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EIGENVALUE BOUNDS AND GIRTHS OF GRAPHS OF
FINITE, UPPER HALF-PLANES

NaNcy CELNIKER

For each odd prime power ¢ = p” we will investigate ¢—2
different Cayley graphs called finite, upper half planes
over F,. We define a finite, upper half-plane by

Hy = {z +yVd|z,y € Fy,y # 0}

where F; is the finite field with ¢ elements and d is not
a square in F;. We define a distance k between points z
and w € H; by

_ N(z—w)
k(2 w) = T Tmw)

where Nz = 27 and z = x—y\/E and Re z = ¢ and Imz = y.

We define a graph, X,(d, a), by letting the elements of H,
be the vertices of the graph and defining an edge between
z and w where k(z,w) = a for a fixed a € F, — {0}. We con-
sider the origin to be the point vd. We call H,(d,a), the
finite upper half-plane depending on a fixed a and d. We
first concern ourselves with whether the eigenvalues, A, of
the adjacency matrices of the graphs satisfy the Ramanu-
jan bound || < ,/g. Since the graphs are of degree ¢+ 1,
the paper shows a method to use the representations for
the additive and multiplicative groups of each F, to find
the smaller associated isospectral matrices. We then find
the eigenvalues of the isospectral matrices. A computer
program has verified the Ramanujan bound for most of
the graphs up to the prime power 3°. We next concern
ourselves with the girth of the graphs. This paper shows
that the girths are either 3 or 4 and shows that the girth
is 3 if a = 2d and ¢ = 3(mod4) or if a and a — 3d are squares
in Fy. The girth is 4 if ¢ = 2d and ¢ = 1(mod4).

Nicholas M Katz [7] has proven that the eigenvalues of the graphs
do satisfy the Ramanujan bound in the paper ”Estimates for Soto-
Andrade Sums-1”. Graphs whose eigenvalues satisfy the Ramanujan
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bound are of interest in communications theory as are graphs with
certain girths. See Lubotsky [9], Bien [2], Klawe [8] and Chung [5]
for applications and more discussion. These graphs are discussed in
Terras [12], Celniker et al [4], Poulos [11] and Angel [1].

1. Preliminary Results. Graphs of finite, upper half planes
have been defined similarly in other papers. [4], [13]. The graphs
in those papers were defined by vertices from the set

H, = {z +yVd|z,y € F,,y # 0}

with an analogous definition for the distance between vertices. The
initial results about the graphs described here are analogous to the
previous results and are included for the reader’s convenience.

LEMMA 1.1 (TERRAS [12]).
(1) The points z = & + y\/d and /d are adjacent in

X,(d,a) & 2% = ay + d(y — 1)%.

(2) X, is a regular graph of degree ¢ + 1 provided that d is a
non-square in Fy and a # 0 or 4d.

Proof.
(1) Clear from the proof of (2).

(2) We can rewrite the equation in part 1 of the lemma as a norm
equation in the finite field F,(v/d) : N(z + ¢) = n, where

_ _ a _a(4d —a)
z—x—f—y\/g,c-—\/c_l(Qd—l),a,ndn— 1 . But

now the norm in F,(v/d) is given by Nz = 27 = 229 = 29%1,
Therefore we are solving the equation w?*! = n, for w = z+c.
Since we are in a finite field, there are exactly ¢ + 1 solutions

as long as r # 0, which is the case when a # 4d.
We notice we can find all the different X,(d,a) by fixing d and
letting a € F, — {0}, a # 4d. O

From now on we will write H,(d,a) to denote the finite upper
half-plane depending on a fixed d and a as defined earlier.
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We recall the definition of the affine group,

Aff(2,q) = {(g f) lz,y € Fy,y 750}.

So we associate the vertices of X,(d, a) with the elements of Aff(2,q).
We will denote elements of Aff(2,q) by (y z). We now define

Sy(d,a) = {:c +yVd e Aff(2,q) 1 2® = ay = d(y — 1)2}.
The affine group acts on z € H, by the linear transformation
gz=az+be Hy, g€ Aff(2,q).
We notice that k(z,w) = k(gz,gw) since
N(gz — gw) = N(a(z — w)) = N(a)N(z — w) = a®’N(z — w)

and Im(gz) = alm(z).

THEOREM 1.2 (ANGEL [1] AND Pouvros [11]). For all odd
primes p, Sy(d,a) generates Aff(2,q).

Proof. From part (2) of Lemma 1.1, we know there are ¢ + 1
elements of the set S, defined by the equation in part 1. Since y #
0,there must be at least one (y z) € S, with z # 0. Since S, is
symmetric, for (y z) € S,, (y -x), (y~! y~'x) must also lie in S,.
Thus (y ) (y™' y~'z) = (1 2z) € G. Then (1 22)" = (1 2nz) € G
for all integers n.

The element (1 ), b # 0, has order p, since by induction it can be
shown that the nth power of (1 b) is (1 nb). Next, the order of the
element (a b) where a # 1 is the same as the order of a. If b = 0,
then it is obvious this is true. If b # 0, then conjugate (a b) by the
element (b7'(1 — a™') a7') and the resulting element is (a 0). Since
conjugate elements have the same order, the order of (a b) is the
same as the order of a.

Next, we see that Aff(2,¢) can be generated by any element of
order p and any element of order ¢ — 1.

Now any element of order p must be of the form (1 b). Let (a
b) be an element of order p. If a # 1, then the order of (a b) is



4 NANCY CELNIKER

the same as the order of a in the field of ¢ elements. This order
must divide ¢ — 1, and so can’t be p, as p doesn’t divide ¢ — 1. So
a must be 1, and any element of order p has the form (1 b), where
b # 0. And any element of order ¢ — 1 has the form (a ¢) where
the order of a is ¢ — 1. Let H be the subgroup generated by these
two elements. Notice that (a ¢)(1 b)(a ¢)™' = (1 ab), so repetition
of this conjugation will give us elements of the form (1 (a™)b) for all
powers of n. Each one of these elements is of order p, and we have
g — 1 of them since the order of a is ¢ — 1. Now, since the order
of Aff(2,¢) is g(g — 1), Sylow theory tells us that Aff(2,q) has one
p-Sylow subgroup of order ¢, containing every element of order p.
Since H contains every element of order p (there are at most ¢ — 1
of them, and H contains ¢ — 1 of them), H contains the p-Sylow
subgroup. So, H contains a subgroup of order ¢, and as H contains
an element of order ¢—1, H contains a subgroup of order ¢—1. Since
g and ¢ — 1 are relatively prime, the product of these two subgroups
will have order g(¢ — 1), and so we must have H=Aff(2,g). Now, to
show that the graphs are connected, we need to show that the set
Sy(d, a) generates Aff(2,q). From the above, it is sufficient to show
that S=5,(d,a) can generate an element of order p and of order
q — 1. Let g be a generator of F,. Let T = {y|(y z) € S}. Then
Vy € T, y = g™ for some ¢. Let ¢ be the ged of all the a,. Since for
each distinct y € T, there are at most two z s.t. (y z) € S, then
2(¢—1) (¢—1)

elements of the form (g“c) where ¢ divides a, and a is between Ocand
g — 2. Since the cardinality of T' is ¢ + 1 including repetitions, we
must have ¢ = 1. Hence the subgroup generated by S contains an
element of order ¢ — 1.

Since S has cardinality ¢ + 1 and the multiplicative group of F,
has order ¢ — 1, there is some element in 7', y, s.t.(y z1),(y z2) € S,
with z; # z,. Take any other (¢ d) € S. Consider the element

T contains at most elements, as there are at most

(cd)(ym)(cd) (yz) =(Lar(c—1)+d(1—-y)).

If 1 (¢ — 1)4+d(1—y) # 0 (which can only happen if z; # (y—1)d*
(¢ —1)7!), we are done as this element has order p. If this is zero,
then z, is not zy, so doing the same with (y z2) instead of (y )
will give us an element of order p. So, the subgroup generated by S
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has an element of order p and an element of order ¢ — 1, and thus

S generates Aff(2,q). |

THEOREM 1.3. The graphs X,(d,a) are Cayley graphs.

Proof. We think of the elements of Aff(2,q) as being the vertices
and S,(d,a) as being the symmetric set or rather that

(1) essore (57) esier

This is because B
ye)  _ (1/y—z/y
01 0 1

and z? = ay + dy —1? is equivalent to (—z/y)’ = a(1/y)+
d(1/y —1)%. Consider w,z € Aff(2,¢). We need to show

(w,z) € ET = w = zs where s € Sy(d, a).

(V/dr,+/d) = (r,/d) € ET. We prove the statement by recalling
that k(z,w) = k(gz,gw) and letting g = z7!. Then (gz,gw) € ET
and z7'w € S,(d, a). D

2. Are these graphs good expanders? We now try to de-
termine if the graphs are good expander graphs as graphs of this
type are of interest in communications theory. See Lubotsky [9],
Bien [2], Klawe [8] and Chung [5] for applications and more discus-
sion. Lubotsky, Phillips and Sarnak [9] show that a regular graph
of degree k is a good expander if it satisfies the Ramanujan bound,
meaning that the second largest eigenvalue of the adjacency matrix,
A < Vk—1. So we need to find the eigenvalues of the adjacency
matrix. Unfortunately the adjacency matrices are of degree ¢ — 1,
which makes it difficult to find the eigenvalues even on a computer.
So we will use representation theory and take a Fourier transform
to find eigenvalues of isospectral matrices of smaller dimension that
the adjacency matrices.
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3. Representation Theory for the Prime Power Case. We
wish to mimic what Terras [12] did in the prime case. However we
are not dealing with a cyclic additive group so the representation
theory in this case involves taking traces. Also as all the elements of
F, are not integers, we cannot talk about taking powers of matrices
for arbitrary elements. Thus most of the material in this section
is unique to the prime power case. However the definitions in this
section allow us to use the same proof in Section 4 that Terras [12]
uses in the prime case. Some elementary proofs about traces will be
given to help the reader unfamiliar with this material. For informa-
tion on representation theory, we refer the reader to Diaconis [6],
Mackey [10], and Terras [13].

Since F, - {0} is a cyclic multiplicative group with primitive el-
ement g, we can find the one-dimensional eigenvalues in a similar
way to the prime case. Let

2mi1k .
X;(y) = exp ((—q~J—l)) , if y=4gF

where 0 < j < g¢g- 1.
This leads to a representation we will also call x;:

w(37) =

For the ¢-1 dimensional eigenvalues, we would like to define the
representation as we did earlier but we notice that F; is not a cyclic
additive group. We think of it as the cross product F, = F, x F, x

.. X F, r times. So we need to consider the Galois group of order r.
n—1

Let o(z) = a?. Then Tr(x) = ) o'(2).

1=0
LEMMA 3.1. Tr(z + y) = Tr(z) + Tr(y).
LEMMA 3.2. Forp odd, Tr(g(—z)) = — Tr(gz).

Then as in the prime case, we can define the additive character

of F,
(27iz)

), forx € F,,
4

U(z) = e:cp(
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and define )
U(z) = ¥(Tr(z)).

LEMMA 3.3. i o
U(u+v) = ¥(u)¥(v).
We need a representation for the additive group of F,. We will

use the abbreviation (y x) = (g T) Then we define the induced

representation, p = [ ndgli’,

1b
where N = {(01) :bEFq}

and G = Affine group = {(g:f) cy #0,z,y € Fq}.

V¥ gives a 1-dimensional representation of N via

. (1b .

1 (0 1) = U(b).
The matrix p(t), t € G, is obtained from right translation of func-
tions in the space

Vi = {f : G — C|f(nz) = ¥(n)f(z) for all n € N and all z € G}

Define (p(9)f)(z) = f(zg)¥z,g € G.
This is a group representation since
(p(9192)f)(z) = f(z9192)
91

(p(91)p(92) f)(z) = (p(g2) f)(z91)
= f(zg192)-

Choose the basis of Vj given by
filyx)=W(2)8(ii) if y=g¢,0<q-2

And define 6(z,7) = 1 if i=] and 0 otherwise.
We now notice that (a b) = (1 b)(a 0). Since representations
are homomorphisms, if we wish to see what happens to an element
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(a b) € Aff(2,q) we can consider what happens to (a 0) under the
induced representation and what happens to (1 b) under the induced
representation. So p(a b) = p(1 b)p(a 0). Then (p(1 b)f;)(y z) =
fi((y z)(1 b)). And (p(a 0)f;)(y =) = fi((y z)(a 0)).

LEMMA 3.4.

(o(1 8)fi)(y 2) =¥ (%) fi(y =).

Proof. We use Lemma 3.2, the fact that y = ¢* for g a primitive
root and the fact that 6(z,5) = 0 for ¢ # j.

(p(LO)fi)yz) =Ffi((yz)(1b) = filyyb+a)
=fi(¢' gb+a) =9 (g'b+2)6(i,5)
=¥ (¢'0) ¥(2)8(i,5) = ¥ (¢°b) $(2)5(3, )

= (¢'b) fi(y 2).
O
LEMMA 3.5.
(p(a 0)f3)(y 2) = h(2)b(t +1,5).
Proof. We use that a = ¢t, y = ¢'.
(pla 1)y )= £ (v )@ 0)) = fiya z)
= fi(¢'d" ©) = f;(g"™*" z) = P(e)b(t + 4, 7).
O

LEMMA 3.6. For g = (a b) € Aff(2,q), p(g) = DW's"

¥(g%) 0 0... 0
0 W(g'd)o... 0

where D = . (978)
: 0 0 0

0 0 0...9(g2%)
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010...0
001...0
and where W = | 1090 "-. 0
000...1
100...0

Proof. We have already determined that p(a b) = p(1 b)p(a 0).
So we see the representation is a product of two matrices which we
can call D and U. By Lemma 3.4 we get that

0 otherwise.

D, = { P(g'b)  if i=j

We see that D is a diagonal matrix with jth entry ¢(¢7b). By
Lemma 3.5 we get that

0 otherwise.

Uij:{ 1 ifloga+ei=7

We see that U is an log a-shift from the identity matrix and thus
U = Wlee, ]

4. Fourier Transform. To mimic the prime case as much as
we can, we apply the Fourier transform to the adjacency operator
which we define to be

Af(z)= > f(y)

y adjacent to x

We then see that

Af(z) =3_ f(s)

SES

because y = sx is true for s € S as shown earlier. We recall the
definition of the Fourier transform F : L*(G) — L*(G) by

Fflp) = f(p) =Y f(g)nl9)-

9€eG
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We define convolution between f and g to be
frglz)=2_ fly
veG

It is known that
F(f*9)(x) = F(f(z))F(g(z))-

THEOREM 4.1. Let A be the adjacency matriz of H,. Now, as
in the prime case if we take the Fourier Transform to diagonalize
the adjacency matriz, we get

R0
-1 __ -
FAF “(o )

where R is a ¢ X q diagonal matriz with diagonal entries R; com-
ing from the one-dimensional representations of the Affine Group.
(Thus the eigenvalue q+1 would occur here as it occurs only once.)

Then
Ri= Y xiy)
(z,y)GSq(d,a)

for x;(y) defined earlier and O < j < g— 2. Then M is a block
diagonal matriz with (¢—1) identical blocks down the diagonal where
each block s

M=>p(s)= Y, Dw's¥

(z,9)€5q(d;a)

where p is the ¢ — 1 dimensional representation of Aff(2,q) over F,
and D and W are as defined in Lemma 3.6.

Proof. We will mimic Terras’s [12] proof of the prime case.
We define for 2 € G

13($)={ 1 ifzesS

0 otherwise.

Then we notice that

= f(sz) =Y 1s(y)f(y ')

sES ye€G

= 15 * f(.’L')
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Then
FAF Ykp = f(A]-"lk)p = F(ls * f“lk)p

= (F1sp)(FF ko) = (Y 1s(9)n(9)) ko.
g€EAfi(2,9)

If we choose first for k to be those elements of the basis of L2(()
which correspond to the one-dimensional representations of Aff(2,q),
then we see we get a diagonal matrix with jth entry of X]( ).

If we choose next for k those elements of the basis of L?(G) which
correspond to the ¢-1 dimensional representation of Aff(¢). We then
notice that the basis elements look like

(z,0,...,0),(0,2,...,0),...,(0,...,0,2).
Then we see that MX = (Mz,Mz,Mz,...,Mz) if we look at it

in columns. Thus this corresponds to g-1 copies of the M matrix
running diagonally down. O

5. Graphs with similar spectra in the prime power case.
We will now talk about different graphs which have similar spec-
tra. We will denote the two graphs X,(d,a;) and X,(d,a3) since
the graphs will be over the same field, use the same non-square and
will differ only in the ”a-distance” between vertices. Then the cor-
responding M submatrices described in Theorem 4.1 will be called
M, and M;. And the matrix W is as defined in Lemma 3.6.

PROPOSITION 5.1. If ay 4 a; = 4d(mod q) then My = MyW T

Proof.
aj + a; = 4d(modq) <
y1(ay + az) = 4y1d(modq) <
aryr + dy* — 2dyy + d = —agyr + dyi 2 + 2dy; + d(modq) <
a1 + d(ys —1)* = —asys + d(—y1 — 1)*(modg) &
rl=ztand y = —yp &
(z1,y1) € Sy(ag,d) &

(z1, =91) € Sy(az, d).
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Then M; = Z D*W'esy

(z.y)

M, = Z DEWlos(-v) — Z DEWlesv+ %5+
(z:—v) (z:v)
=Y D"WesWS = MW,
(z:y)
Since W is a 1-shift from the identity matrix, we see that

g=1 07
w _(IO).

PROPOSITION 5.2. The M’s are block symmetric matrices.

Proof. Recall
M=) p(s)= DWosv

(z:y)€Sq,a
and ~
U(g®z) 0 O.. 0
0 Ug'z)o... 0
D— (g'2) .
0 0 0
0 0 0...9(g? %)
where -
¥(z) = exp ((27” pr(:v))) , for x € F,.

Since the D’s are diagonal and for every y term we get both an z

and an -z term the diagonal terms in the sum will be

exp (QﬂiT;(gjx)) +exn (QwiTr(;j(—:c)))

— exp (m‘ﬁ(g%)) +exp (27ri - Tr(gja:))

p
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Since ¢ is a primitive root of ¢
Tr(g**% z) = Tr(g'g'T «)
=Tr((-1)g’z) = =Tr(¢’z)

and thus

cos (z—ﬂTr(gHE’z__l:v)) = cos (——2—7—r-Tr(gj:c)) = cos (ﬁr—Tr(gjx))
p p p

so we see the sum of the D’s for opposite values of z leads to a block

symmetric matrix.

Now we notice that W is block symmetric. In the (p — 1)/2 x
(p—1)/2 submatrix (call it 1) of W we have a single right shift of I
followed by a row of the zero matrix. Then the lower (p—1)/2x (p—
1)/2 submatrix of W (call it 4) is identical as it does not include the

p—1 + 1 place but includes all after it.

row with the 1 entry in the
Then the submatrix to the right of 1 contains all zeros except for a

1 in the first column of the (last) P-

to the left of 4 contains all zeros except for a 1 in the first column
of the last row. So W is block symmetric.
We also see that each W°8Y is of block symmetric matrix form

as. we can see by induction.

uv
Let W = (VU)'

row. Then the submatrix

2 2
Then W2:<U +V UV+VU>

VU 4+ UV U?+V?

B A

UA+VBUB+VA
VA+UBUA+VB)"’

The previous proof also shows us that (D + D~%) W'°8Y is block
symmetric. An extremely simple induction shows us that

Now assume W7 = (A B) .

Then Wt = W/W = (

M= Y D*Wlsv

(z,9)
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is also block symmetric. O

PROPOSITION 5.3. Ifa; + a; = 4d(mod q), then the eigenvalues
of the M ’s are the same up to a factor of -1.

Proof. Using Propositions 5.1 and 5.2 we see that

AB B A
M, = (BA) = M, = (AB)'

Then we take the Fourier transform to block diagonalize the matri-

ces.
I I
Let F = (——I I) .

o (I-1
Then F ‘(11 :

-1_ (2(A+B) 0
So FMF -( 0 %A - B)]"
1 [(2(B+A) 0
But then FM,F —( 0 2B — A))

COROLLARY 5.4. If a = 2d, the graph has at least 1 z€ro

etgenvalues.

6. Computer Implementation. The two major differences in
computing this case versus the prime case is that first of all F, unlike
F, is not a cyclic additive group. Thus the software for computing
the elements in S;(d,a) versus S,(d,a) and the representations for
Afl(2,q) versus Aff(2,p) is quite different.

Since the elements of F| are the elements of the splitting field
z? — z = 0, one element is 0 and the others are the p™~! roots of
unity. We can think of these elements as powers of the primitive root
(a multiplicative group) or as linear combinations of the primitive
root over the field F},.
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In some cases using the additive properties is better and in other
using the multiplicative properties is better so in the computer im-
plementation this time, the program computes a logarithm table for
the powers of the primitive root. Then in calculating the solutions
to

2 =ay+diy—1)°
the program switches back and forth in the log table depending on
the if the operation is better suited to the additive or multiplicative
properties. If x = 0 is a solution this is a special case as it is not
a power of the primitive root and does not belong in the log table.
This special case occurs if and only if (a —4d)a is a square as will be
seen in the Lemma 8.3 so the program accounts for this situation.

The program then finds the one-dimensional and (g-1)-dimensional
eigenvalues as shown in Lemma 5.9 and compare them with the Ra-
manujan bound. The program uses the multiplicative properties to
find the trace and representation as it is easy to take exponents.

The program uses the result of Proposition 5.2 to cut the M matrix

-2 —2
q ><q

from being ¢ — 2 X ¢ — 2 dimensional to dimensional.

7. Computer Results. The program was run on a Solbourne
5/804. This machine is a four CPU system with 64 MB of mem-
ory. Each processor is rated at about 13.5 SPEC marks. for a total
processing capacity equal to 68 DEC VAX11/780s. The proces-
sors implement SUN’s SPARC architecture. The operating system
software is OS/MP, which is derived from SunOS which is an im-
plementation of UNIX. Computer results show that for q up to 112,
the Ramanujan bound does hold for all values of a. For values of a
up to 42, the bound holds for ¢ = 132. For values of a up to 19, the
bound hold for ¢ = 3°. The computer account ran out of processor
time before more values of a could be checked.

Interestingly, for even powers of the primes 3,5,7,11 and 13, some
of the eigenvalues are equal to the Ramanujan bound in the one-
dimensional and sometimes ¢g-dimensional eigenvalues as we see in
Table 3. We recall that the one-dimensional eigenvalues from The-
orem 4.1 to look like

27yl
cos—I28Y

(ea)eSg(da) 11
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because the sin terms will cancel out since sin is an odd func-
tion and by an explanation given in Theorem 1.3, both (y z) and
(y~! —zy~') € S,(d,a). We now notice that these one-dimensional
eigenvalues will be integers for appropriate values of y and j as will
each term in the summation. Also for even powers of primes, the
Ramanujan bounds will be integers. The Ramanujan bounds are
not integers for odd powers of primes.

The table shows the prime power, the a values where the bound-
ary eigenvalues occur, the eigenvalue and the j values as described
above and in Theorem 4.1. The a values are given as powers of the
primitive root of F; which was used also as d.

8. Girths of the X,;,. We now turn to the second purpose of
this paper which is to explore the girths of these graphs. We define
the girth to be the length of the shortest circuit in a graph. Except
for the proof of Theorem 8.4 which shows the girth to be 4 if it is
not 3, the proofs only prove the graphs to have girth 3.

LEMMA 8.1. The girth of a graph of H, is either 3 or 4.

Proof. We use a result of Tutte’s [3] that the number of vertices
in a graph of valency k and odd girth is at least

1+k+k(k—1)+ ...+ k(k—1)5063),
So we assume the girth is 5. Then the number of vertices is at least
n=14+(q¢+1)+(¢+1)g.

This is a contradiction since the number of vertices is q(q-1) and
n>q(g—1).

LEMMA 8.2. If the number of origin neighbors who are neighbors
is at least one, the girth is 8. Otherwise the girth is 4.

Proof. If (O., s1),(0,8;5),(s1,8;) € ET, clearly the girth is 3.
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TABLE 3. Values of ¢, a and j For Boundary Eigenvalues

q log;a | Eigenvalue J
32 5 -6 4
52 1 -10 12
52 7 -10 6,8,16,18
52 9 -10 12
72 1 -14 24
72 6 14 16,32
72 9 -14 24
72 17 -14 8,12,24 36,40
72 36 14 16,32
3% 41 18 10,16,30,32,40,48,50,64,70
114 13 22 60
112 25 22 40,80
112 37 22 12,20,36,40,60,80,84,100,108
112 53 22 60
112 61 22 40,80
112 85 -22 30,90
112 93 22 60
112 97 -22 30,90
112 109 22 60
13° 15 26 | 14,24,42 48,70,96,98,120,126,144,154
132 24 26 84
132 33 26 84

Now assume I' has girth 3. Then for some wy,wy, w3 € VI

Since k(wy,ws) = k(gw, gws),

(w17 ’Ll)z), (w27 wB), (’U)3, wl) € ET.

(gw1, gws) € ET, (gws,gws) € ET', (gws, gwy) € ET.

Now letting g = wy?,

(gw1, gwz) = (0, gw;) => gw, € S

(9w3,9w1) = (gw3, 0) = gws € S.

17

So there is at least one pair of origin neighbors who are neigh-

bors.

LEMMA 8.3.

(y 0) € S & a(a — 4d) is a square in F,.

O
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Proof.
0=ay+dy—-1)>&
0=dy’+(a—2d)y+d &
2d — a % \/(a — 2d)2 — 4d?)
y= 2d
There is a solution for y € F,; & a(a — 4d) is a square. g

THEOREM 8.4. Let X,(d,2d) =T. If ¢ = 1(mod 4) the girth of
of the graph is 4. If ¢ = 3(mod 4), the girth of the graph is 3.

Proof. Assume I has girth 3. Then by Lemma 8.2 for any s; € 5,
there exists s; € S, where (s1,s;) € ET.

2} = ay1 +d(y1 — 1)* = dy; +d
2y = ays +d(y; —1)* = dy; + d

(22 — 21)” — d(y2 — 11)’?

Y1Y2
T3 — 2122 + 7} — dyj + 2dy1ys — dyi = ay1y, &
dy? + d — 2z125 + dy? + d — dy? + 2dy1y; — dy? = ay1y2 &

=a

2d — 22122 = ay1y2 — 2dy1y2 &
2(d — z122) = (a — 2d)y1y2 &
—2z122 = —2d + (a — 2d)y1y2 & 122 = d.

First we consider the case ¢ = 1(mod 4). We notice that -1 is a
square. By the above equations, we have

yl +1= ml/d d/%

and

y2+1=22/d = d/z}.
We notice that for ¢ € 1,2y? # —1 since then z? = 0 and z,z, = 0.
Therefore

Wi+ +) =yl +yi+yi+1=yi(¥i+1)+y;+1=1.
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But this implies that
2
yg +1= ——‘7’2,2.

1
But the right hand is a square, while the left hand is not (since it’s
equal in F} to z2/d, and d is not a square), so we have a contradic-
tion, and the girth must be 4.

Now we wish to show that for ¢ = 3(mod 4), the girth is 3. We

will show that
V(y:1 1) € S3(y2 z2) €S $0 T122 = d.
Given (y; 1) € S. Then

2 _d 2 -d
xf:dyf—i—d@ylz:wld @xld 1s a square.

Recall that d = g, the first primitive root in F,. We notice that for
g = 3(mod 4), if g is the first primitive root in F}, ¢"% is a square.

9=t
g
g =g =T =
-1 zf ) .
Thus 7 18 a square. Then, —— 1s a square, and since we already
2
. Iy —a.
determined that — - is a square,
m%~d_(d 1( zl)i
d i} d

— — 1 is a square = Jy, where y2 = — — 1.

2

2
Ty Ty

2

d d
Thusy§+1:—2:>dy§+d:—2:>
Ly L1

<y2 %) = (y2 z2) € S.
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LEMMA 8.5. (1+1/a) € S & a is a square in F,.

d—a o 2
d

1

Proof. Since z* = ay +d(y — 1)%,y = 1,y =

THEOREM 8.6. In X,(d,a), if a is a square in F, and a — 3d is
a square in F, then the girth is 3.

Proof. By Lemma 8.5, if a is a square in F,, (1 y/a) € S. We see
that the neighbors of s; € .S are of the form s;s; for 1 <3< g+1
since s; is a neighbor of the origin and we do a left multiplication
of the origin neighbors by s; to get the neighbors of s;.

(1 Va)(yi 21) = (w1 71 + Va).
By Lemma 8.2 X,(d, a) has girth 3 whenever
Iy ) €S such that (yi 21 ++a) € S.

Since (y z) € S & 2% = ay+d(y — 1)?, and we notice that the right
hand side of the equation only depends on y, so both (y; =), (yi z1+

Vva) € S, if

= (i +vVa)l} o a= ——\g—a.
Then (1 va)w - L4 = (u L)

Now (yi %) €S

%:ayz+d(y1—l)2¢¢

0=dyf+(a—2d)yz+(d—%)¢>
(2d —a) £ vVa? — 3ad

vy = 2d .

And there is a solution for y; & a? — 3ad is a square. O
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