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THE CAUCHY INTEGRAL, ANALYTIC CAPACITY
AND SUBSETS OF QUASICIRCLES

X1aNG FANG

In this paper, we show that if K C C is AD-regular and
sufficiently flat, then K is a subset of a chord-arc curve if
the Cauchy integral operator is bounded on L*(K). This
result partially answers a question raised by G. David,
P. Jones and S. Semmes. Also, we prove that if K is as
above (locally) and has positive analytic capacity, then
K must contain a subset of a rectifiable curve of positive
length. Finally, we characterize subsets of some quasicir-
cles in terms of a simple geometric condition invented by
P. Jones.

Introduction. Let K C C be a bounded set and, for § > 0,
write

AJ(K) = 1nf{253 : K C U D(aj, 5]'); 6_7' < 6}7
j=1

=1

where D(a;,6;) = {2 : |z —aj| < 6;}. Then A’(K) is a decreas-
ing function of §. The one-dimensional Hausdorff measure A(-) is
defined by
— 1 J
AK) = ‘151_%/\ (K).
If K is connected and A(K) < oo, then we call it a rectifiable curve.

DEFINITION 1. A A-measurable set K C C is said to be regular
in the sense of Ahlfors and David, or AD-regular, if there exists
M < oo such that for all z € K and 0 < r < diam(K),

M™1r <AKND(z,r)) < Mr.

If K is connected we call it an AD-regular curve.
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A special kind of AD-regular curve I is a chord-arc curve which
is defined by the condition that, for any 21, 22 € T', A(I'(21,22)) <
Cl|z1 — 23|, where I'(z1, 23) is the smallest arc between z; and 2z,
and C' is a constant independent of z; and 2.

DEFINITION 2. A bounded A-measurable set K C C is said to be
B-regular, if it is a subset of a countable union of rectifiable curves.

Let D be the collection of all dyadic squares. The following very
essential geometric quantity was introduced by P. Jones [19]: For a
square @ € D,

Br(Q) = inf£(Q)™' sup dist(z, L)
L 2eKN3Q

where the infimum is taken over all straight lines L, £(Q) is the side

length of @ and the square 3@ is the square with the same center
as @ and £(3Q) = 34(Q). Let

B(K) = Zlégﬁx(Q)-

DEFINITION 3. Suppose that K C C is compact. Then K is
called locally flat if, for any {Q,} C D, satisfying lim,_,., £(Q») = 0,

Definition 3 means that points of a locally flat set are, locally,
around a straight line. Examples of locally flat sets are subsets of
smooth curves and some snowflake type sets (see §3).

The analytic capacity of a compact set K is defined by the fol-
lowing:

DEFINITION 4. Assume K is a compact subset of C. Then

v(K) = sup{|f'(c0)| : f € H*(R), f(00) =0, || f ll=< 1}

where
f'(o0) = lim zf(2),
Q=C~\ K, and H*(Q2) = { all analytic bounded functions on 2}.
It is easy to see y(K) is positive if and only if H*°(Q2) has non-
trivial functions. Let C be the Cauchy integral operator. The main
results of this paper are:
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THEOREM 1. Suppose K C C is AD-regular and suppose that C
is bounded on L*(K) and B(K) is sufficiently small with respect to
the L? norm of C and the constant of AD-reqularity. Then K is
contained in a chord-arc curve.

THEOREM II. Suppose K is AD-regular and locally flat. Then
v(K) > 0 if and only if there ezits a rectifiable curve I' such that
A(KNT) > 0.

THEOREM III. Suppose K C C is compact. Then, if B(K) is
small enough, K is a subset of a quasicircle with small constant

(see §1). Conversely, if K is a quasicircle with small constant, then
B(K) is small.

Theorem III, which was suggested by P. Jones characterizes sets
K with small B(K). See §1 Theorem 1.2 for the details of Theorem
III. Theorem I, II partially answer the following open problems:

PrROBLEM 1. Suppose K is AD-regular and C is bounded on
L*(K). Is it true that K is contained in an AD-regular curve ?

PROBLEM 2. Suppose A(K) < co. Does v(K) = 0 if and only if
K is B-irregular 7
Equivalently, we may state Problem 2 as follows:

PROBLEM 2'. Suppose A(K) < co. Then v(K) > 0 if and only
if there exists a rectifiable curve I' such that K NT has positive
one-dimensional Hausdorff measure.

These problems have been raised by G. David, P. Jones and
S. Semmes, and they suggest a connection between L?-boundedness
of C and geometric properties of sets. In 1980, G. David [10] proved
that Problem 1 is true if K is connected. Later on, G. David and
S. Semmes [11] proved that Problem 1 is true if we replace C by all
singular integral operators with odd kernels.

REMARK. In Problem 1, the AD-regular condition is necessary.
Actually, it is not hard to construct a set K which is not contained
in any AD curve, or even any rectifiable curve, but, C is bounded
on [’(K), 1< p< oo.

It has long been known that the Cauchy integral and analytic
capacity are intimately related. Calderén’s theorem [3] solved what
was known as the Denjoy conjecture:
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THEOREM. Suppose K is a subset of a rectifiable curve. Then
v(K) > 0 if and only if A(K) > 0.

Another old conjecture is that y(K) > 0 if and only if Fav(K) >
0, where Fav(-) is Favard length,

Fav(K) = /0 " A(Kq) db,

and where K, is the orthogonal projection of K onto the line Re®.
This is known to be false for sets where K has non o-finite A measure
[22].

Besicovitch [2] proved that, for the sets satisfying 0 < A(K) < oo,
Fav(K) = 0 if and only if A(K NT') = 0 for every rectifiable curve
['. We call these kind of sets B-irregular. This leads to Problem
2. It follows from Calderén’s theorem that v(K) = 0 implies K is
B-irregular. So what we need to know is only whether v(K) = 0
if K is B-irregular. For example, in 1970, Garnett [15] proved the
%-Cantor set, which is B-irregular and AD regular, has zero analytic
capacity. In 1987, Mattila [25] showed that v(K) = 0 if K is B-
irregular and satisfies a certain geometric condition, which we call
Mattila’s condition (see §3). But, we still do not know much more
about Problem 2. In §3, we prove that the set K in Theorem II fails
to satisfy Mattila’s condition; thus, Theorem II extends the results
we known so far.

NoTATIONS. We will use the following notation: R is the real line,
C is the plane. arg(z) denotes the argument of z, the value of arg(z)
is taken modulo 27. R(z) and ¥(z) are the real and imaginary
parts of z, respectively, and [a, b] is the straight line segment from
a to b. If T is a Jordan curve, and a,b € T" we let I'(a, b) denote the
arc of smaller diameter between a and b.

1. Quasiconformal circles with small estimate constant.
Recall that T is called a quasicircle, if I' = g(R) where g is a quasi-
conformal mapping of C into C. More geometrically, I' is a quasi-
circle iff " satisfies the “three points condition”

(1.1) |21 — 22| < Q21 — 23]
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for a constant @) and any three points on I" with 2, on the arc of
smaller diameter between z; and z3 (see [1], Theorem IV. 5).

It is interesting to characterize a set K contained in a quasicir-
cle in terms of the geometric quantity 3(K). For that purpose we
introduce the following:

DEFINITION 1.1. A Jordan curve is called an s-quasicircle (s
denoting “small”) with constant ¢, if it satisfies the following three
points condition: for any three points z;, 22, 23, on the curve such
that z, separates z; and z3, we have

(12) |Zl—'22|+|252—253| S (1+€)|21'—23|.

It is clear that an s-quasicircle with constant € is a quasicircle
with constant 1 + ¢ but, its converse is not true. We establish the
following result which is a precise version of Theorem III:

THEOREM 1.2. Suppose K C C is compact and suppose € < 1—(1)5.

Then K 1is the subset of an s-quasicircle with constant Cye, if it
satisfies

(1.3) BK) < 6

for 6 < 2™ Conversely, if K is contained in an s-quasicircle
with constant € , then,

sup Bk (Q) < Coe?,

Q€D

where Cy is independent of €.

REMARK. The best estimate for ¢ is not known. However, it is
easy to see that Theorem 1.2 is not true if we replace 27! by e,
for any n € Z™.

The proof of Theorem 1.2 is a straight forward construction. We
postpone it and present it in the last section, §4. According to
Theorem 1.2, to prove Theorem I, we need only to consider the set
K which is a subset of an s-quasicircle with constant £ . Actually,
we will see that Theorem I is true for any set K which is a subset of
the quasicircle with constant () — 1 small, where @ is the constant
in (1.1) (see §2).
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LEMMA 1.3. Suppose ' is a quasicircle with constant Q and
K C T is compact. Then there is a Jordan curve I'y such that
K CTyand Ty \ K = Uvy;, v, is chord-arc curve with the constant
depending only on Q and v; NI = {u;,v;} C K

Proof. Let Qr be one of components of C \ I'.  Assume ®(z)
is a conformal mapping from the upper half-plane to Qr. Note
that ® can be extended to a quasiconformal mapping, since I is a
quasicircle. Let E = ®!(K). Since K is closed set, R\ E = U},
I; = (uj,v;). We choose z; = z; + iy;, where z; = (u; + v;)/2 and
y; = (v; —u;)/2. Let a; = [uy, 2] U [z}, v;] and v; = ®(e;). Finally,
we set I'p = {Uy;} UK.

It is clear that I'y is a Jordan curve and it contains K. We can
prove easily that <; is a chord-arc curve with constant depending
only on @, by using the distortion theorem and the following result,
due to Jerison and Kenig (see [17] for both results):

PROPOSITION. If ' is a quasicircle with constant @), then the
image under ® of a line {z =z + €Y%y :y > 0}, 6 € (n/8,77/8), is
a chord-arc curve with estimate constant depending only on Q.

We should point out that the original result is stated only for
vertical lines, i.e., § = 7, but the proof in [17] is valid for the lines
in this Proposition. O

We will use the following elementary geometric property of qua-
sicircles:
LEMMA 1.4. Suppose I is a quasicircle with constant Q, Q =

l1+¢,e< 15 and z1, 2z, € T'. Then there is § € (0, 27) such that

15

where T = |21 — 29|. and I'(21, 22) is the smaller arc of T’ between
z1 and zs.

['(21, 22) \ D(21, 10er) C {z .G (e“’(z— 21)) S |z — le},

Without loss of generality we can assume 2z; = 0, 2z, = ir. Let

s b
= —— < < -
So {z eC 55 = arg(z) < 67r},

i 21
S {z eC g = arg(z) < 20%}
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Using the three points condition (1.1) we can easily prove I'(21, 23) \
D(z1,10er) C Sy U S,;. By a simple calculation, for z € Sy,

1
S (ef52) > 2| sin (30) > 4,

and, for z € &y,

S(e 12z) > |z| sin (30) > —1312]
Thus, it is enough to show I'(z1,2;) \ D(21,10er) is a subset of
either Sy or S;.
CLAIM. If there ezists a z € (21, 22) \ D(21, 10er) satisfying

21
(1.4) %’T <arg(z) < o

then
F(Zl, 22) \ D(O, 1067‘) C 81.

Actually, if there is no z € I'(21, 25) \ D(z1, 10er) satisfying (1.4),
then
['(21, 22) \ D(21,10er) C Sp;

otherwise, by the claim,

F(zl, 252) \ D(Zl, 1057”) C Sl.

Thus, Lemma 1.4 follows once our claim is proved.

Proof of Claim. Let ¢ € I'(z1, 22) with |{] > 10er. Then —7/20 <
arg(¢) < 217/20. Assume arg(¢) < m/6. Let 8 = | arg({) — arg(z)|,
then 27/3 < 6 < 117/10. Thus,

(1.5) |z =[P = |21 + ¢ = 2lzlI¢| cos @ > |2[* + |CI* + |2l¢]-

If ¢ is between z; and z, using the three points condition, |z — (| <
(1 +¢)|z|. But by (1.4), (1.5) and € < 1,

7 — (| > (|z| + K’) > |z (1 + ga) ,
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which is a contradiction. If ¢ is between z and 29, using the three
points condition, |z—(| < (1+¢)|¢|. Again by (1.4), (1.5) and € < 1,

2= 1> (1d+ 5) > 10 (14 5¢),

which is impossible. Thus, arg({) > %. Therefore, the claim is

proved. O

Let I" be a quasicircle with constant 1 + ¢ . We pick two points
a;, b; € I' and define r; = |a;—b;| and ¢; = (a;+b;)/2. We choose two
other points a;, b; € I' which are contained in the same component
of I'\ I'(as, b;), and define r; = |a; — b;| and ¢; = (a; + b;)/2.

LEMMA 1.5. Suppose € < }. Then the following must be true

that .
D<c"’ E%)OD<” 100) =¢ 7
Proof. By the three points condition (1.1),
(1.5) r; = |a; — b;| < (1 + ¢) min{|a; — a;|, |a; — b;]}.

Without lose of generality we assume r; < r; and |a; — a;| <
|a; — b;| and b; separates a; from a;. Then, by a simple geometric
observation, and the Pythagorean theorem,

la; = ¢I* > lai — a;* — |ej — a4]*.

Then, by (1.5) and € < 1,

1 1
la; — ¢ = 7 -7
(1+¢e)? 4
>3,
b)

Using this estimate, we have
lei — ¢l > |ai — ¢ — |a; — ¢l

_Ti

— 10
Therefore, D (c,, T ) N D (cj, WTJ') = ¢. O
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2. Proof of Theorem I.
The definition of the Cauchy integral operator on AD reg-
ular sets. We observe that an AD-regular set K with the Euclidean
metric and Hausdorff measure is a space of homogeneous type [9].
We define the Cauchy integral operator as in [5]:

Cra=5/ .z (2) - F(g(O1dA() dA(2),

for f, g Lipschitz functions. The integral converges absolutely be-
cause of the AD regularity of K and the Lipschitz continuity of f
and g. Thus, C is well-defined as a continuous linear operator from
Lipschitz functions into the class of distributions. It is easy to ver-
ify that the class of Lipschitz functions is dense in L2(K). We may
formally write

f (C )

Cil@)= |

We also need the following deﬁmtlons

Cfa)=[  @)-y)dAw).

|lz—y|>e
yeK

T, dA(C)-

and
Cf(z) = sup |C*f(2)].

By a standard argument we have

PROPOSITION 1.0. [5]. Let K be AD regular. Then the following
are equivalent:

(i) C is bounded on L*(K),
(ii) C¢ is bounded on L*(K), uniformly in ¢,
(iii) C* is bounded on L?(K).

Proof of Theorem I. Suppose that K C C is AD-regular with
constant M (see the introduction) and

(2.1) B(K) <$.

By Theorem 1.2, (2.1) implies K C I, where I' is an s-quasicircle
with constant ¢ (where € is sufficient small as long as ¢ is small
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enough). Thus, Theorem I will be included in the following slightly
more general result:

THEOREM 2.1. Suppose K is AD-reqular with constant M and
the Cauchy integral operator is bounded on L?(K). Further suppose
that K is contained in a quasicircle with constant 1 + £ , where
e > 0 is small enough, depending only on M and ||C||. Then K is
contained in a chord-arc curve.

Proof. By Proposition 1.0, C* is also bounded on L?(K). Using
Lemma 1.3, we obtain a Jordan curve Iy satisfying I'o \ K = Ury;, v;
is a chord-arc curve with constant depending only on €. To verify
Iy is chord-arc curve, we take any two points z; and x5 on I'y and
we need to show

(22) A(Fo(.’L‘l, 11}2)) S Colil?l - 1172'.

Let G = {7, : 7; C T'o(21,z2)}. Then, by the three points condition
(1.1) and AD-regularity, it is easy to see that, to show (2.2), it
suffices to prove

(2.3) > A(y) < Colzy — 23]

V€9
By Lemma 1.3, v, N K = {a;, b;}, let I; = [a;, b;], then
A(7;) < CoA(T;).
Let r = |z, — z2|. Thus, in order to prove (2.3), we need to show

(2.4) > AL < Cor.

;€6
To establish (2.4), we introduce the following definition:

DEFINITION 2.2. Suppose P = {I} is a collection of sets and
p > 0. A subcollection {I,,} of P is called a p-frame of P, if it
satisfies the following conditions:
(i) There are pairwise disjoint subcollections P, 4 of P such that

Upp,q =P

p.q
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and, for each index pair (p, q),

(2.5) Y. A() < CiA(LLy),

I€Pp,q

where (' is independent of p, ¢ and p.
(ii) There is a constant C, independent of p such that

(2.6) > A(lq) < Cap.

p.q

It follows immediately from the definition of a p-frame that

> A(I) £ C1Cyp.

IeP

257

Let P = {I;}. Hence, our problem is reduced to finding an r-
frame of P. Let Ij = [aj, bj], E(IJ) = lb] - aj|, and let A(IJ) =
D(aj,€;), €; = €€(I;). Also, for simplicity, we may assume P is
a finite set, since our estimate is independent of the number of

elements in P.

To find the r-frame of P, we choose I; ; € P so that £(I; ) is the

maximum of the lengths of the I;. Let
P ={I; € P: £(I;) > el(Iy,1) and I; N A(I1,1) # ¢},
and A(I,;) = 2A([y,1). Define
Lii={l;€P: I; CA(1,1)}\ P

Assume we have chosen Iy ;, Py,; and Z; ;,1 < j < v. Choose

Ly € P\ U PL; UL )
j=1
which is of maximal possible length. Let

Piot1 = {Ij e P\ U(Py,;UL;) : &I))

j=1

> el(l,u41), IiNALu41) # ¢}
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and let
1'1’,,4.1 = {Ij ep \ U(Pl,j Ul—l’j) : Ij C K(I])y+1) } \Pl,u+1-
J

After finitely many steps, this procedure will stop. We obtain sub-
collections {P;,;} which are disjoint from the elements of {I; ;}.

Let 7; = U,;Z1,;- We repeat the same procedure as before to
obtain P, ; and I ;. Let I, = U; I ; and keep on going until P
exhausted. Thus, {I,,} and {P,,} are constructed.

We have to check that {I,,} is a r-frame of {I;}. By the con-
struction of {P, .}, it is clear that P = U, Py, We verify (2.5).
For each index pair (p, q), by the construction of P, 4, we have

el(Ip,q) < UI) < L(1pq), VI € Py q.

Let Iy, =[apgq,bpq)- Since K is in a subset of the quasicircle with
constant 1 + € , by Lemma 1.5, VI;, I; € Pp g,

1 1 L,
D (e 7gt1)) 0D (5, psb1)) =6, i#]
where c; is the center of ;. So

1002 oI;)\* _ 1002
V< =) < .
Z E(I]) — Wge(.[p,q) Ijz T ( 100 ) = ¢ E(IPNI)

I;€Pp,q €Pp,q

Here, we used I; N A(l,4) # ¢, which implies D(c;, 1554(I;)) C
D(apq,£(Ipq))- Thus, (2.5) is verified, and, so, (i) is true.

Next, to verify (ii), we need to show (2.6). First, we note that for
any fixed p,

1 1
(2-7) ‘Q‘A(Ip,q) n EA(Ip,q’) =@,

if ¢ # ¢’ and, for any I, 4, there exists I,_; 4, such that
(2.8) Ipq C Z_(Ip—l,q’) :
We claim that

(2.9)K NA(,,) C {x € K:C (XX(I )) (z) > cologs’l} .
p—1,q'
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By the definition of C*, we can see that it is enough to prove our
claim to show:

d
(2.10) / A(Z)Z > cologe™L.

a ——
2K, D,q

0c£(Ip,q)<|ap,q—2|< Tj._sf(lp,q)

Let Iy, , be the component of I'\ {a, .} which does not contain by 4.
We choose = € T, , such that |apq — z| = £(I,4). By Lemma 1.4,
there is 6 € [0, 27) such that

[(ap,g, ) \ D(ap,q,10e€(Ip4)) C S(ap,,)

= {z : 3{e?(z — apq)} > 2= apql —igp’ql}

and using the three points condition (1.1), we have
(1p,q)
€ K :10el(1,,) < —z| < B2
{Z el(Ipq) < lapg — 2| lte }

Therefore,

l / dA(2)

P,q
z€K10ef(Ip,q)<lap,g—z|< r}.?e(lp,q)

1 / dA(z)

> —
— 10 lap,q — 7|

2€EK
10e£(Ip,q)<lap,q—2|< 5z €(Ip.a)
> colog e,

where ¢y depends only on the AD-regularity constant M. Thus, we
obtain (2.10) and, consequently, (2.9). Similarly, we can prove, for
any t,

(2.11)
KNA(L,) C {a: eK:C* (XD(a1,1,4r)ﬂK) (z) > cologa’l} .
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Because of (2.7), (2.8), (2.9) and the L? boundedness of C*, we have
the following estimates: for any fixed p,

> A (K N %A(Ip,q))

g: Ip,q CA(I —1,¢")

. % - -1
<A {x €K:C (XZ(I,,_I,q,>) (€) > ¢ loge }

1 2
< — * =
= (cologe—1)? I[ (C (XA<IP-1,¢>)) dA\(z)

5€(Ip_1’q/)
4M

if we choose € small enough, i.e., € small depending only on M and
IC*||. Since K is AD regular, for any fixed p,

1
Z K(Ip,q) < '2‘€(Ip—1,q’)-

q: Iqu CZ(Ip—l,q’ )

INA

llce1i%,

Iterating the above inequality and using (2.11), we obtain the fol-
lowing:

1
}: g(Ip,q) 55 Z é(Ip—l,q’)
q q'

1
SF Zt: £(I,)
oo jerl

o T.

Thus, (2.6) is verified by summing over p. This completes the proof
of Theorem 2.1, and, thus, Theorem I is proved, assuming Theorem
1.2 which will be proved in Section 4. O

The author thanks Professor P. Jones for suggesting the use of
weak type estimates in the proof of Theorem 1.2.

3. The Cauchy Integral Operator And Analytic Capac-
ity.
Basic geometric theory. Let us recall some basic definitions and
results from geometric measure theory that we will use.
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DEFINITION 3.1. The upper and lower densities of a closed one-
dimensional set F at a point x are defined by

D(E, z) = lim sup A (E N Dz, T))

r—0 2r

D(E, z) = liminf A(E0 DGz, 7)) .

r—0 2r

DEFINITION 3.2. A one-dimensional set F is said to be regular
in the sense of Besicovitch, or, simply, B-regular if

D(E, z) =D(E, z) = 1.

for a.e. z € E. A point z € E satisfying the above equality is said
to be regular; otherwise it is called B-irregular.

DEFINITION 3.3. A one-dimensional set is B-irregular if almost
all of its points are B-irregular.

Given z € C, a line L containing z and 0 < § < , we define the
cone S(z, L, 6) to be the union of all lines passing through z and
making an angle of at most § with L.

DEFINITION 3.4. Let E be a one-dimensional set and z € F a
point at which D(E, ) > 0. Then a line L passing through z is
tangent to E at z if

limr*A([EN D(z, r)]\ S(z, L, §)) =0

r—0

”

for all # > 0. L is a weak tangent to E at x if “lim,_,o” above is
replaced by “lim,_,”.

Note that the tangent to E expresses a certain smoothness of F,
but the weak tangent does not contain any information of smooth-
ness for E. We will present a class of sets E at the end of this
section that are B-irregular but there are weak tangents to E at a.e.
z € E in all directions.

The basic results in geometric measure theory we shall need are

the following:

THEOREM 3.5. Let E C C be closed and have finite one-
dimensional Hausdorff measure. Then the following are equivalent:
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° E is reqular in the sense of Besicovitch.
° E has a tangent at a.e. x € E.
° E is contained in a countable union of rectifiable curves.

THEOREM 3.6. Let E C C be closed and have finite one-dimen-
sional Hausdorff measure. Then the following are equivalent:

° E is irregular in the sense of Besicovitch.
. At a.e. x € E, E has no tangent.
o For any rectifiable curve ', A(ENT) = 0.

For proof of these results see [13].

It is very important to characterize a set of positive analytic ca-
pacity in terms of the geometry of the set. The following theorem
was established by Mattila [25]

THEOREM 3.7. Suppose K is compact and B-irregular with
A(K) < oo and suppose that for a.e. € K, there is at least one
L passing through x which is not a weak tangent to K at x. Then
7(K) =0.

DEFINITION 3.8. Suppose K C C is compact and B-irregular.
We say K satisfies Mattila’s condition if it satisfies the condition
that for almost all x € K, D(K,z) > 0 and there is no weak
tangent to F at z, at least in one direction.

Using this definition we can restate Theorem 3.7 equivalently as
follows:

THEOREM 3.7". Suppose A(K) < oo and K satisfies Mattila’s
condition. Then y(K) > 0 if and only if there is a rectifiable curve
' such that AN K) > 0.

A geometric observation for locally flat sets. We note that a
locally flat set is certainly not necessarily B-regular. The following
result describes a geometrical property of locally flat sets:

PROPOSITION 3.9. Suppose K is AD-regular and locally flat.
Then, for almost all points x, either there is a tangent to K at x, or
there are weak tangents to K in all directions at x. In particular, if
K is not B-regular, K does not satisfy Mattila’s condition.

To prove Proposition 3.9, we will use the following two theorems
of Besicovitch [13]:
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THEOREM 3.10. Suppose K has finite one-dimensional Haus-
dorff measure. Then K can be decomposed into two subsets G and
B such that G is B-regular and B 1is B-irregular.

THEOREM 3.11. Suppose K is B-irregular. Then, given 0 €

[0,27), ¢ € (0,7/2) and a line L which contains x and points in
the direction e¥,

(3.1) limsupr*A(K N D(x,r)NS*(z, L, ))
r—0

+limsupr*A(KND(z,7)NS™(z, L, ¢)) > %Sindb, Vae. z€K,

r—0

where S*(z, L, ¢) is a one-way cone of S(z, L, $) and S~(z, L, p) is
the opposite one-way cone.

Proof of Proposition 3.9. By Theorem 3.10, K = G U B where
G is B-regular and B is B-irregular. By Theorem 3.1, there is a
tangent to K at a.e. x € G. So we need only to show that there are
weak tangents to K in all directions at a.e. z € B.

Without loss of generality we may assume K is B-irregular. Let

6,€[0,2r) and ¢, € (0, 7/2)
be all possible rational numbers. Set
K, = {z € K : it satisfies (3.1) with 8, and ¢,}

and set
Ky = ﬂlzi)gl Kyq.
Since A(K \ Kp4) =0,
AK\ Ko) < STAK\ Kpg) =0.

p.a

It suffices to show the following:

CLAIM. Any straight line L which contains x € Ky is a weak
tangent to K at x.

Pick ¢ € (0, 7). Let L be a line which points in the direction
6 € [0, 27). Choose (p, q) so that

(3.2) 0 -6, <107  and ¢, < 1071%%%.
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Because z € Kj, by Theorem 3.11 and (3.2), there are points

¢
3.3 n€S|z, L, — , =1,
(3.3) x (x 500 N Ky n=1 00
such that
Tp F Ty, M FE M and nl_igloxnza:.

Let 7, = |z — 24|, n=1,2,---. We choose @Q,, € D such that 3Q,
contains both z, and z, and @, has minimum possible size, i.e.,
(Qn) = 1y Let Br(Qn) = 0, Since K is locally flat,

(3.4) lim 6, =0.
We may assume 6, < ;2. By (3.2)-(3.4) and an elementary calcu-
lation,

A(K N D(z,aory) \ S(z, L, 9)) < C(P)0n Tn,

where aq is small independent constant, which implies

lirrri)iglfr’lA(Kr‘l D(z,r)\ S(z,L,¢)) < C(¢) T}i_)rgo(Sn =0.
Thus, we showed that L is a weak tangent to K at x and, therefore,
Proposition 3.9 is proved. O

Geometric characterization of analytic capacity of locally
flat sets. By Proposition 2.9, locally flat sets do not satisfy Mat-
tila’s condition. So, Mattila’s theorem doesn’t work for locally flat
sets. We now use Theorem I to study the analytic capacity of K.
But, in general, knowing that y(K) > 0 tells us nothing about the
L? boundedness of the Cauchy integral operators, because it could
be that K = AU B where y(A) > 0 and ||C|| gives no control on B.
However, M. Christ [6] provided a useful tool:

THEOREM 3.12. Let K C C be AD-regular and suppose that
v(K) > 0. Then there exists an AD-regqular set K' such that C is
bounded on L*(K') and A(K N K') > 0.

REMARK. In particulary, if K is locally flat, we will show the K’
can be constructed to be locally flat.
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In particular, Theorem I together with Theorem 3.12 give us basic
tools to study analytic capacity of locally flat sets. Because Theorem
3.12 is very important to us and its original proof is contained in a
proof of a more general result (see [6] for details), we shall give, for
reader’s convenience, the details of a direct proof which contains a
proof of the above Remark. The main idea of this proof is due to
M. Christ. We begin by recalling some definitions and theorems (all
of them can be found in [6]).

DEFINITION 3.13. Suppose K is AD-regular. Then a family
of set Q;? C K is called a dyadic system if there exist constants
r, a >0, ay, Ag < oo such that

(i) AK\U;Q%) =0, for each k.

(ii) Forany,i, j, I, kwithl >k, either Q) C Q% or, Q:NQ}=
o.

(iii) For each (k, j) and each [, I < k there is a unique ¢ such that
Q¥ C Q..

(iv) Diameter (Q%) < Aor*.

(v) Each Q¥ contains some disk D(z¥, aor*).

(vi) A{yeQf: dist(y, K\QF) <trF } < Agt*A(Q}), V5, k.

See [6] for the existence of a dyadic system for an AD-regular set.

Also, following the terminology used in [6], we call Q;? a dyadic

cube. (Note that Q¥ is a subset of K and is not a dyadic square.)

REMARK. The proof of existence of a dyadic system in [6] shows
that any dyadic cube is itself an AD-regular set.
Let D(K) be a dyadic system for K.

DEFINITION 3.14. A function b € L*(K) is said to be dyadic
para-accretive if for every Q¥ € D(K), there exists Qt € D(K), Qi C
k with ! < k+ N and

I
l/cz(bdA

for some fixed ¢ > 0, N < oo.

> cA(Q)),

DEFINITION 3.15. A locally integrable function f belongs to
dyadic BMO if

supinf A" [ 11(2) = Cal dA(2) < o0
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where the supremum is taken over all dyadic cubes.
We will use the following T'(b) theorem:

THEOREM 3.16. Suppose that b is a dyadic para-accretive func-
tion on K and that C(b) is in dyadic BMO. Then C is bounded on
L*(K).

Theorem 3.16 is a special version of a general T'(b) theorem, which
suffices for our purpose (see [6] Theorem 20, for this general T'(b)
theorem).

Proof of Theorem 3.12. 1t is well-know that if y(K') > 0 then there
is f € H®(C\ K) satisfying || f|lcc < 1, f(c0) = 0 and f'(co0) # 0.
In fact, we can write f as the Cauchy integral of an L* function g
supported on K satisfying ||g|lcc <1 and fi gdA # 0.

Let v(K) = ¢oA(K), co > 0. Assume K € D(K), denote it by Q1,
and run a stopping-time procedure on it as follows: for Qf € D(K),

which is @1’s child, we stop the construction, if it satisfies

/C22gdA

i.e. @ is a stopping time cube and we put this Q7 aside. If it doesn’t
satisfy the above inequality, ¢.e.,

/ngdA

we turn to the next generation, and repeat this argument. We keep
this argument going on until it goes through all levels. Let S be the
collection of all stopping time cubes. It is clear that the stopping
time cubes are disjoint and satisfy (3.5). Also, it is easy to show

(35) < San(@))

(3.6) > %COA(Q?) :

(3.7) AK \ (UsesS)) > %coA(K) > 0.

To construct K’, we need to replace S by a certain good set, I's.
By (iv) and (v) under Definition 3.13, for any S € S, S contains
a disk D(zs,ds) satisfying zs € S and ds > c¢;diam(S) , where
¢, depends only on a¢ and Ay, and, thus, we can choose z;,29 €
D(zs,ds) N S such that

(3.8) |21 — 22| > cods and dist([21, z2), K \ S) > cads,
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where c, depends only on M and ¢;.
Let cs = (21 + 22)/2, Is = [z1,¢s] and Js = [cs, 22). Let ['s =
Is U Js. Define

K' = (K \ UsesS) J(UsesTs)-

By (3.7), A(K N K') > 0 and, using the Remark below Defini-
tion 3.13 and (3.8), we can easily show that K’ is AD-regular.

We now prove K’ is locally flat. It suffices to show that, for any
Q € D, there is DQ € D such that Q C DQ, £(DQ) < C24(Q)
and

Bk (Q) < C36k(DQ),
where Cy and C; depend only on M, ag and Ay. Let

Py={ls:3QNTs#¢ and 3QN(K'\Ts)# ¢}

Let
EQ = U{PS :I'g e PQ}

It is clear that, if Py = ¢, then either 3Q N K' C I's or, 3Q N K' C
K \ UgesS. But, in both cases, we have fx/(Q) < fk(Q), and we
choose DQ = Q. We now assume Pg # ¢. Note, for any I's € Py,
we can find a € 3Q NTs, and b € 3Q N (K'\I's). By the choice
of 's, S € S, it is clear that, there is a constant C depending only
on M, ¢y and Ag such that

A(Ts) < CUQ),

which yields T's C 10CQ. We choose a dyadic square D@ such
that
10CQ C 3DQ, and (DQ) < 10£4(10CQ).

Then, we have

sup dist(z,L) < sup dist(y, L),
z€(3QUK")UEQ yeE3DQNK

for any straight line L, and, thus, by the definition of Sk (Q), this

yields,
¢((DQ)
¢(Q)

Br(Q) < Bk (DQ) < 100C Bk (DQ).
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Hence K’ is locally flat.

By Theorem 3.16, to prove that the Cauchy integral operator is
L? bounded on K’, we need only to find a dyadic para-accretive
function b such that C(b) is a dyadic BMO function defined on K.
To construct b, we recall that, for any S € S, I's = Is U Jg,
Is = [z1,cs] and Js = [cg, 2], where 21,20 € S and ¢s = (27 +22)/2.
By (3.8), it is clear that

A(S) < C4A(Js),

where Cj is independent of S. We define a piecewise constant func-
tion gs on I'g by gs = C on Ig, and g5 = —C’+A—(}—S—)-fsgdA on Jg,
where C' = 2C4. By this definition, it is clear that

(3.9) [ gsdr= [ g

and, on I'g,

(3.10) 1<|gs(z)| < C.
Let

po 19 on K'NK
B gs on I's, S€S.

We show that b is a dyadic para-accretive function.
First of all, we have to define a dyadic system D(K’) associated
to K'. Let

Di(K') ={@": Q" = (Q\US) U (Uscel's), @ € D(K)\ S},

which is called the dyadic cube class of type 1. Since I'g is an
interval, we define by D(I's) to be all bisecting subintervals of I'g.
It is clear that Is and Js are in D(I's). Let

Dy(K') = UsesD(T's),
which is called the dyadic cube class of type 2. Define D(K') =
Di1(K') UDy(K").
We choose @' € D(K') which is of type 1. Choose @ € K as-

sociated to @'. Then @ is not a stopping time cube. By (3.9) and
(3.6),

L bdn|=|[ gan|= oa@),
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where c¢; is independent of @'. Choose ' € D(K') which is of type
2,i.e. @ € D(s) for some S € S. Let R=Q', if Q' # I's, and let
R =1Ig, if @ =Ts. Since either R C Is or, R C Js, by (3.10),

I/RbdAl = ‘/RgsdAl > A(R).

Hence, b is a dyadic para-accretive function.
To show that b is a dyadic BMO function, it suffices to show that

(3.11) /Q IC(bxa)| dA < CoA(Q).

Choose @' € D(K'}. Note that, if Q' is of type 2, say Q' € D(['s),
for some S € S, since the Cauchy integral operator is bounded on
L?(Is) with a constant independent of S, we can easily show (3.11)
is true for @'. Thus, we need only to consider the case when @' is
of type 1. The following two estimates will be used:

(3.12) /Q C(gxq)| dA < C5A(Q)

and

(3.13) /Q\S/,

where S’ is S or I's and zg satisfies dist(zs, @ \ S) > cA(S). They
can be proved by using the fact that |f(z)| < 1,Vz € C\ K and
(i)-(vi) in Definition 3.13. Since @' is of type 1, and by (3.9),

1
r—yYy Is—y

| dA () dA(y) < C5A(S),

oW = [ i@ [ ff“’; IA(z)
1
= C(gxQ)(y +SXC£2/ 9s x){ xs__y} dA(z)

+Z/ {xs~ _xiy} dh()

S5CQ
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Hence, using (3.12) and (3.13), we have

/Q IC(bxa) (v)| dA(y)
< CAQ) +Cs 3 A(S)

ScQ
+§:/

ScQ Q\S /PS

+Z/

ScQ’@\S /S

11
s —Y T —
11
Is—Y T—Y
< CA(Q) +Cs Y A(S)
SCQ

y( dA(z) dA(y)

] dA(x) dA(y)

< GoA(Q)
and (3.11) is proved. Therefore, Theorem 3.12 is proved. O

Proof of Theorem II. Since K is AD-regular, without lose of gen-
erality, we may assume K is of finite one-dimensional Hausdorff
measure. By Theorem 3.12, we can find a locally flat K’ such that
A(K'NK) > 0 and C is bounded on L?(K’). Fix an arbitrary small
positive number §. We claim that K = Z U (U, K;), A(Z) =0 and,
for each j, K; is AD-regular and satisfies

Bk, (Q) <6, VQ € D.

Let D(K') = {Q%}. Let Zx, = K'\ (U;QF) and Z = U Z;. Since,
by (i) of Definition 3.13, A(Zy) =0, Vk, A(Z) =0. Forz € K'\ Z,
there exits {ka} such that z € ﬂijk, and, since K’ is locally flat,
there exits Qfgz containing x such that, V@) € D satisfying

(Q) <diam(Qlz) and  QNQY, # ¢,

we have
Bk (Q) < 6.
this yields

/BKz(Q) < 6) VQ €D.

Since K is a dyadic cube, K, is AD-regular by the Remark follow-
ing Definition 3.13. Using a standard covering argument, we obtain

Letting K, = @

kz
Jkg
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our claim. Sine C is bounded on L?*(K’), C is uniformly bounded
on L*(K;),Vj with bound independent of 6. Hence, if we choose
0 to be small enough, then, by Theorem I, K; is a subset of the
chord-arc curve T'; for all j (therefore, a subset of rectifiable curve).
Hence, there must be I'j, such that A(K NI';) > 0. Theorem II is
proved. O

COROLLARY. If K is locally flat, A(K) < oo, and B-irregular,
then v(K) = 0.

The proof of this corollary is obvious and we omit it.

An Example of Locally Flat Set: the Snowflake. The snow-
flake set E constructed by G. David and S. Semmes (see [11],
135-137) is defined as follows: given a sequence {ay,} of small real
numbers, say less than 1%T07 we construct F, recursively according
to the following recipe. We take E, to be the unit interval on the
x-axis. Suppose FE,_; has been constructed. To construct E, we
replace each line segment L of E,_; by four segments L;, Lo, L3,
L, with the following properties. (See Figure 0.)

(3.14) The length of L; is 4™, 1=1,2,3,4.

(3.15) The endpoint of L; is the initial point of L;,;, i=1,2,3.

(3.16) The L;’s make the angles 0, a,,, ™ — a,, and 0, respec-
tively, with L.

(3.17) The midpoint of L is also the midpoint of the segment
that joins the initial point of L; to the endpoint of L.

Let F be the limiting set of the F,’s in the Hausdorff metric. In
[11] they prove the following properties of E:

(i)  Eis AD-regular.

(ii)  E is B-regular iff " o2 < oo.

Note, using their construction of the snowflake set E, it not hard to
see, if lim,,_, o o, = 0, F is locally flat. So, we cannot use Mattila’s

theorem to characterize its analytic capacity. But, using Theorem
IT and (ii), we obtain, immediately, the following result:
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FIGURE 0. --- the old curves
— the new curves.

PropPoOSITION 3.17. Suppose the snowflake set E satisfys
limy, 00 0 = 0. Then y(E) > 0 iff a2 < oo.

4. A Characterization of Subsets of Some Qusiconformal
Circles. In this section we prove Theorem 1.2. Let K be a com-
pact set (that may not be AD-regular) in the complex plane which
satisfies the condition in Theorem 1.1

(4.0) BK) <6
with 6 = 27" and € < 705- Without loss of generality we can

assume K C [1/4, 3/4] x [1/4, 3/4], because (4.0) and the three
points condition are dilation and translation invariant.

Some lemmas. To construct an s-quasicircle with constant £ con-
taining K, we begin with some simple lemmas.

LEMMA 4.1. Suppose B(K) < 46,6 < 75 and suppose z,y,z € K
satisfy

1
(4.1) @ = 2 2 5 max{|z —yl, |y — 2[}.
Then

(4.2) dist(y, L) < 1486|x — 2|,
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where L is the straight line containing [z, z].

Proof. Let |z — z| € [27%71,27*]. Choose @ € D such that £(Q) =
27%+1 and y € Q. It is clear that £(Q) < 4|z — z|. Since (4.1),
z,y,z € 3Q. Let Ly be the straight line such that

sup dist(u, Ly) = Bx (Q)¢(Q);

u€3Q

in particular,

dist(w, Lg) < B (Q)(Q), w=2zx,Y,2.

Let L be the straight line containing [z, z]. If Lo is parallel to L
it is easy to prove (4.2). Otherwise, let Lo N L = {zo}. If zo €
[z, 2], without loss of generality we can assume |z — zo| < |z —
z| which implies |zg — 2| > 1/2|z — 2z|. If zo ¢ [z, 2], max{|z —
Zo|, |To — 2|} > |z — 2|. Without loss of generality we can assume
|z — 2| > 1/2|z — z|. Thus, for z; € 3Q N Ly,

dist(z, Lo)
|zo — 2|

dist(z;, L) = lzo — 24

Bk (@)4UQ)
<~ 100) 1oy 3vV20(Q)
< 14496|z — z|.
Therefore,
dist(y, L) < dist(y, Lo) + sup dist(z, L)

z;1€3QNLg

< Br(Q)UQ) + 1446z — 2|
< 1486|z — z|.

Lemma 4.1 is proved. O

LEMMA 4.2. Suppose B(K) <4, 6 < and z,y,2 satisfy

1
[z~ 2 2 5 max{lo ~ yl, Iy - 21}
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where C is independent of z,y,z. Then

b, = |arg(z — z) — arg(y — z)| < C10
6, = |arg(z — 2) — arg(y — 2)| < C44,

where Cy = 197(1 + C).
Proof. By Lemma 4.1,
dist(y, L) < 1486|z — 2|,
where L is the straight line containing [z, z]. So, by our assumption,

dist(y, L)

sin(6,) = P—

< 148(1 + )6

and this yields
0, < 197(1+ C)d.

Similarly, we can also show
0, <197 (1+ C)é.

Lemma 4.2 is proved. O

LEMMA 4.3. Suppose x,vy, z satisfy
|z —yl+ly— 2 < (1 +e)|lz -2,

then .
dist(y, L) < 2ez|z — 2|,

where L is a straight line containing [z, z].

Proof. Let L be a straight line containing [z, z]. By the Pythagorean
theorem,

2(dist(y, L)* < (lz —yl + |y — 2)* — |z — 2[%,

and, then, Lemma 4.3 follows immediately, from our assumption.

O
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LEMMA 4.4. Suppose K1 C K and K, C C. Let K' = (K\
Kl) UKg. Then
1

:BK' (Q) S m zei(lilf%Q diSt(xv Kn 3Q) + ﬂK(Q)a

where Q is any dyadic square.

Proof. Without loss of generality we can assume that K is com-
pact. For any z € K, N 3@, where @ is a dyadic square, there is
zg € K U3Q such that |z — zg| = dist(z, K N 3Q). Thus,

(4.2) dist(z, L) < dist(z, K N 3Q) + dist(zg, L),

for any straight line L. By the definition of 8k (Q), there is Lg such
that

U(Q)Bk(Q) =inf sup dist(y,L)= sup dist(y,Lq)
L yeKkn3Q yeKN3Q

and, then, using (4.2), we obtain

(4.3)

sup dist(y,Lqg) < sup dist(y, K N3Q) + £(Q)Pk(Q)-
y€K2N3Q yE€K2N3Q

Thus, if there exists {z;} C K, N 3Q such that

(4.4) lim dist(z;, Lg) = sup dist(z, Lg),
J—oo zeK'N3Q

where K' = (K \ K1) U K3, then, by (4.2),

UQ)Br(Q) < sup dist(y,Lg) = sup dist(y, K N3Q).
yeK'N3Q yeK3n3Q

Hence, because of (4.3), Lemma 4.4 follows immediately. We assume
now there is no {z;} C KN 3Q such that (4.4) holds, which means
that these exists {z;} C (K \ K1) N3Q such that (4.4) holds. Thus,
we have

Q)P (Q) < sup dist(y, Lg)
z€K'N3Q

< sup dist(y, Lg) = £(Q)Bk(Q).
e KN3Q
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Lemma 4.4 now follows. |

LEMMA 4.5. Suppose ' is a Jordan curve satisfying (4.0) with

constant € < 1%0. Then T is an s-quasicircle with constant Cye.

Proof. To show I is a s-quasicircle with constant Cye, we need to
verify that, for x,z € T,

|z —y|+ |y — 2| < (14 Coe)|z — 2], Vy € T'(z, 2).

Without loss generality we assume z = 0, z > 0, and |z — y| <
|y — z|. Choose y € I'(z, 2). If R(y) >0, by (4.0) and Lemma 4.1,
it is easy to see that

|z —y|+ |y — 2| < (1+148¢)|z — z|.

We now assume R(y) < 0. Lemma 4.5 follows immediately if we
can prove:

CLAM. Ify € I'(z, 2) satisfies R(y) < 0, then |z—y| < 50e|z—2z|.

To prove this Claim, we observe that, if the Claim is false, i.e.,
there is yo € 7(z,2) satisfying R(yo) < 0 such that |z — yo| >
50e|z — z|, then, since I' satisfies (4.0) with constant e, we have
|arg(yo)| > 3/4m. We choose Qo € D containing y, and satisfying

|z — ol < £(Qo) < 2|z — yol-

Then, z € 3Qy, and I'(yo,z) (and, thus, TI'(yo,2) N 3Qo) is
contained in a strip of width less than 2e£(Q).
Next, since I' is a Jordan curve, we can choose J; € D such that

£(Q1) < 4££(Qo)
(i) dist(yo, 3Q1) > 0,

Q:NT(z,y) # ¢ and 3Q: NT (1o, 2) # ¢. By (4.0), T'(y0,z) N3Q1
and I'(yo, 2)N3Q; are contained in a strip of width less than 26£(Q;)
(see Figure 1). So, we can repeat the above process again. Recur-
sively using (4.0) with constant £ and the fact that I" is a Jordan
curve, we can find {Q,} C D such that
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FIGURE 1.

(ii) 3Qn+1 C 3Qn, Vn,
(i) £(Qnt1) < 4e(Qn), Vn,
(iv) QuNT(z,50) #¢ and Q,NT(yo,2) #¢, Vn.

Since € < 35, taking limits, we see that I'(z,yo) N I'(y0, 2) # {¥o},
which contradicts the fact that I" is a Jordan curve. The Claim is,
thus, proved. Therefore, Lemma 4.5 is proved. O

Proof of Theorem 1.2. The strategy we use essentially follows
[20]. Using Lemma 4.3, it is easy to show the converse part of
Theorem 2.1. To prove the rest of Theorem 1.2, we choose Z, =
{z}} C K satisfying

(4.6) | =271 >27", i#],
K C UZ;IGZHD(Z?, 2—n)

and, also, let K, = Z, \ Z,_;. It is clear that Z, C Z,,;. and
UnZ, is dense in K. If we can construct a Jordan curve containing
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UnZ,, then, by continuity, the curve will contain the set K. To
construct such a curve, by Lemma 4.5, it is enough to construct I,
containing Z, with the uniform estimate: B(I;) < Cye, Vn.

Before we give the details of the construction of I',,, let us describe
the idea of the construction. By (4.0), we can see that the points
of K are distributed in a strip-shaped region at any scale. So, at
the fixed scale 27", because of (4.6), we may think of Z, to consist
of groups of points such that the points in the one group are close
to each other, while points from different groups are sufficiently
separated. Hence, we may use Construction-A (see below) to join
the points in the same group, and use Construction-B (see below)
to join different groups, and, by (4.0), essentially, we can control
the estimate 3(I',) uniformly.

Now, let us start the construction of I',. Our construction is
based on the following:

Construction-A(z, y). Suppose z,y € Z, satisfy |z—y| < 27710,
Without loss of generality we may assume z = 0 and y > 0. Taking
all possible z; € K11 N D(z,67127™72), j = 1,...,m which satisfy
R(z;) € [z,y] and R(z;) < R(zj41), we set
V) = Ujmo [T, Zj41],

where 9 = %, 41 = ¥, and the construction is completed. (See
Figure 2-(1). ) (]
Construction-B(z;, z3, z3). Suppose z1,z2, z3 € C satisfy

|z1 — 22| < |22 — 23]  and dist(zq, L) < 2%°6|21 — 73],
and, up to a rigid transformation, z; = 0, z3 > 0 and arg(z,) €
[0, 3Z]. Then,

o If arg(zs) < €, we choose z € (z1,z3) such that |z; — 23| =
|zo — 2|, and set

Vz1,x3] = [.’171,1132] U [x% z]U [z>x3]'

o If arg(z2) > €, we choose zg, 21, ..., zs such that zy = z1, 21 = 3,
and

arg(z;) —arg(z1) =¢  and  arg(z,1) — arg(z,) = e,

(4.7)
IZ]'—Z]‘+1I = lel, j=0,...,3— 1,
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where 0 < g9 < ¢, 25 € (z1,23). By (4.7), it is clear that

|zj+1] = |2j|2 cose, 0<j<s-2
|25| = |25-1]|2 cos gy, and

(4.8) se + &9 = arg(z,).

Let
Vz1,xs) = U;:o[zya Zj+1]a Zg41 = T3.

The construction is completed. (See Figure 2-(2), s =5.)

O
X2 X3
.\X:/Q/—‘—_——.\‘
x y
¢9)
23 Za
22
Z K——\E5 X3
2o . -
2
FIGURE 2.

We need the following lemma:

LEMMA 4.6. Suppose 7 is constructed by the above constructions.
Then (,(Q) < Coe, for all Q € D. Moreover,
(i) If 7y is constructed by Construction-A, then

supdist (z, [z,y]) < 1486|z — y|.
zey

(i1) If 7y is constructed by Construction-B, i.e.
7[:01,1‘3] = Uj____.O[Zj, Zj+l]7 20 = T, 21 = T2 and Zs+1 = T3,
then, let 0 be the smaller angle between [z1, 5] and [z1, 2s),

supdist(z, L) < 5296_1[151—332{ and |z — 2] < 2057 2y — o).
zey
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where L is the straight line containing [z, Z3).

Proof. Using (4.0), Lemma 4.1, Lemma 4.2 and the assumption
of Construction-B, it is easy to prove 3, < Cope. (i) follows from
(4.0) and Lemma 4.1.

Let v = UJLy[2j, 2j11), 20 = 71, 21 = T2 and 2,41 = x3. Without
loss of generality we assume z; = 0, 3 > 0. Note that

: _ el
i}lég dist(w,R) = 0121?2<S|\s(z1)|.
Also, by Construction-B, if arg(z;) > 2e, then (zj41) > I(z).
Thus, if we assume zj, is maximal, arg(z;,) < 2¢. Hence, using
(4.7), and (4.8),

S(2jo)| = |21 — 22|(2 cos €)™ sin(arg(2;,))
< 1171 - .’L‘Q‘?s—lg

< €2%7 |2y — o).
Here we used €(s — 1) < 6. Similarly, we have
|z1 — 25| < |21 — 292571 < 205_1|x1 — To|.
Thus, (ii) is proved. ]

We now use the induction on n to construct the Jordan curve

I, containing Z, and satisfying the estimate: 3(I';) < Coe. The
construction of I'; is trivial. We omit it. We assume that we have
constructed I';, which satisfies the following conditions:
A-1. T, contains Z, and consists of intervals such that the smaller
angle between two adjacent intervals is at least m — 2¢. Also, I, =
Urvyr, where I = [z1,20], 21,22 € Z,, 21 # 2 such that vy N Z, =
{71, 22} and, if 7, is not an interval, i.e.,

1 = [z1, 1) U [v1, 2] U ... U [Upy, 23]

Then there exists z € Z, such that either z; € (z,v1), or, v; €
(2,21), and

1
|21 — v1| > max{Q“"”, 5l = z1|}.
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(See Figure 5, z; = uy,). Let L, = 2%”5—12‘"‘1, the next condition

is
A-2. For Q € D, if {(Q) > L,, then

) L,
(i) Br. (@) < Co5m + Br._, (@),

and, if 27" < £(Q) < L,, then either

n

@) fr < coez%) +60,.(@), or B, < Coe,

and, finally, if £(Q) < 27", then

(iii) Br.(Q) < Coe.

Construction of I'n41. To construct I'yq, we pick w € K41 and
choose ug € Z, such that |up — w| = dist(w, Z,). and choose
U_1,u; € Z, such that u_, is next to ug on the left side of ug
on I',, and u; is next to uy on the right side of uy on I',,.

Let I = [u_1,u), J = [ug,u1] and ~y, y5 C I'n. The construc-
tion around w will be considered by several cases.

Case 1. One of the intervals is of length less than 27"*10,

Without loss of generality we assume £(J) < 2710, Let us begin
with the construction in the direction of the right side of ugy. Since
lug — u1| < 2719 we use Construction-A (ug, u;) to obtain a curve
denoted by Pjy,,) and, choose uz € Z, at the right side of u; on Iy,
and next to u;. If Ju; — ug| < 27™*1% we repeat the above process
to obtain Py, 4, and pick u3 € Z, such that u3 is next to uy and
at the right side of us on I',,. We can keep this process going until,
say, at mth step,

(4.9) [t — Unya| > 2771,

We are now going to use Construction-B to construct the curve
Py umsq) and finish our construction in the direction of the right
side of w. (See Figure 3, m=2.)

It will be helpful for understanding our construction if we keep
the following fact in mind: by (4.6) and (4.9), points in K,4; that
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Uz Us

FIGURE 3.

have not been constructed yet, are either “close” to u,,, or “far
away” from u,,. Let

(D(um, 27") N K1) U {um} = {y;}j=1-

For convenience, we assume u,,_; <0, i.e., arg(um_1) =7, Uy =0
and R(y;) < R(yj+1), for j=1,...,s — 1.

Case I-1. s> 1.
If y; # 4, we choose v € C such that
Ys € (Um, V) and lys — v| = 27",
(See Figure 4-(1).) If y; = u,,, we choose v € C such that

Um € (Ys—1,) and |t — ] = 271,

(See Figure 4-(2).) We are now going to verify the conditions per-
mitting the use of Construction-B. The considerations are divided
into two cases.

Case I-1.1. Yy, ums1] = [Um, Um1]. (See Figure 4.)

We will perform Construction-B(um, v, Umt1). Since ys, Um, Umi1
are in K, using Lemma 4.1,

diSt(’U, [uma um+1]) <
2 dist(ys, [Um, Um+1]) < 2960|Um, — Umi1]-

By (4.9), it is clear that
[um — v] < |v = Um1]-
By (4.6), 27! < |upy — ys| < 27" Note

—n+10
|Um—1 — um| <277 and Um—1, Um, Ys € K,
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€3

FiGURE 4.

and, by Lemma 4.2 and (4.0), it is easy to see |arg(y;)] < e. Since
arg(v) = arg(y,), and, by A-1, the smaller angle between [1,,_;, U]
and [Up, Unm1] is at least 7 — 2e,

(4.10) |arg(v) — arg(ums1)] < 3e.

Thus, we obtained the condition for Construction-B(um, v, ty,+1)-
Therefore, we apply Construction-B(u,,, v, Un+1) and obtain
P |- Let ysy = um and let

[um yUm 41

P[um,umﬁ—lj = (]D[,um,um+1] \ [Uﬂh yS]) ) (U;:SQ[yj7 y]+l]) .

(See Figure 4.)
Case I-1.2. 9y, uniy] 7 [Ums Ums1]. (See Figure 5.)

We will perform Construction-B(u,,,v,v;). Let
Viwmimar] = [Mm, V1] U oo U [V, U], k> 1.

By induction A-1, there is z € 2, such that either u,, € (z,1;)
(see Figure 5-(1)) or, vy € (U, 2), (see Figure 5-(2)) and

(4.11) |t — v1] > max {2”"”, %;l“m -~ z{} )
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2

FIGURE 5. --- the old curves
— the new curves.

Let us consider only in the case that wu,, € (z,v;), because the
same argument works for the other case. To verify the conditions
needed to perform Construction-B, we recall

Us € D(Um,27") N Kpi1 and 2, U € Zn.

By (4.6), |z —um| > |ys — um| and, then, |y; — 2| < 2|z — up|. Thus,
if L is the straight line containing [uy,, 2],

dist(v, L) < 4 dist(ys, L)
< 2'%u,, — 2| by Lemma 4.1
< 2996y, — w1 by (4.11).

By the choice of v and (4.11), it is clear that

[um — v| < |tm — v1].
Using the same argument as in Case I-1.1, we can prove
(4.12) |arg(v) — arg(vy)| < 3e.

We can, therefore, use Construction-B(un,,v,v1) and obtain a curve
Let

[um ,'ll,m+1] ’

P[umaum-f-l] = (F)[Ium,um.,.l] \ [um’ ys]) U (Uj;io [y.77 y.7+1])
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where Y, = Up,.
Case I-2. s=1.

If there is no = € K, such that R(z) € (um-1,un), we let

})[um )um+1] = ’Y[Um ,um+1]

and, otherwise, we choose a point z € K11, R(z) € [um—-1,um) such
that z is nearest to u,,. We may only consider the case Yu,,,um.1] #
[4m, Um+1], because the same argument works for the other case.
Let 6 be the smaller angle between [u,,v;] and [un,,z], where v,
is as in Case I-1.2. We note that, if § > m — 2¢, we are done by
letting

P[um,um+1] = NMum um+1]-

Let us now assume that 6 < 7 — 2¢, i.e.,
|arg(z) — arg(v)] < 7 — 2e.

We choose v € C such that u,, € (z,v) and |u, —v| = 27" (See
Figure 6.)

Since T # Upm_y1, by (4.6), 277! < |z — up_1| < 27", and
[Um_1 —Um| < 27"+10) then, by Lemma 4.2, |arg(z)—arg(um—1)| <
e. Hence, by A-1 and |arg(v) — arg(z)| =,

(4.13) |arg(v) — arg(v1)| < 3e.
Using the same argument as we did in Case I-1.2, we can prove
dist(v, L) < 2°dist(z, L) < 2%8|upm—2v1], and |um—v| < [v—1,]

where L is a straight line containing [u,,,v;]. The condition for
Construction-B is, thus, verified. Hence, we apply Construction-
B(um,v,v1) and obtain F, .. Let

Plumimss) = Pl U (Ui v, vi])

FIGURE 6.



286 XING FANG

Here, we assume

k
7[Umyum+1] = Uj:O[Uj’ 'Uj+]_],
where vy = U, and Vg1 = Upyy. Similarly, we can construct
Plumums1] When Yy, v 1] = [Um, Ums1). We omit the details. Let
S["O’"mﬂ] = U;'n=0p[uj,uj+1]'

We thus complete the construction for the right side of ug. The
construction in the other direction is exactly same and we omit it.
Assume we end up at the (m' — 1)th step. Let

-1
Stu_ o] = Ujzo Plu_ju_ja)-
We set

Tnew,1 = S[u_m,,uo] U S[uo,um+1]7 and Yold,1 = I‘n(u—-m’um+1)-
We therefore completed the construction in Case I.
Case II. The length of both I and J are greater or equal to 27"+10,
Let
Vuo,u1] = [uﬂa 'Ul] u..u [’Um, U]_],
and
Viwou—1] = [0, T1] U ... U [Tyms, u—q)].

Without loss of generality we can assume u =0,v; >0and 0 <
arg(w) < 7 +e¢. Indeed, if arg(w) > 7 + ¢, then by A-1, since
the smaller angle between [z, uo] and [uo, vy] is larger than 7 — 2¢,

| arg(w) — arg(z1)| < § +¢, and, so, we may exchange u_; and u,
and thus, exchange z; and v;. Let

(D(u0,27") N Knp1) U{uo} = {y;}j=1-

It is clear that w € {y;}}_; and s > 1. We assume the index j is
chosen so that

R(yje " ™) < R(yjae7 *E5™)), V).
Since w € {y;}i=,

%(yle—iarg(w)) <0< %(we—z‘ arg(w)) < %(yse_iarg(w)).
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Choose w; such that y; € (ug,w;) and |y; —w;| = 27"*1. Choose
wy such that if y; # uo, y1 € (wo,u), otherwise, y; € (wo,yo)
and |wy —y;| = 27"*1. We will use Construction-B(ug, w;,v;) and
Construction-B(ug, w2, Z1) to construct the curve.

Using the same method as we used in Case I-1, we can show

(4.14) dist(wy, L) < 2"98|ug — vy |

where L is the straight line containing [ug, v;] and it is easy to see
lug — wy| < |ug — v1|. Thus, applying Construction-B (uo, v,v1), we
obtain P/ Let

[uo,ua]"
ID[UO;UI] = (P[Iuo,ul] \ [UO, ys]) U (U;=SO [y]’ y.7+1])
where ¥, = uo.

The same argument can be used to construct the curve Py_, 4,
between u_, and uy, we omit the details. (See Figure 7.) Let

Ynew,1 = -P[u_l,uo] ) ﬁuo,ux] and Yold,1 = Fn(u—h u1)~

Therefore, the construction in Case II is finished.
Let

Fn+1,1 = (Fn \ fYold,l) U Tnew,1-

REMARK 1. The construction is always finished by Construction-
B(z1, T2, 73). Let [ys, z3] be the last interval in Construction-B. We
then have

3
(415) . [ys - CL'3| 2 ZlZ'l — 1133].

Indeed, by Lemma 4.6, if § < 3¢, by our choice of zy, |z — z2| <

FIGURE 7.
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279z, — x3|, then
lys — 3| = |21 — 3| — |21 — Vsl
> |zy — z3| — 206_1|$1 — Zo|
Z (1 — 2_6) l(L'l — .’E3|

Z —lml - :E3|,

if @ > 3¢, (which happens only in Case II) then, by (4.14), we have
dist(zy, L) < 26|z, — x3).

Then, since 6 < 3,

Thus,

> (1-642"%) |2y — a5

3
> — — .
Z 4|351 373{

REMARK 2. In Case I, by (4.0), (4.10)-(4.13) and Lemma 4.6, it
is easy to prove

(4.16) esup dist(z, Yoiq,1) < Cpe2~(+1)
2€Tnew,1

for a numerical constant Cy. In Case II, we have more to say.
Let us use the same notations as before. Recall arg(w;) = arg(ys)
and arg(ws) = arg(y1), or, arg(y,). If arg(w;) < 4e, |arg(ws) —
arg(z;)] < 7e. Here, we used (4.0) and A-1. Hence, by Lemma
4.6, (4.16) is also true. If arg(w;) > 4e, |arg(ws) — arg(z1)| > e.
Here, we also used (4.0) and A-1. Since arg(w:) < § +¢,

3
| arg(wy) — arg(z;)| < g +4e < i
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Thus, by (4.14),
lug — wy| < 2% 8|ug — vy,

lup — wo| < 297 8|up — 4],

and, let L,,; = 2%”5_12“", then
1 .
(4.17) Ly < 1 min{|ug — vy}, |ug — 1|} -

Therefore, using Lemma 4.6, it is easy to prove that, for Q € D,
Q) < Lpqa,

(4.18) Brnews (@) < Coe .

To continue our construction of 'y, we pick w € Kpy1 \ Tnya1-
Repeat the above construction, we obtain Yney 2 and Yoqz. Let

I-—‘n+1,2 = (Fn \ (’Yold,l U ’Yold,2)) U(’Ynew,l U 7new,2)-

In general, at the kth step, we obtain
Pn-f-l,k = (Fn \ U§=17old,j) U (U§=17new,j)

and, we keep doing this until X1 is exhausted. We obtain {Ynew,;}
and {7old,j}- Let

Ynew = I{Vnew,j } and Yota = U{Yold,; }

and let

Fn+1 = (Fn \ 'Yold) U Ynew-
It is clear that I'y4; = I'nii1k,, for some ko, since Kn4; is finite,
and Z,,; CT'yy;. We now verify A-1 and A-2 for I'4;. By our
construction, it is easy to see A-1 is true for I',;;. We need to
check A-2. Choose any Q@ € D. If £(Q) < 2=+ by (4.6), it is
easy to prove

ﬂrn-}-l (Q) S 008
which is A-2-(iii). By Lemma 4.4,
1

(419)  fr,.(@Q) < 00 "2 dist(2, Youa) + Or., (@) -
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By Remark 1, (4.15), it is easy to see that the sets {Vnewr \ Yotdr}
are separated sufficiently far away from each other so that there
exists k; such that

(4.20) sup  dist(2,%a) =  sup  dist(z, Yotd,k,) -
2€EYnewN3Q ze7new,k1 n3Q
Without loss of generality we may assume k; = 1 and

3Q N ('Ynew,l \ 7old,1) 7é ¢ SO) for Z(Q) 2 2—(n+1)’ if Tnew,1 is con-
structed by Case I, by (4.16) and (4.19)-(4.20),

2—(n+1)
(4.21) .. (Q) < COEW' + Br.(Q)
which implies A-2(i)-(ii), and, if Ysew1 is constructed by Case
II, then either (4.16) holds which yields (4.21), or, (4.18) holds if
2= < ¢(Q) < Lyy1- But, (4.17) implies Ty y103Q = Ynew1N3Q,
thus, by (4.18), we obtain

ﬂl"n+1 (Q) < Coe.

So, A-2-(ii) is verified for Case II. Finally, we need to verify A-
2-(i) when 7pew,1 is constructed by Case II. Since Ypey,1 is built by
Construction-B, using Lemma 4.6-(ii), it is easy to obtain

sup  dist(z, Yoia1) < 2*€Lpq1,
2€Ynew,1N3Q

and, then, by (4.19)-(4.20), A-2-(i) is verified. Therefore, we com-
pleted the construction of the desired I, ;. O

Let n tend to infinity, we obtain a Jordan curve I which contains
K. For Q € D, let ¢(Q) = 275, s > 0, we choose n, large enough
such that, for any n > ng, ¢(Q) > L,. Recall L, = 9imeTlg—n—1,
We choose m such that

Lm < Q) < Lyn_1.
Since 2Lk = Lk—l,

Ly4+Lpy+ ..+ Lyp=Lp(2~™™ 4+ . +1) < 20Q).
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Thus, using A-2-(i) repeatedly,

Br. (@) < coee—(l@-(Ln + Lot + oo+ L) + B (Q)

< 2C’05‘ + ﬂf‘m—l (Q) .

Now, we need A-2-(ii). Let ¢t < m be the index such that I'; is the
first one such that

Br, < Coe .

By A-2-(ii) and (iii), it is clear that ¢t > s. Using A-2-(ii) recur-
sively,

1
Brn_.(Q) < COE@(Q)

< 3006 .

7™+ L+ 27¢) + 6, (Q)

We therefore obtain
Or, (Q) < 5Cqe, VYn > nyg.
Since the estimate is independent of n,

(422*) ﬁp(Q) < 5005.

Let Qo = [0,1] x [0,1]. It is easy to see that I we just constructed
is contained in Q. Then, for Q € D, £(Q) = 27° with s < 0, by
(4.22),

Ar(Q) < Br(Qo) < 5Cqe.
Therefore, Theorem 1.2 is proved. O

REMARK 3. The curve I' we constructed here does not cross
infinity. However, using our construction, it is easy to extend I' to
be the Jordan curve I which crosses infinity and satisfies G (Q) <
Coe, and therefore, which is an image of R under a quasiconformal
mapping. We leave this to reader.
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