 1), and L(w - u)
would be a quotient of ©,L((ws) - 4), and hence a quotient of
O,M((ws) - 1), which would contradict the fact that the sequence
in Proposition 6.1(ii) does not split. Therefore ©,L((ws) - A1) has a
nonzero quotient ©,L((ws)-41)/M of highest weight (ws) - 4, which
in turn has L((ws) - u) as a quotient, which shows that

Hom (8., L((ws) - 4), L((ws) - u)) # 0.

On the other hand, since ©,L((ws)-4) is a quotient of ©,M ((ws)-1),
we have
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dim Hom(0,L((ws) - 4), L((ws) - u))
< dimHom(®,M((ws)-A), L((ws) - u)) =1,

by Proposition 6.1(ii). This proves (v).

Finally, the only part of (vi) which does not follow immediately
from (iv) and (v) is that Im¢ C Kery . Let i: M((ws)-u) — M(w-u)
be a nonzero imbedding. By Proposition 6.1(iii), this translates to an
isomorphism T;}“i tM(w-4y) = M(w - 4,) . We now have a square

Hom(M(w - u), Qo L((ws)-4)) ——— Hom(M((ws) - 1), B L((ws) - 1))

| J

Hom(M (w - 44) , T} L((ws) - A)) —— Hom(M(w - A), T2 L((ws) - 1)),

where the vertical maps are the natural isomorphisms of Theorem
5.11, the top horizontal map is just the restriction map given by trans-
position of i, and the bottom horizontal map is given by the transpo-
sition of the isomorphism T,’}“i , 50 that the bottom horizontal map is
also an isomorphism. Note that the naturality implies that this square
commutes. By (iii), the vector spaces on the bottom of this diagram
are 1-dimensional, hence so are the ones on top. The commutativ-
ity shows that the top map must be an isomorphism, and hence any
nonzero map from M(w-u) to ©,L((ws)-A) has a nonzero restriction
to M((ws)-u), and hence its image N, which is a highest weight mod-
ule of weight w - u, contains a nonzero image of M ((ws)-u), which is
L'((ws)-u) by (iv). Now consider the filtration 0 C M C ©,L((ws)-A)
from the proof of (v). It is clear that M is the unique submodule of
highest weight w - 1, so that M = N, and hence L'((ws) -u) C M.
On the other hand, from the proof of (v) we have M C Kery, so
that Im¢ = L'((ws) - u) C M C Kery .

We may now define certain submodules which have been studied
extensively in the case of a finite dimensional algebra.

DEFINITION 6.3. We use the notation of Proposition 6.2(vi). We
define U,L((ws)-4) = Kery/Im¢p, K,L((ws)-4) = Kery, and
QuL((ws) - 4) = B L((ws) - 4)/Im .

Observe that we have short exact sequences

0— L'((ws) - u) = Ko L((ws) - A) = U, L((ws) - 1) — 0,
0 — L'((ws) - 1) — BoL((ws) - 4) = QuL((ws)-2) — 0,
0 — UsL((ws) - 1) = Qo L((ws) - 4) — L((ws) - u) — 0,
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and
0 — K, L((ws)-4) = O, L((ws)-4) — L((ws) - u) — 0.

We now take a look at what composition factors of the form L(x-u)
can occur in U,L((ws)-A). For this, we first need a lemma involving a
further translation. Note that u satisfies exactly the same hypotheses
as A, namely that u € P* and u(h;) = 0. Thus we may set u, =
i+ n and define the translation functors T,f * and T, ,ﬁ‘a exactly as in
Definition 5.2. These translation functors have all the same properties
as Tf = and T} .

LEMMA 6.4. For any x € W and any short exact sequence
O-L—-M->N-0

of modules in C()nice (T,’f"M: L(x - u,)) = (T,’f“L: L(x - u,)) +
(T;*N: L(x - uo)). Similar results hold for T{ and for T, o T} .

Proof. Since T,ﬁ‘a I*a(x - ) is projective in C(4)pice by Lemma 5.6,
we have that the sequence
0 — Hom(T); I*+(x - pt) , L) — Hom(T}; I*+(x - o) , M)
— Hom(T,’faI”a(x “la), N) =0

is exact. We now use Theorem 5.3 and Proposition 2.7 repeatedly to
obtain

(Ty=M: L(x - ua)) = dim Hom(I*(x - o), T;*M)
= dim Hom(7} I*=(x - o), M)
= dim Hom(T} I*(x - pa), L) + dim Hom(7}; I*=(x - ua), N)
= dim Hom(/*(x - o), Ty L) + dim Hom(I*(x - ua), T,*N)
= (TfL: L(x - pta)) + (Tfo N L(X - ).

The above lemma essentially says that although the translation func-
tor T,f * may not be exact, its lack of exactness involves only modules
with composition factors whose highest weights are in “lower” orbits,
and that they behave like exact functors if we consider composition

factors of highest weight in W - u,. Similar statements hold for the
other translation functors and compositions of these functors.

COROLLARY 6.5. Forany x € W and any M € Ob C(Aa)nice, (Tji"0
Ty M: L(x - o)) =2(M: L(x - Aa)).
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Proof. First note that by the exactness of translation functors on
modules with VS as in [6, Theorem 4.8], we may use Proposition
6.1(ii) and (i) to conclude that T, o T/M(x - A,) has a VS with
just two factors, each isomorphic to M (3c - Uy) . This implies that
[T,’f" ) T/{‘M(V)] =21if v =Xx-u,,and 0 otherwise.

We now consider a resolution

= M- My—-M-—0

of M by modules in C(4,)nice Which each have a VS, as constructed
in Lemma 4.3. Note that if we use the standard resolution of K
when performing this construction, we can guarantee that A, has
no weights > 1, — a for n sufficiently large, so that T;f «o T ,f‘ M,
has no weights > u,. Thus the following sums, which may apfaear
to be infinite, have only finitely many nonzero terms. Also, since
Y- -lo = (s) Uy and y - A, = (ys) - A, for any y € W, we avoid
repeated terms in the following sums by assuming y < ys. Applying
Lemma 6.4 gives

(Tyr o Ty Mt L(x - pta)) = D (= 1)"(Ty" o T} My L(x - ta)

n>0
=3 (0" DU o T My M(y - o) (M (Y - 1) L(X - 1))
SR 414
=Y (=D Y0 Y My M(z-20)]
20 ek

ATu o T M(z - Aa): M(y - o)\ (M (3 - o)t L(X - o)
=317 2My: M(y - 2)XM (- pra): L(x - o)

=0
=) (1" D 2AMy: M(y - 4)IM(y - Aa): L(X - Aa))
=0

=2(M: L(x - 4a)) ,

where we have used [6, Theorem 7.10] for the penultimate equality.
Note that we have relied heavily on Propositions 2.9, 5.1 and 5.8 to
justify only considering highest weights in the appropriate orbits and:
ignoring highest weights in one of the sets of the type S5.

THEOREM 6.6. The only composition factors of U,L((ws)-A) which
are of the form L(x - u) with x € W satisfy x < xs, with L(w - u)
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occurring exactly once. Using the sets S{, Sy, and S5 as in Propo-
sition 5.8, all other composition factors of U,L((ws) - 1) have highest
weights in S5 .

Proof. We first look at the composition factors of ©,L((ws) - 1).
From the filtration 0 ¢ M C ©,L((ws) - A4) in the proof of Propo-
sition 6.2(v), we see that L(w - u) occurs as a composition factor
exactly once, and all composition factors have highest weights either
in §§ = W-u orin S5 . Also, from Proposition 6.2(vi), we see that the
composition factor L((ws) - u) occurs at least twice. Now we have
by Proposition 6.2(iii) and Corollary 6.5 that the only composition
factor of Tﬁ“@aL((ws).l) of the form L(x-u,) is L(w - u,), which
occurs exactly twice. But, applying T[f = to the individual composition
factors of ©,L((ws) - 1) and using Lemma 6.4, we see that the two
factors L((ws)-u) translate to the factors each having a composition
factor L(w - u,) by Proposition 6.2(iii), so that all other composi-
tion factors of ©,L((ws)-A) of the form L(x-u) must vanish under
the translation T,’f =, Thus, by Proposition 6.2(i) and (iii) we see that
these composition factors must satisfy x < xs. We now use Proposi-
tion 6.2(vi) to eliminate the composition factors of L'((ws) - x) and
L((ws) - u), obtaining the desired result for U,L((ws) - 4).

7. The main theorem. We continue with the notation of the preced-
ing section. We now use the modules U,L((ws) - 4) defined in that
section to show that, assuming certain nice properties which hold in
the case of a finite dimensional algebra carry over to our present sit-
uation, we may compute the integers dim Ext¢ (M (x-p), L(y - u))
for any x,y € W, using induction on /(x). Note that these inte-
gers were shown to be independent of the choice of 4 € Pt in [7,
Theorem 8.6]. Also, knowing these integers allows us to compute the
multiplicities [L(y-u): M(x - u)], by [7, Proposition 10.3], and then,
using Mobius inversion, the multiplicities (M (y - u): L(x - u)).

LeEMMA 7.1. If x<xs and y<ys, then Ext’é(l)(M(x-A), L(y-A))
= Extgr) (M((xs) - 4), L(y-4)) forall n>0.
Proof. Using the short exact sequence
0->M(x-2) >Y¥Y.M(x-pu)— M((xs)-4)—0

from Proposition 6.1(iv), we apply the functor Hom(-, L(y - 1)) to
obtain a long exact sequence, and we see that it suffices to show that
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Ext”c(l)(‘I‘aM (x-u), L(y-4)) =0 for all » > 0. But this is clear,
since Ext"c(l)(‘PaM(x 1), L(y-4)) = Exte) (M(x - p), ©aL(y-4))
by Theorem 5.13 and ©,L(y - A) = 0 by Proposition 6.2(ii).

The following two lemmas will form the heart of our argument, and
are essentially an adaptation of the proof of [9, Theorem 3.5].

LEMMA 7.2. If x < xs and y < ys, then
Exteiu (M (x - 1), Ko L((vs) - A)) = Extey (M ((xs) - 4), L((ys) - 4))
forall n>0.

Proof. Consider the diagram
-+ = Extg, (M(x - p), KaL((ys) - 4)) l—* Exte)(M(x - 1), ©aL((ys) - 4))

-+ = Extggy (M((xs) - 4), L((ys) - 4)) —*_Ext%a)(‘l’aM (x-u), L((ys)-4))

l—> Extey(M(x - 1), L((ys) - ) — -

s Bty (M(x - 2), L((ys) - A) = -+

where the top row is a long exact sequence derived from the short
exact sequence

0 — Ko L((ys) - 4) = OaL((ys) - 1) — L((ys) - u) = 0

which was noted after Definition 6.3, and the bottom row is a long
exact sequence derived from the short exact sequence

0—-Mx-2)->Y . M(x-u) — M(xs)-4)—0

of Proposition 6.1(iv). The vertical maps are the natural isomor-
phisms of Theorem 5.13 and [7, Proposition 8.5]. Notice that the first
vertical isomorphism is essentially derived from the natural equiva-
lence of functors

Hom(-, -® L(n) ® L(n)) and Hom(-®I'(-n)®I(-n), -),
and the second from the natural equivalence of functors
Hom(-,-® L(u—A)) and Hom(-®I'(A—pu), -),

as proved in [7, Lemma 7.7]. Since L(u—A) is a subquotient of L(n)®
L(n), the naturality shows that the diagram commutes up to a scalar
multiple, where the scalar depends on our choices for highest weight
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vectors in the subquotient modules. By the commutativity up to scalar
multiple, we may define, noncanonically, the desired isomorphisms.

LEMMA 7.3. For any w < ws and z < zs, we have a long exact
sequence

— Exte (M(z - p), U, L((ws) - 2)) = -+

Proof. Using the short exact sequence
0— L'(ws) - u) — Ko L((ws) - A) — U, L((ws) - 1) — 0
which was noted after Definition 6.3, we obtain a long exact sequence
= Extey (M(z - ), L'(ws) - 1) = Exte (M(z - ), K, L(ws) - 2))
— Exte, (M(z - u), U L((ws)-2)) = - .
From the description of the composition factors of L'((ws)-u) given
in Proposition 6.2(iv), we see by Propositions 2.9 and 5.8 that
Extgy(M(z - u), L'((ws) - p)) = Exte ) (M(z - p), L((ws) - p)
and substituting this in the long exact sequence gives
- = Extgy (M(z - 1), Li(ws) - 1)) = Exte (M(z - ), K, L((ws) - 1)
— Exty, (M(z - ), U, L((ws) - 1)) = -
Making a further substitution from Lemma 7.2 gives
= Extp, (M(z - 1), L((ws) - 1)) — Exty, (M((25) - 2), L((ws) - 1)
— Exty, (M(z- ), U, L((ws) - 2)) = ---

Finally, applying [7, Theorem 8.6] on the independence of the choice
of dominant integral weight gives the desired result.

In order to use the long exact sequence of Lemma 7.3 in our induc-
tive scheme, we will need the following two properties, which hold in
the case of a finite dimensional algebra.

Conjecture 7.4. Let x, y € W . Then the following hold.

(1) If Extg, (M(x-u))#0, then I(x) ~/(y) =n (mod 2).
(i1) If x < xs and y < ys and L(x -u) occurs as a composition
factor of U,L((ys)-A), then Hom(M (x - u), U,L((ys)-4)) #0.



122 WAYNE NEIDHARDT

REMARK. The second part of the above conjecture is actually a
weaker form of [9, Conjecture 2.5], where it was conjectured, and
later proved in [10, Corollary 7.18], that U,L((ys) - 4) is completely
reducible.

LEMMA 7.5. Let z < zs and w < ws. Assuming Conjecture 7.4, if
L(z - u) occurs as a composition factor of U,L((ws) - 1), then [(z) =
l(w) (mod 2).

Proof. Using Conjecture 7.4(ii), we have

Hom(M(z - u), UsL((ws) - p)) # 0,

so that by the long exact sequence in Lemma 7.3 we have either
Hom(M((zs)-4), L((ws)-)) # 0 or Extb,(M(z-u), L((ws)-p)) #
0, and in either case the result follows from Conjecture 7.4(i).

LEMMA 7.6. Assume that Conjecture 7.4 holds. Let x < xs and
y<ys. If l(x)-1(y) #n (mod 2), then

EthC(ﬂ)(M(x : ﬂ) ) UaL((yS) ) l)) = 0 .
On the other hand, if l(x) — [(y) =n (mod 2), then
dim Ext’é(ﬂ) (M(x-pn), U L((ys) - 4))

= 3 (UaL((¥$) - 2): L(z - ) dim Extly (M (x - ), L(z - ).
ZEW

Proof. Consider a local composition series for U,L((ys) - 1) at
x-u. Incase /(x)—I(y) #n (mod 2), we have that

for each factor F in the LCS, by Lemma 7.5, and hence
Exte ) (M (x - ), UsL((ys) - 4)) =0,

by induction on the number of factors. The case where /(x)—I(y) =n
(mod 2) also follows by induction on the number of factors,
since Conjecture 7.4(i) shows that both Ext’(’iﬂl)(M (x-u), F) and

Extg},,(M(x - u), F) for each factor F in the LCS.

COROLLARY 7.7. Assume that Conjecture 7.4 holds, and let x < xs
and y <ys. Then

dim Hom(M (x - u) , UsL((ys) - 4)) = (UaL((ys) - 4): L(x - p)) .
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Proof. This follows immediately from Lemma 7.6, with n = 0,
when we observe that Hom(M (x - ), L(z-u)) =0 unless x = z.

DEFINITION 7.8. We define the polynomials Py ,(q) € Z[g'/?] for
each x,ye W by

Py y(q) = Z dim Ext'é(ﬂ)(M(x ), L(y - p)gix-to)-m/z,
n>0

REMARKS. If we assume the truth of Conjecture 7.4, then we have
that P, ,(q) € Z[q], and it was shown in [7, Corollary 10.4] that we
have [L(y - A): M(x - A)] = (=1)!*)~I0)P, ,(1). Thus, determining
the Ext dimensions determines the multiplicities [L(y - 4): M(x - 1)]
and hence, by Mobius inversion, the multiplicities (M (y-4): L(x-4)).

For the case of a finite dimensioanl algebra, it was shown in [10,
Theorem 7.3] that Py , is the same as the Kazhdan-Lusztig polyno-
mial wao ,yw, > where w is the longest element in # . In the present
situation, we have no longest element of W to work with, and we
begin our inductive scheme with the dominant integral weight u by
starting with x = 1, rather than beginning with the weight wg - # as
in the proof for the finite dimensional case.

DEeFINITION 7.9. For any x # y, we define
p(x, y) = dim Extg, (M(x - p), L(y - 1)) -
We also define u(x, x)=1 forany x e W.

REMARK. Assume x # y. Since Hom(M(x - u), L(y - u)) =0,
we have that deg Py , < (I(x) —I(y) — 1)/2, so that u(x, y) is the
leading coefficient of Py, when it has maximal possible degree
(I(x) = I(y) = 1)/2, and is zero otherwise.

COROLLARY 7.10. Assume that Conjecture 7.4 holds, and let z < zs
and y <ys with z#y. Then (U,L((ys)-A): L(z-u)) = u(z, ys).

Proof. Since z # y, we also have zs # ys, and hence
Hom(M ((zs) - ), L((ys) - 1)) = 0.
Also, for either side to be nonzero, we can assume that /(z) = [(y)
(mod 2), by Lemma 7.5 and Conjecture 7.4(i). But then, using Con-
jecture 7.4(i) again, Extlc(ﬂ)(M((zs) -u), L((ys) - #)) = 0, so by the
long exact sequence in Lemma 7.3 we have
dim Hom(M(z - u), U L((ys) - 4))

= dim Exte ) (M(z - ), L((ys) - ) = p(z, ys).
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THEOREM 7.11. Let u € P*, and assume the truth of Conjecture
7.4. The integers dim Extg,, (M (x - p), L(y - u)) can be computed by
induction on l(x) as follows. When x = 1, we have

dim Extc,,(M(u), L(y - #)) =0

unless y = 1 and n = 0, and dimHom(M (u), L(u)) = 1. For
x # 1, choose a simple reflection s such that xs < x. We then have
the following two cases.

Case 1. y<ys. Then
dim Exté,) (M (x - u), L(v - u)) = dim Extgs, (M ((xs) - ), L(v - ).
Case 2. y > ys. Then when l(x) —[(y) # n (mod 2) we have
dim Extc, (M (x-u), L(y-u)) =0, and when I(x)~I(y) = n (mod 2)
we have
dim Exte,, (M (x - ), L(y - )
= dim Extg,(,, (M((xs) - ), L((ys) - 4))

+ Y u(z, y) dimExt}, (M((xs) - p), L(z - u))

ZEW
z<zs§

— dim Extg, (M ((xs) - p), L(y - ) -

Proof. The assertions for x = 1 are clear from Proposition 2.9,
so we choose a simple reflection s with xs < x, and choose A and
4 as in the preceding two sections. Case 1 is simply a restatement
of Lemma 7.1. For Case 2, we can assume by the parity conjecture,
i.e. Conjecture 7.4 that /(x) —I/(y) = n (mod 2), and we use the long
exact sequence

- Ext (M((x5) - ), L(y - 1) — Extle (M(x - ), L(v - 1))
— Ext (M((x5) - 1), UnL(y - 4)) = - -

of Lemma 7.3. By the parity conjecture and Lemma 7.6, this long
exact sequence collapses into a family of short exact sequences, and
we have

dim EXtZ’(,u)(M(x ) /l) > L(y ' :u))
= dim Extg, ) (M ((xs) - 1), UaL(y - 2))

— dim Extg{,) (M((xs) - ), Ly - ).
But now, we may use Lemma 7.6 to compute
dim Exte,, (M ((xs) - p), UsL(y - 2))
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by taking the sum of the various dimExtg, (M ((xs) - u), L(z - p))
with L(z-u) a composition factor of U,L(y-A). We thus obtain the
desired result when we note that L((ps) - u) occurs exactly once as a
composition factor of U,L(y -A) by Theorem 6.6, and by Theorem
6.6 any other composition factor is of the form L(z-u) with z < zs
and it occurs with multiplicity u(z, y), by Corollary 7.10.

COROLLARY 7.12. Assuming the truth of Conjecture 7.4, we may
compute the polynomials Py ,(q) by induction on [(x) as follows.
() If x =1, then Px y(q) =0 for y # 1 and Py y(q) =1 for
y=1.
(i1) If x # 1, then choose a simple reflection s with x > xs. Then
in the case where y < ys we have Py ,(q) = Pxs ,(q), and in the case
where y > ys we have

Py y(q) = Pxs,ys(9)+ Z u(z, y)q(l(z)-l(y)ﬂ)/zﬁxs,Z(Q)_qus,y(Q) .

ZEW
z<2zs§

Proof. This follows immediately from Theorem 7.11 and the defi-
nition of the polynomials Py ,(q).

ReMARK. If we do not assume Conjecture 7.4, part (i) and the first
case y < ys of part (ii) still must hold, since the proof of this case
relies only on Lemma 7.1.
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