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PERIODS AND LEFSCHETZ ZETA FUNCTIONS

JOSEFINA CASASAYAS, JAUME LLIBRE AND ANA NUNES

The goal of this paper is to obtain information on the set of periods
for a transversal self-map of a compact manifold from the associated
Lefschetz zeta function in the case when all its zeros and poles are
roots of unity.

1. Introduction and statement of the results. One of the most useful
theorems for proving the existence of fixed points or, more generally,
periodic points of a transversal self-map f of a compact manifold is
the Lefschetz fixed point theorem. When studying the periodic points
of f,i.e., the set

Per(f) = {m € N: f has a periodic orbit of minimal period m },

it is convenient to use the Lefschetz zeta function of f, Z,(¢), which
is a generating function for the Lefschetz numbers of all iterates of
S . The function Z(¢) is rational in ¢ and can be computed from
the homological invariants of f (see §3).

We shall study C! self-maps f of a compact manifold which have
only transversal periodic points, so called because the graph of f™
is transverse to the diagonal for all m > 0. The main contribution
of this paper is the study of the periodic orbits of f when its Lef-
schetz zeta function has a finite factorization into terms of the form
(1+£¢™")*1. A key point is the introduction of the notion of irreducible
factor (see §3 for a precise definition). Our main result is the follow-
ing.

THEOREM A. Let f: M — M be a transversal map of a compact
manifold. Suppose that all the zeros and poles of its Lefschetz zeta
Sunction Zg(t) are roots of unity, and that Z r(t) has an irreducible
Sactor of the form (1 £ ¢")*!,

(a) If n is odd then n € Per(f).

(b) If n is even then {4, n}NPer(f) # 2.

The proof of this theorem will be given in §3. From Theorem A
it follows that each irreducible factor of the form (1 & *)*! of the
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Lefschetz zeta function forces at least one period (n if »n is odd, n/2
or n if n is even).

The set of periods obtained in this way will be called the forced set
of periods of f and will be denoted by FSP(f).

As an application of Theorem A and the algebraic results derived in
§2, we obtain an upper bound for the cardinal and for the maximum
period of the forced set of periods (see Corollaries 3.3 and 3.4).

Our main basic assumption throughout this work is that all the zeros
and poles of the Lefschetz zeta function associated to f: M — M
are roots of unity (for different results under similar assumptions see
Franks [F1], [F3], Fried [Fr], Matsuoka [Mt] and [CLN]). There are
three interesting classes of transversal maps which satisfy our basic
assumption. First, the set of maps whose set of periods Per(f) is
finite (see Theorem 6 of [Fr]). Second, the self-maps of compact
connected surfaces with Per(f) finite or i(f) = 0, see Corollaries
4.3 and 4.4. Finally, the self-maps of the n-dimensional torus with
Per(f) finite or A(f) =0, see Corollaries 5.1 and 5.2.

2. Cyclotomic polynomials. As usual, we shall use the notation c¢,(¢)
for the nth cyclotomic polynomial given by
11"
Hdln ,d<n ca(t)
for ne N\{1} and ¢,(¢) =1-¢.
Notice that all the zeros of c,(¢) are roots of unity.
A proof of the next proposition may be found in [L].

cn(t) =

PROPOSITION 2.1. Let & be a primitive nth root of unity and P(t)
a polynomial with rational coefficients. If P(&) =0 then c,(2)|P(2).

Clearly, the degree ¢(n) of c,(¢) verifies
n=>Y o)
din
and so ¢(n) is the Euler function, which may be computed through

p(n)=n ] (1-})).

pin
p prime

Hence, if n=p;*---p;* is the prime decomposition of n, then

k
(2.1) p(n) =[P (2i - 1)
i=1
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TABLE 1
1-8
ca(t)y=1-t a(t)y=1+t c(t) = =7
1-8 148
_ 2 _ —
c(t) =1+t ¢s(t) = =7 co(t) = T+1
1-1¢7 1-¢°
c7(t) = T—; ) =1+1* (1) = -3
142 1 -1 1416
=17 ul=—F =17
1—¢13 1+ (1 —t1)(1 -1
Cl3(t) - 1—¢ Cl4(t) - 1+1¢ Cl5(t) - (1 _ t3)(1 _ t5)
1117 1+2°
cs(t)y =142 c17(2) = = csl)= 130
1—¢19 14 ¢10 (1 =211 -1
o) =——7 )=17 = T =7)
1+ ¢! 1—¢23 14112
nl)=—17 wO=F—F =77
1—¢% 1413 1— ¢
cs(t) = 1-5 c26(t) = T+: c27(t) = =79
1+ ¢14 1 -1 (1+5)(1+70)
wll) =3 =77 o= 3155

In Table 1 we present a list of the first 30 cyclotomic polynomials and
their degrees. The following rules follow easily from the definition of
cyclotomic polynomials and their properties (see [L]).

_qp
(2.2) D prime = ¢y(t) = 1_—tt ,

(2.3) p - 2n = cp(t) — 1 + tzn—l ,

(2.4) p =2r,rodd = ¢p(t) = ¢, (—t),

(2'5) p = 2nr, rodd, n> 1 = Cp(t) = czr(tzn_l) ,

) Cp (tP2) Cp (27)
2.6 = , D1, P2 prime = ¢,(t) = 2 =y
(26) p=pp2,P1,P2P (1) cpl(t) sz(t)

. a—1 1 —_ tp;!
(2.7) p =pt, p) prime = ¢p(2) = ¢ (1 ) = P
ap—1

..pk )’

a[—l.

(2.8) Copr..pt (1) = Cpyoop, (17
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cr(t7)
cr(t) )

(2.9) p prime, p{r= cp(t) =

LEMMA 2.2. Let n = p;" p,':" be the prime decomposition of n €
N. Then

(2.10)

ap—1 k-1
Cpmr g (1) = Cp ()17

L.,
. D Np®t Tl k] 1 k—1—j
. H H cpk((t"u 7N A (ol A

J=1 1<i<<i,<k-1
Proof. Using property (2.8), it is enough to show that

211) ¢ (8) = ¢ ()V
) k—l D k—1-j
O O ae,
j=1 1<i <-<i <k-1

and we shall prove (2.11) by induction with respect to k € N. For
k =1 it holds trivially. Suppose k = 2. By property (2.6) we have

Cp1p2(t) = ch(t)—lch(tpl) 5

and so (2.11) holds for £ = 2. Suppose now that (2.11) holds for
some kK € N, k > 2, and consider ¢, _p _(f) With p; < -+ < pgyy.
Then, applying successively (2.9) and the induction hypothesis,

CpyPis (tpl)
cpz-"pk+n (t) .
(2o (=D

(2.12) cp.p,, (1) =

cpk+l
k—1
cpk+l (t)(_ l)

k-1
J=1 2<i<<i;<k
N\ —1)*!
=cpk+.(t)( 1) cpk+l(tpl)( )

k-1 b .
31 O | MG b

Jj=1 2§i1<~--<ij§k

k-1
e (P00
a7

D N (=1)
.cpk+1(tpll p‘j)( D .
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Now it is easy to check that (2.12) is equal to

k-1
« DN (1)
o O I IT e, ()

j=1 lgil<---<ij5k

Hence, (2.11) holds for k£ + 1 and the lemma is proved. o

PROPOSITION 2.3. Let c,(t) be of degree ¢(n) > 2. Then cy(t) can

be written as

m
(2.13) cn(t) = [J(1 - a1 (3)2%)1,

i=1
where m < ¢(n)/2, ¢q; € N and o,(i), 02(i) € {-1,1} for i =
1, ..., m. Moreover, q = max;q; is smaller than or equal to n/2 if
n isevenor n if n is odd.

Proof. Let n = p{*---p,* be the prime decomposition of n. The
case k =1 is obvious from (2.7) and (2.3). Suppose first that k > 2

and that none of the p; is 2. From Lemma 2.2 and (2.2), c,(?)
factorizes in the form (2.13) with

k-1
m=2z(k_.l) =2k,
=0\ J
From (2.1)
k 1
o(m)=[]p" (pi—1)>2-4.2k"2 =2k,
i=1

and the result follows with o,(i) =+1 for i=1,..., m.

Suppose now that k > 2 and that one of the p; is 2. Applying
Lemma 2.2 with p; =2 and (2.3), c,(¢) factorizes in the form (2.13)
with gy(i)=—-1 for i=1,..., m and

But for k>3

k
o) =[] i —1) 2 2-8.2k3 = 2k+1,
i=1
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TABLE 2

d nyd) d nd) d nod) d nod) d ny(d)
1 2 2 6 3 9 4 12 5 15
6 18 7 21 8 30 9 33 10 37
11 41 12 45 13 48 14 52 15 56
16 60 17 63 18 67 19 71 20 75
21 78 22 82 23 86 24 90 25 93
26 97 27 101 28 105 29 108 30 112
31 116 32 120 33 123 34 127 35 131
36 135 37 138 38 142 39 146 40 150
41 153 42 157 43 161 44 165 45 168
46 172 47 176 48 210 49 214 50 218
51 223 52 227 53 231 54 236 55 240
56 245 57 249 58 253 59 258 60 262
61 266 62 271 63 275 64 280 65 284
66 288 67 293 68 297 69 301 70 306
71 310 72 315 73 319 74 323 75 328
76 332 77 336 78 341 79 345 80 350
81 354 82 358 83 363 84 367 85 371
86 376 87 380 88 385 89 389 90 393
91 398 92 402 93 406 94 411 95 415
96 420 97 424 98 428 99 433 100 437

and the result follows as before. If k =2, m = 2. But ¢(n) is even
and hence by hypothesis ¢(n) > 4. So, again, m < ¢(n)/2.

From the definition of c,(¢) it is clear that ¢ < n, and from (2.4)
and (2.5) it follows that g < n/2 if n is even. O

Given d € N, let ny(d) be defined by

k .
(2.14) no(d) = [d I1 pj”—_’l]
=171

where [-] denotes the integer part function and k € N is the great-
est number of consecutive primes p; such that py = 2 and
(p1—1)---(pr — 1) < d. See Table 2 for the first one hundred values
of no(d ) .

ProrPoSITION 2.4. Given d € N, there exists ng € N such that for
n > ng, ¢(n) > d. Moreover, no(d) is the best possible lower bound

for ny.



PERIODS AND LEFSCHETZ ZETA FUNCTIONS 57

Proof. For d = 8 we obtain ny(d) = 30 and ¢(30) = 8. So, (2.14)
gives the best possible lower bound.

Let d € N and np € N be given by (2.14). Let n be greater than
ngy so that

n> [del }zIf[

and let n = pf' e pj’ be the prime decomposition of #. In order to
prove that ¢(n) > d we shall consider two cases. Suppose first that
j > k. Then, from (2.1)

k+1

J J
n)=Hp3;"‘(pn,.—1)2H —1)> H (i —1) > d.
i=1 i=1

Suppose now that j < k. Then

J
Dn, —
p(n) = Hpn i—l)znﬂ%
i=1 :
k J
Di Dn -1
: >
>dH ,-—l.H - >d,
i=1 i=1 [
because the p; are consecutive primes and so, for i=1, ..., J
. -1
pi  PmTC 5 O
pi—1  pn

3. Periods forced by the Lefschetz zeta function. Let A be a com-
pact manifold. A map f: M — M is called transversal if

(1) f is of class C!,

(2) f(M) C Int(M),

(3) for every periodic orbit y of period p(y), x€y and me N

det(D ™) (x) - I) # 0.

Let f: M — M be a transversal map. Denote by PO the set of
periodic orbits of f and, given y € PO, by p(y) the minimal period
of y. Following the notation introduced in [CLN] we define u.(y)
(resp. u_(7)) as the number of real eigenvalues of Df?")(x), x €y,
which are strictly greater than one (resp. strictly smaller than one).
We also define the following subsets of PO:
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EE = {y € PO: u,(y) and u_(y) are even},

EO = {y € PO: uy(y) is even and u_(y) is odd},
OE = {y € PO: uy(y) is odd and u_(y) is even},
00 = {y e PO: u,(y) and u_(y) are odd}.

Also, for each odd r > 1 and n > 0 let PO(2"r) be the set
PO(2"r) = {y € PO: p(y) = 2"r},

and denote by EE,, (resp. EOjs,, OE;,., OO, ) the cardinal of
EENPO(2"r) (resp. EONPO(2"r), OENPO(2"r), OONPO(2"r)).

Denote by u: N — {-1,0, 1} the Mébius function defined by
u(1) = 1 and by the following rule: if n = pf‘ ---p;c’ is the prime
decomposition of n, u(n) =0 if k; > 1 forsome i € {1, ..., j},
and u(n) = (—1)/ otherwise. Denote by {an}nen the sequence of
nonnegative integers defined by

(3.1) ==Y u(3),

kin

and, for each positive odd r and each nonnegative m, let
m
(3.2) Bomr =Y 0y,
k=0

Given a continuous self-map of a compact manifold M of dimen-
sion n, its Lefschetz number is defined as

n
L(f) =Y (=D tr(fr),
k=0
where f;: H. (M ; Q) — Hi (M ; Q) is the endomorphism induced by
f on the kth rational homology group of M. The Lefschetz fixed
point theorem says that if L(f) # O then f has a fixed point. For
the purpose of studying the set Per(f), it is useful to consider the
Lebschetz zeta function

Z(t) = exp (Z £(—r—{lm—)t’”) )
m=1

which is a generating function for the Lefschetz numbers of all iterates
of f and can be computed from the homological endomorphisms f,;
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of f as follows:

n
(3.3) Zy(0) = [] dett;, — t£) 0",
k=0
where j, = dimg H, (M ; Q), see [F2].

If f: M — M is transversal, then the Lefschetz numbers of the
iterates of f are related in a simple way to the periodic points of f,
see [F1] for more details.

With this notation, we have the following theorem, which will be
used in subsequent proofs.

THEOREM 3.1 ([CLN]). Let f: M — M be a transversal map such
that its Lefschetz zeta function is of the form

NP
(3.4) Zs(t) =[] [I1 - (i, p)2)2-2),
pEP i=1

where P is a finite subset of N, the N, are natural numbers and
01(i, p), oo(i, p) € {—1, 1}. Then, for each odd integer r > 1 and
m=0,1,2,... we have

m m
(3.5) > EE,, +EOym, +y(r, m) = OO, + Y OEy,,

k=0 k=0
where
(3.6)
r m) Z 262 2m q)o1(i 2mq)ﬁr/q
qlr i=1
2"geP
02(1 2g) -1
+ Z Z 2‘72 (ﬂz"' ~ir/q ———ﬂr/q
j=0 gq|r i=1
2qep

and we take the second summand equal zero when m = 0.

Consider a product of the form

NP
(3.7) IT TI( = au(i, pyery=tiom,

PEP i=1
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where P is a finite subset of N, N, is a natural number for each
p € P, and oay(i, p), oa(i,p) € {—1, 1}. A factor in (3.7) of the
form (1—o,(i, p)t?)%:(-P) will be called irreducible if it remains after
performing the following reductions:

(R1) A+2)(1+2) =1,

(R2) 1-(-)'=1,

(R3) (1+2)1—-#)=1-¢2,

(R4) A+ 11 =) = (1 - )]
(RS) A+2) M1 -#)=1-1¢7,

(R6) (1+2)(1-2) = (1-7)7,
(R7) A+ ) (1+12) = (1 -2)"1(1 = %),
(R8) A4+ 1 1+ =(1-P)1 -*)" L,

We remark that the reductions (R1) to (R8) should be performed in
correlative order and consequently the whole process of reduction is
finite.

THEOREM 3.2. Let f: M — M be a transversal map of a compact
manifold. Suppose that all the zeros and poles of its Lefschetz zeta
Sfunction Z;(t) are roots of unity, and that Z(t) has an irreducible
factor of the form (1 £")*!,

(a) If n is odd then n € Per(f).

(b) If n is even then {5, n} NPer(f) # @

Proof. From (3.3) and Proposition 2.1, the Lefschetz zeta function
of f is of the form

1 cn,(2)
H Cq(t)

Moreover, applying Proposition 2.3 to each c,,l(t) , cqi(t) , [ is in
the hypothesis of Theorem 3.1 and so, given r odd, equation (3.5)
holds for m = 0. Now, if we have an irreducible factor of the form
(1 — a1t")%, then all the other possible irreducible factors associated
to the same power of ¢ are (1—0,t")% or (1+0;¢")~% (see reduction
rules (R1) to (R4)). Hence,

Zi(1) =

Nr
> oo, oy (i, r)|#0

i=1
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because all the terms in the above sum are equal. So, r € Per(f) and
statement (a) is proved.

Now we shall prove statement (b). From the definition (3.6) of
y(r,m) for m=1,2,... we have

y(r,m)—y(r,m—1) Zaz 2"ryay (i, 2™r)

le

+ 22: oy (i, 2" 1r)( 1(i2, 2m—lr)),

and subtracting (3.5) for m and m — 1 we obtain

(3.8)  EEm, +EOym, —EOyus +3(r, m) = p(r, m— 1)
= OEZ"‘r + 002"', — OOzm-nr .

Suppose n = 2"r, m > 1,r odd. Consider an irreducible factor of
the form 1—¢2"". The proof for the other possible irreducible factors
(1—=¢")=1 1+ and (14 £2"")~! is analogous. For this factor
we have o;(-, 2r)o(-, 2™r) = 1 and so all the factors of the form

(1- o1(i, 2mr)t2'"r)az(i,2”'r)

that persist after reductions of the type (R1)-(R4) verify a;(i, 2™r)
-0,2(i, 2™r) = 1. Moreover, the factors of the form

(1- o1(i, 2m—1r)t2'""r)az(i,2'""r)
that can coexist with 1 — 2”7 satisfy

a1(i, 2 1r)

az(i,2'”'1r)(l_ : )e{o, 1}

due to the reduction (RS). Then |y(r, m) —y(r,m —1)] > 0 and
equation (3.8) implies that if 2"~ !r ¢ Per(f) then 2"r € Per(f).
We remark that the proof for the irreducible factors (1 — 2"")~!,
14 ¢2"7 and (1+ ¢2"7)=! uses the reductions (R6), (R7) and (RS),
respectively, and of course also (R1) to (R4).
Let P(t)/Q(f) be a rational function. We define the order of
P(t)/Q(t), denoted by order(P(z)/Q(t)), as the number

degree P(t) + degree Q(t)}
3 +1.




62 JOSEFINA CASASAYAS, JAUME LLIBRE AND ANA NUNES

COROLLARY 3.3. Let f: M — M be a transversal map of a compact
manifold. Suppose that all the zeros and poles of Z(t) are roots of
unity. Then

Card(FSP(f)) < order(Z(1)).

Proof. Since the Lefschetz zeta function of f, Z(¢), is rational,
we may write Z,(t) = P(¢)/Q(t) with P(¢) and Q(¢) polynomials.

By Proposition 2.1, P(t) and Q(¢) factorize as the product of cy-
clotomic polynomials. We shall split P(¢) (resp. Q(¢)) as a prod-
uct P(t) = Pi()Py() (resp. Q(1) = Qi1(2)Qx(2)), where Py(¢) (resp.
Q1(t)) factorizes as a product of cyclotomic polynomials of degree
strictly greater than 2 and c4(¢), and P,(t) (resp. (»(t)) contains
the remaining factors, i.e. all the ¢;(¢) for i € {1, 2, 3, 6}. Since
the reduction process given by rules (R1)-(R8) does not increase the
number of factors of the form (1 & ¢*)*!, from Proposition 2.3 and
Theorem 3.2 it follows that the cardinal of the forced set of periods
associated to the factors P;(¢) and Q;(¢) is smaller than or equal to
(degree Pj(t) + degree Q;(t))/2. Notice that this upper bound is an
integer number.

To conclude the proof, it is enough to show that the contribution of
the remaining factors (P,(z) and Q,(t)) to the cardinal of the forced
set of periods is smaller than or equal to

degree P,(¢) + degree O ()
> + 1.

Notice that P»(t)/Q»(t) is a rational function of the form ¢;(¢)%
- Ca(t)%c3(t)%cg(t)% , where the a; € Z. The forced set of periods F
associated to a product of this form is contained in {1, 3}. To prove
that Card(F) < C it is enough to consider the case Card(F) = 2
because C > 1. Butif 3 € F then |a3| + |ag| # 0, and hence C > 2
(see Table 1). O

Let n € N. We denote by S(n) the set {1,2,..., n}.

|

COROLLARY 3.4. Assume that we are in the hypotheses of Corollary
3.3. Let d be the maximum of the degrees of P(t) and Q(t), where
P(t)/Q(t) = Zs(t). Then

(a) FSP(f)N{n € N: n is odd}

S(no(d)) if no(d) is odd,
{ S(no(d) — 1) if no(d) is even.
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(b) FSP(f) N {n € N: n is even}
S(2ny(d)) if no(d) is odd,
{ S(2no(d) —2) if no(d) is even.

Proof. By Proposition 2.1, P(t) and Q(t) factorize as products of
cyclotomic polynomials. From Proposition 2.4 it follows that if the
cyclotomic polynomial c,(¢) appears in the factorization of P(¢) or
Q(t), then n < nyg(d). Now, the maximum power of ¢ in the de-
composition (2.13) of ¢,(¢) is smaller than or equal to n/2 (resp. n)
if n is even (resp. odd). Consequently, before applying the reduc-
tion procedure given by rules (R1) to (R8), the maximum power of ¢
which appears in the factors (1 & ¢/)*! of P(2)/Q(t) is ng(d) (resp.
no(d) — 1) if n is odd (resp. even). Hence, taking into account the
reduction rules, the corollary follows. o

4. Transversal surface maps. Throughout this section, M will be a
compact connected surface of genus g and f: M — M a transversal
map.

Recall that Hy(M ; Q) ~ Q and that H;(M; Q) ~ Q% , H,(M; Q)
~ Q if M is orientable, and H{(M ; Q) ~ Q¢~!, H;(M; Q) ~ {0} if
M 1is non-orientable.

ProposITION 4.1. If h(f) = 0 then all the eigenvalues of f.o, f
and f,, are either 0 or roots of unity.

Proof. Since f,o =1id, 1 is the only eigenvalue of f.g.

Let us consider now f,,. If M is non-orientable, then O is the
only eigenvalue of f,,. If M is orientable, f,>(1) is the degree D of
f. From [MP] we know that if |D| > 1 then A(f) > log|D|. Hence,
if A(f) =0, |D| <1 and so the only possible eigenvalues for f,, are
~1,0 and 1.

Finally, consider f,;. By Theorem 2 of [Mn], if A(f) =0 then all
the eigenvalues A of f,; satisfy || < 1. We claim that every nonzero
eigenvalue A of f,; has modulus 1. Let A;, ..., A, be the nonzero
eigenvalues of f,;. Then

k
(4.1)  det(J — tfy) = det(—t(f — 7' D) = (-D* [J (it — 1).

i=1

Moreover (4.1) must be a polynomial with integer coefficients, be-
cause f,; is an integral matrix. Hence, in particular, Hﬁ;l A; must
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belong to Z. Therefore, Hf=1 |4;] > 1, and the claim follows because
4] < 1.

So (4.1) is a polynomial with integer coefficients, constant term 1
and all its roots have modulus 1. By a standard result in algebra (see
Lemma 1.6 of [W]) the proposition follows. a

COROLLARY 4.2. If h(f) = 0 or Per(f) is finite, then Z(t) is of
the form N
_ iz en (@)
Z0=1=080
where 0(t) is either 1, 1 —t or 1+t and cy () is the n;-cyclotomic
polynomial.

Proof. The case A(f) = 0 follows directly from the definition of
the Lefschetz zeta function, Proposition 4.1 and Proposition 2.1. If
Per(f) is finite, the corollary follows from Theorem 6 of [Fr]. O

The following results improve slightly the statements of Corollaries
3.3 and 3.4 for transversal surface maps.

CoROLLARY 4.3. If h(f) =0 or Per(f) is finite, then
g+1 if M is orientable,
[%1] + 1 if M is non-orientable.
Proof. From Corollary 4.2, repeating the arguments of the proof of
Corollary 3.3 and taking into account that the contribution of Q(¢) =

0,(t) to FSP(f) is at most period 1, the result follows. O
The following result is just a restatement of Corollary 3.4.

Card(FSP(f)) < {

COROLLARY 4.4. If h(f) =0 or Per(f) is finite, then
(a) FSP(f)n{n € N: n is odd}
S(no(d)) if no(d) is odd,
{ S(no(d) = 1) if nyg(d) is even.
(b) FSP(f)Nn{n € N: n is even}
S(2no(d)) if no(d) is odd,
{ S(2ng(d) —2) if no(d) is even,
where d = 2g if M is orientable and d = g—1 if M is non-orientable.

5. Transversal N-torus-maps. In this section we shall derive conse-
quences of the results obtained in Section 3 for transversal self-maps
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f on n-dimensional manifolds such that for k = 2, ..., n all the
eigenvalues of f,;, can be obtained as products of the eigenvalues
of f.1. We remark that these conditions hold for continuous maps
of the n-torus 7" and also for continuous maps of many Eilenberg-
Mac Lane spaces.

The following corollary is easily obtained from Theorem 3.2 and
Corollaries 3.3 and 3.4 repeating the arguments of the proof of Propo-
sition 4.1.

COROLLARY 5.1. Let f: M — M be a transversal map on a compact
manifold M of dimension m with h(f) = 0. Suppose that for k =
2, ..., m all the eigenvalues of f,, can be obtained as products of the
eigenvalues of f,; .

(a) If Z4(t) has an irreducible factor of the form (1 +t")*! with n
odd, then n € Per(f).

(b) If Z4(t) has an irreducible factor of the form (1 t")! with n
even, then {n/2,n}NPer(f) # 2.

(c) Card(FSP(f)) < order(Z/(1)).

(d)

FSP(f)N{n € N: n is odd}
S(no(d)) if no(d) is odd
{ S(no(d) — 1) if no(d) is even.

FSP(f)Nn{n € N: n is even}
{ S(2np(d)) if no(d) is odd,
S(2no(d) —2) if no(d) is even.

Similarly, using Theorem 3.2, Corollaries 3.3 and 3.4 and Theorem
4.1 of [ABLSS] we have the following result.

COROLLARY 5.2. Let f: T™ — T™ be a transversal map and sup-
pose that Per(f) is finite. Then, (a) to (e) of Corollary 5.1 hold.

REFERENCES

[ABLSS] Ll Alseda, S. Baldwin, J. Llibre, R. Swanson and W. Szlenk, Minimal sets
of periods for torus maps via Nielsen numbers, preprint of the Centre de
Recerca Matematica (1991).

[CLN] J. Casasayas, J. Llibre and A. Nunes, Periodic orbits for transversal maps,
preprint of the Centre de Recerca Matematica (1991).



66

[F1]
[F2]
(F3]
[Fr]

(L]
[Mn]

[MP]

Mt]

(W]

JOSEFINA CASASAYAS, JAUME LLIBRE AND ANA NUNES

J. Franks, Some smooth maps with infinitely many hyperbolic periodic
points, Trans. Amer. Math. Soc., 226 (1977), 175-179.

J. M. Franks, Homology and Dynamical Systems, CBMS Regional Conf.
Series, Vol. 49, Amer. Math. Soc., 1982.

J. Franks, Period doubling and the Lefschetz formula, Trans. Amer. Math.
Soc., 287 (1985), 275-283.

D. Fried, Periodic Points and Twisted Coefficients, in Lecture Notes in
Math., vol. 1007, Springer-Verlag (1983), 175-179.

S. Lang, Algebra, Addison-Wesley, 1971.

A. Manning, Topological Entropy and the First Homology Group, Lecture
Notes in Math., vol. 468, Springer-Verlag (1975), 185-199.

M. Misiurewicz and F. Przytycki, Topological entropy and degree of smooth
mappings, Bulletin de ’Académie Polonaise des Sciences, Série des Sci-
ences Math., Astr. et Phys., XXV (1977), 573-578.

T. Matsuoka, The number of periodic points of smooth maps, Ergodic The-
ory & Dynamical Systems, 9 (1989), 153-163.

L. C. Washington, Introduction to Cyclotomic Fields, Springer-Verlag, 1982.

Received December 16, 1991.

DEPARTAMENT DE MATEMATICA APLICADA I ANALISI
UNIVERSITAT DE BARCELONA
GRAN ViA 585, 08071 BARCELONA, SPAIN

DEPARTAMENT DE MATEMATIQUES
UNIVERSITAT AUTONOMA DE BARCELONA
BELLATERRA, 08193 BARCELONA, SPAIN

AND

CENTRE DE RECERCA MATEMATICA

UNIVERSITAT AUTONOMA DE BARCELONA

BELLATERRA, 08193 BARCELONA, SPAIN

ON LEAVE FROM DEPARTAMENTO DE FisicA, UNIVERSIDADE DE LISBOA
Camro GRANDE, ED Cl, Piso 4, 1700 LisBoA, PORTUGAL





