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I»-BOUNDEDNESS OF THE HILBERT TRANSFORM
AND MAXIMAL FUNCTION ALONG FLAT CURVES
IN R*

SARAH N. ZIESLER

We consider the Hilbert transform and maximal func-
tion associated to a curve I'(t) = (¢,72(%), ... ,T2(t)) in R*. It
is well-known that for a plane convex curve I'(t) = (¢,7v(t))
these operators are bounded on L?, 1 < p < o0, if ' dou-
bles. We give an n-dimensional analogue, n > 2, of this
result.

1. Introduction. Let I' : R — R” be a curve in R*, n > 2,
with T'(0) = 0. We define the associated Hilbert transform, #r and
maximal function Mr by

Hef(z) = p.v. /_: flz— F(t))flt—t

and L
Mrf(z) =sup— | |f(z—T(t))| dt,
>0 T JO

respectively. We use p. v. to indicate that we are taking a principal
value integral.

There has been considerable interest in finding conditions on I
which give L?(R")-boundedness or L?(R")-boundedness, 1 < p <
0o, of Hr and Mr, when T is permitted to be flat (i.e. vanish to
infinite order) at the origin; the case of well-curved I" was dealt with
in the 1970’s, see for example [7].

The aim of this paper is to give an n-dimensional analogue of the
following well-known theorem for plane curves.

THEOREM 1.1. [1]. Let T : R — R:T(¢t) = (¢,7(t) be a
convez curve such that v € C?(0,00) is either even or odd and
v(0) = /(0) = 0. Suppose that 31 < A < oo such that Vt € (0, 00)

(1) v (At) > 29'(2).

383
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Then

[Hr fllp < ClIflp
IMrfllp < Clifll,, 1<p<oo.

Conditions such as (1) are known as doubling conditions; in this
case we say that ' doubles.

In R™ we shall consider curves I'(t) = (¢,72(t),.-. ,n(t)) which
are of class C™(0,00) and such that I'(0) = 0. The convexity hy-
pothesis for plane curves we replace by the “convexity” hypothesis
used in the n-dimensional results of [6] and [4].

So we define determinants D;, j=1,...,n by

Ly -
0 ,YII . ,Y{l
Dj = det . :2 :J
099 . 49
and say that I' is “convex” if
(2) D;(t) > 0, j=2,...,n,t€ (0,00).
We also introduce the determinants V;, j =1,...,n, given by
t oy
1 fy' .. fy’
Nj = det : :2 :J )
097D ... 46D
and as in [6] define functions hj, j =1,...,n, by
N;(t)
3 h;(t) = —L—,
( ) .7( ) D]—l(t)

where we take Dy = 1.
In order to state our theorem we also introduce the differential

operators Ly, of [6], defined by

d
(4) L1f=3€
Lk+1f=—h—k—(ka)’, k=1,...,n—1.

/
hk+l
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It is also useful to have the following formula, proven via a Sylvester
determinant identity in [6]:

) L) =20, k=1
where
7,%(t) * M1 (B) fl'l(t)
Exf(t) = det | . 72(t) ’rk_l(t) f (t)

0,,<k>() ““) .(®) f(’“’()

From this we can see, immediately, that

(6) Lyy;=0, j=1,...,k—-1k=1,...,n
(7) Lk’)’k=1, k‘:l,...,’n
Our result is the following.

THEOREM 1.2. LetT' : R — R, T'(t) = (¢, 72(t), ... , v(t), n >
2, be an odd curve in R*, of class C™(0,00) such that I'(0) = 0
and (2) is satisfied. Suppose that 3 A € GL(n,R) such that, with
T(t) = (t,7(t), ... ,3a(t)) := AL(t), T also satisfies (2) and

(8 MmLAH=0 j=1,..,n-Lk=j+1,...,n

Suppose also that 31 < X < oo such that, Vt € (0, 0),

(9) LiAk1(A) > 2LkAk1a(t), k=1,...,n—1
Then

|#Hr fllp < Cllfllps
IMrfll, <Clifllp, 1<p<oo.

REMARKS. (a) Since LP-boundedness of Hr and of Mr is a
GL(n,R) invariant property, in the proof we shall assume, without
loss of generality, that the initial curve I satisfies (8) and (9).

(b) For n = 2 our theorem is precisely Theorem 1.1.
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(c) It is easily checked that the “convexity” hypothesis, (2), is
equivalent to requiring that

(Lk’)’k+1)l>0, k=1,...,n—1.

Thus, for the class of “convex” curves our conditions are natural
analogues of the 4/ doubling condition for plane convex curves (i.e.
those for which (L;7v)' > 0).

(d) The condition that I' be odd is convenient but not essential;
it may be replaced by other conditions on I' giving suitable compat-
ibility of the two halves ['(¢), ¢ > 0 and I'(¢), t < 0. For example
each v,k = 2,... ,n may be either even or odd; this will be clear
from the proof.

(e) The role of (8) is to impose a certain ordering of the compo-
nents of the curve. Further, it follows easily from Lemma 3 of [6]
(see Lemma 3.1) that each L;v, has at most k£ — j zeros and at most
k — j —1 changes of monotonicity on (0, c0); the normalization con-
ditions (8) force the L;v; to be positive and increasing, thus much
simplifying matters.

We note that if lim;_,o L;7(t) exists forall1 <j <k-1<n-1,
then we can find an A € GL(n,R) such that I' = AT satisfies (8).
To see this we first define an operator £ by

(L1 (t) Lan(t) -+ Lum(t)
L172(t) Lava(t) -+ Luv2(2)

Lr=| . L
\Llr)’n(t) L2'7n(t) e Ln’)’n(t)
/ 1 0 0 0 0 0\
Lyys(t) 1 0 0 0
_ Lyvs(t)  Lays(t) 1 0 0
Livnr(t) Lot () Ispaa(®) -+ 1 0

\ LiYn(t) Lova(t) LaYa(t) -+ Lo-17a(t) 1/

using (6) and (7).

It is easily shown that if A € T_, the subgroup of GL(n,R) con-
sisting of lower triangular matrices with 1 in the top left-hand corner
and positive diagonal entries, then A preserves “convexity”, i.e. if
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I satisfies (2) then so does AT'. Moreover, an easy calculation using
(5) shows that if A € T_ and has diagonal entries all equal to 1 then

L(AT) = A(LT).

We now let A = (lim;_,o LT'(t))~", where lim,_,o LT'(t) denotes the
matrix with entries lim;,o L;yx(t). Then I' = AI' is “convex”
and lim;_, L',f‘(t) is the identity matrix, from which we see that
limt__)oLj’A)?k(t):O, j——-l,...,n—l; k=]—|—1,,n

Curves for which we do not have the existence of lim;_,o L;k(t)
forall 1 < j <k —1<n-—1 may still satisfy the hypotheses of our
theorem. Consider, for example the “convex” curve in R?, I'(¢) =

(t,t3, —t2); in this case we have Lyy3(t) = —=. However taking A

3t
to be
100
00-1
010

we obtain the curve I'(t) = (t,¢2,¢%), which clearly satisfies the
" hypotheses (8) and (9).

(f) Theorem 1.1, after a technical adjustment to condition (1),
may also be seen to hold for curves which are not C?(0,00) but
convex and piecewise-linear. We say that a piecewise-linear -y curve
is convex if

() =) o ¥(b) = (a)
c—-b — b—a ’
Our method of proof of Theorem 1.2 allows us to extract the fol-
lowing result for piecewise-linear curves in R".

COROLLARY 1.3. Let T : R — R*, I'(¢) = (¢, 7%2(t),. ., (t))
be an odd curve such that T'(0) = 0 and each v, k = 2,...,n,
is convez and piecewise-linear on [N, N*], j € Z, some X > 1.
Suppose

0<a<b<e

V(W) — (V) S Ye(N) — y(V1)
Ve-1 (A1) = Ye_1 (M) -1 (W) =y (M)’
forj€Z, k=2,...,n.
Then

[ Hrfllp < Clifllp
IMrfll, <Cllfllp, 1<p< oo
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2. Sketch of Proof. We define measures py, o on the curve I'
by

)‘Ic+l

/f dpr = /\k(%l—)//\" f(T(t)) dt and

[ran=][_ .. e,

respectively. Then we have the associated Fourier multipliers

1 Ak-l-l

- _ i¢.T(2)
(10) Pl'k(C) /\k()\ _ 1) \E € dt
and
. dt
~ _ i¢.I'(t)
(11) o(¢) /,\kg|t|5,\k+1 ¢ t

We adopt the standard approach of decomposing Hr as
Hef =) op*f
k

and majorizing Mr by
Mrf < Csup |k * f|.

From [4] the following theorem is easily extracted.

THEOREM 2.1. Let T : R — R*, T'(t) = (¢, 7(t),...,"(t))
be an odd curve in R* T'(0) = 0. Suppose 3 a family of dilation
matrices {Ax} C GL(n,R) such that

(12) (a) 3 « such that ”A,:}_IA;C” <ax<l
(b) Ag},supp px C fized ball
(e) [ (Q)| < ClAKC|™* for somee > 0.
Then
sup |pe * fl|| < Clfllp
k P

IHe fll, < Cllfllp 1< p<oo.
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In (8a) we use || - || to denote the operator (matrix) norm. We
note that the conditions of the theorem do not involve o;. This is
because, in view of the cancellation property,

/dak=0

and the fact that I' is odd, (12b) and (12c) give also analogous
statements for o,. Without the assumption that I' is odd we require
also that

Aj{ysupp oy C fixed ball

and
|6(¢)| < C|Az(|~* for some € > 0.

Condition (12a) is known as Riviere’s condition and enables a
Calderén-Zygmund theory with respect to balls {A;B}, for B the
unit ball in R™, and thence an “annular” Littlewood-Paley decom-
position to be developed.

Conditions (12b) and (12c) give decay estimates for i (and &%)
which may be combined with the Littlewood-Paley theory, along
with a bootstrapping argument, to give the result. In [4] the authors
find conditions on I" under which (12c) holds, (12a) and (12b) being
easily satisfied with an appropriate choice of the dilation matrices.

Our approach is to consider, for each k, the points ( € R® where
(12c) may fail and to develop a conical Littlewood-Paley decompo-
sition to deal with these “bad” (, in the spirit of [1] or [5].

In Section 3 we shall give some essential properties of “convex”
curves and define our choice of dilation matrices {Ax}. In Section
4 we consider the set of ( € R® where the required decay estimates
for fix, 6 may fail and show that these ( are contained in a cone
Cy. Next we give conditions on T, of which there are 3n(n — 1),
under which these Cy form a Littlewood-Paley decomposition and
show how they may be reduced to the n — 1 conditions, (9), in the
statement of our theorem. Finally in Section 5 we indicate how to
combine the conical Littlewood-Paley theory of Section 4 with the
“annular” Littlewood-Paley theory of Theorem 2.1 to complete the
proof.

3. “Convexity” and dilation matrices. Most of the conse-
quences of “convexity” that we shall need are dealt with in [6].
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First, from Lemma 2 of [6] we know that for a “convex” curve we
have, for k =2,... ,n, t € (0,00)

(13) he(t) >0 and hi.(t) > 0.

The tool we have for estimating oscillatory integrals such as fi is
Van der Corput’s lemma; in order to be able to use this we need to
know that {.I'" has a bounded number of changes of monotonicity
on each [A\*, \F+1). This is given in Lemma 3 of [6].

LEMMA 3.1. ([6, Lemma 3]). Let T' € C™(0,00) be a “con-
vezr” curve in R*, T'(t) = (¢,72(t),...,V(t)) such that T'(0) =
0. Then for ¢ = (¢1,Cy---,C) € R, L,(¢.T) = (, and for
J=12,...,n,Lj(C.I') has at most n — j zeros in (0,00), provided

Cn # 0.

The proof of this in [6] establishes the identity (5) mentioned
previously, the result then following easily. We shall also need the
following:

LEMMA 3.2. Let T’ € C™(0,00), ['(t) = (¢,72(t),. .. ,1a(t)), T :
R — R"™ be a “conver” curve in R*, satisfying also (8), i.e.

15!(}Lk7j+1(t):0, j:k,...,n—l,kzl,...,n~1.
Then for t € (0, 00)
(14) (Lk’yj)’(t) >0 and (Lk’)/])(t) > 0,

=1,...,n=1,7=k+1,... ,n.
In particular v; >0, j =2,...,n.

Proof. We recall that, for k=1,... ,n—1,
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using (13). Then (8) gives us also
Lk’)’k+1(t)>0, k=1,...,n—1, tG(0,00).

We now fix j € {k+ 1,...,n} and suppose that for some k €
{1,...,7}, t € (0,00),

(Lk’)’j)’(t) >0 and Lk’)’j(t) > 0.

Then, for ¢t € (0, 00),

hie(£)
Li_17;) (t) = —2—Lyvy;(t) > 0
( k 17]) ( ) hk—l(t) k’YJ( ) >\,
using again (13). We also have Ly_17;(t) > 0, t € (0,00), using (8).
The result now follows by induction. O

COROLLARY 3.3. Let I' be as in the lemma. Suppose also that
I'(0) = 0,7.(0) =0,k =2,... ,n. Then fork=2,...,n

(a) 7, is increasing and non-negative on (0, 00)

(b) & is increasing and non-negative on (0, 00)

(©) (V) > A(N), Vi € Z.

Proof. Immediate from Lemma 3.2. O

LEMMA 3.4. Let ' be as in Lemma 3.2. Then, fort € (0,00),

1A
(Lk7j+l) (t)>0, VJ—_‘kJ,,’n,—l,kZ].,,n—l
Ly~

Proof. We proceed by induction. Let k € {1,... ,n— 1} be fixed.
Then

/

L\ P
( Lk’)’k ) ( k’Yk+1) hk

Now we suppose that

Lm7k+1>,
————— ] >0, forsome me€{2,...,k}.
( Lm'}’k { }

Then

Lm’7k+1)’ ((Lm—ﬁkﬂ)')l
15 =|——] >0.
(15) (Lmvk (Lm-17)’
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So by the Second Mean Value Theorem, if € € (0, t),

Lin-17k+1(t) — Lm—17k+1(€) _ (Lm-17k+1)'(n)
Lm-17(t) = Lm-17%(€) (Lm-1v)'(n) ’

for some 7 € (0,t). Then, by (15) and (8),

Lm_1’7k+1(t) < (Lm—17k+1),(t)
L) (Lmam)'(2)

Hence, using (16) and (14),

(Lm~17k+l), _ (Lmoaw)' {(Lm—l’)’k+1)’ Lm—l’)’k+1}
= — > 0.
Lm—l’Yk (Lm—I'Yk)

(Lm—17)' Ly 17
Thus, by induction, for each fixed k € {1,...,n — 1} we have

1
(L—"”ﬁl) >0, Vm=1,..., k.

(16)

Lm7k
O

We now turn to defining our dilation matrices {Ax}. The choice
of these is motivated by the fact that we are looking for a theory
which admits piecewise-linear curves; we want, therefore, the Ay to
have entries involving at most 1 derivative of 1, k =2,... ,n.

We define the diagonal matrix A by

t 0 --- 0

0 ty--- 0
ap= |0

0 0 --"yn(t)

and put 4; = A(N), j € Z.
That these matrices satisfy (12a) and (12b) is trivial, using Corol-
lary 3.3.

4. A conical Littlewood-Paley decomposition. We wish to
consider the ( € R™ where we cannot expect (12c) to hold. By
Lemma 3.1c) we know that (.I" has at most (n — 2) changes of
monotonicity in (0,00), thence must have a bounded number of
changes of monotonicity in each interval [A\¥, \é+1).
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So, by Van der Corput’s lemma, if
C i
(17) [SNOIES LIRS [AE, X8,

then

I (Q)] < ClAKCI™
We consider, therefore, the set of ¢ where (17) may fail, i.e.

U G
te[Ak AR+
where .
Cii={cer: I M) < l4ic1}-

Here € > 0 may be as small as we like.

PROPOSITION 4.1. (a) Let I be a “convez” C™(0,00) curve in
R™. Then 3 cones Cy such that

n—1

U ¢ <cCi= (CimUCun)
tE[Ak AR+1) m=1
where
Ciom = {C t 2 GLm i (AF) <€ 301G Lm;(AF) and
j=m g=m

n

3 GLmy (M) > — i |Cj|Lm’)’j()\k+l)}

j=m j=m

and ( € Cyy <= —(C € ékm-
(b) Let T' be piecewise-linear on [M*,\¥+1] k € Z and v; convez,
j=2,...,n. Then

U CicCu U Cha,

tE[/\k,,\k'“)
where Ck1,Cr1 are as defined in (a).
Proof. Let ¢ € U CE. Wesuppose first that (.I' is monotone-
tE[Mk AR+1)
increasing on [A¥, \¥*1). Then V ¢t € [AF, \b+1),

Li(¢T)(XF) = CI'(XF) < CI'(1) < (VW) = Ly(¢D) (W),
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Hence

(18) Li¢T)(W) < slAic]
and

(19) Li(¢ D)) > 5z |4i¢l.

By Corollary 3.3 and the definition of the A; we have

J

1 n n
w1 AkCl < SR < 1’7}(/\k+1)|le,
j=1 =

which, together with (18) and (19), gives

icjmj(v) = LT

J

<ed Gl =¢ Zl |G Ly (AF)
i=1 =
and

S GLg () = L (CT) A

j=1

|G Ly (A,
=1

> = 3 G = —
j=1 J

Thus, if ¢ - [V is monotone-increasing on [A¥, \¥+1) then ¢ € Cy;.
Similarly, if ¢-I" is monotone-decreasing on [A¥, A¥+1), then ¢ € Cy;.
We note here that if " is piecewise-linear on [A¥, A**1]  then ¢ - I”
is constant on (A, \F+1); by a suitable definition of ¢ - [V(\*) we
may take ¢ - I” to be constant on [A*, \¥*1) and thus (b) is proven.
We now suppose that ¢-I"(t) is not monotone on [A\¥, \¥+1). Then
Ity € [AF, \¥+1) such that ¢ - T"(tp) = 0. Then

L2(¢ - D)ltn) = ¢ T (t0) = 0.

If then Ly(¢ - T') is monotone-increasing on [AF, \F*1),

Ly(¢-T)(XF) 0= Ly(¢ - T)(to) < La(¢ - T)(A*)
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and so ¢ € Chy; similarly ¢ € Cys if Ly(¢ - T') is monotone-decreasing
on [M¥ \k+1) | If Ly(¢ - T') is not monotone on [A¥, \¥*+1)  then
3 t; € [M%, \F+1) such that (Lo(¢ - T))'(t1) = 0, from which we
obtain L3(¢-T')(t;) = 0 and so if L3(¢ -T') is monotone on [A*, \F+1),
we obtain ( € Ci3 U Crs. We repeat this process iteratively. By
Lemma 3.1 L,(¢ - I')(t) = ¢, so it follows that L,_1(¢ - I') must
be monotone on [A¥, \**1) and hence the final possibility is that
¢ € Cxn—1) U Cxn-1)- 0

We now wish to find conditions on I' under which these cones
give a Littlewood-Paley decomposition for L?(R™). The next result,
in the same spirit as the lacunary Littlewood-Paley decomposition
of [5], leads to the choice of these conditions. First we give our
definition of lacunarity.

Definition 4.2. Let {Ek(n, )} be a family of cones in R* given by

J

Eai-HCj > —é‘ZaiHICjI},
7j=1

Ex(n, €) = {(e R" : iaﬁcj <e
=1

J

of|¢;|  and
=1

Jj=1
where a{c are positive reals, j =1,... ,n, k € Z and € > 0 is small.
If
of o1
20 —ktl S okl Yk eZ,j=2,...,n,
( ) a’i - O[I']c—l J

then the £(n,e) are said to be lacunary.
We define “smoothed-out” characteristic functions ¥;* of the
cones &(n,¢€) as follows.
Let ¥™* be a C* function away from 0, homogeneous of degree
zero such that
n n
1 > ¢G<ey |Gl
EO =4 A T
Jj=1 =1

]_

and put
Q) = U™ (i, -+ 5 ORGa) U™ (= yr Gy -+ 5 = 41Gn)-
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Associated to these ¥ are operators T} given by

—— N

(Tef)(C) = ¥p*(O)F(C), ke

THEOREM 4.3. If {€(n,€)} is a lacunary family of cones in R"
then

<Cllfllp, 1<p<oo.

()

p

Proof. 1t suffices to show that Y-, £} is a multiplier for LP(R"),
1 < p < oo, independently of the choice of +; the result then
follows by a standard Rademacher function argument. We use the
formulation of the Marcinkiewicz multiplier theorem given in [2].
So, we let ¢™ be a C§°(R™) function such that 0 < ¢" < 1 and

1 1<|¢Gl<2,i=1,...,n
0 off $ <|GI<4,j=1,...,n,

-]
and define L2(R™) to be the n-parameter Sobolev space given by

128 = {a: ol = [ 16OP T+ roac < .
Then, by Theorem A of [2], it suffices to show that

(21) sup

11 5eeerin

S HTRE(20¢, ., 276) 8™ (C)

k

< 00,
LZ(Rm)

for some a > 1.

We show (21) for & = 1 and for convenience take ¢ = 5=. Our
proof is by induction on n; the argument for n = 2 is contained in
the inductive step and therefore we omit it.

Suppose, therefore, that

S UG, L 201G )¢ (C)

k

< 00,
L2(Rn-1)

sup
il yeee ,in—l

with & = 51—, under the hypothesis that

O‘iﬂ O‘i+11 .
(22) "] 22a]._1, VkeZ,j=2,...,n—1
k k
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and consider

TR (200, , 27 G) 8™ (€)

k

sup

Ulyeesin

)

L%(R»)

assuming that (22) now holds also for j = n.
We suppose that, for some k, U3°(2"(y, ... ,2"(,)¢"(¢) # 0, i.e.

Y 0g 24 < 2y g 24|l
j=1

j=1
Zak+12’ G>— 2EZak+12”|CJ|
j=1
and 1

Case 1. Suppose that for some jp € {1,...,n}

o' 201Gl < o 20’2” |Gl

2271
and o
BaZ1Gol < g 0kl
In this instance we find that
(278G, 27G) # 0
= UPTVE(20¢y, L 201Gy, 290 Gyt 5 20 Ca) # O

Taking 2% = 1, which we may by homogeneity of ¥™¢, the problem
is reduced to the (n — 1)-dimensional case and we are done, by the
inductive hypothesis.

Case 2. Suppose that for all j € {1,... ,n} either

(23) ol 290G > o Zaﬂz’ilcy

22n

or

(24) 112715 > %Za{&lzjlgjl'
i=1
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Let us suppose that
Qg (Cnl = ?ﬁzlak KJ{
J:

Then by the lacunarity conditions (20) we have

n—-1 N
O ym2™|Cn] 2 2 Z i ym27(¢| ¥V m > N, say.
i=1

Then if ¢, > 0 we find

Za}z:+m2l CJ 2 ak+m2znl<n, - z ak+m2ljlc.7'

j= 7j=1

Z k+m2z |CJ

OOI»-A

whilst if (,, < 0 we have

Y Gm29¢ < -3 Y m 291G
i=1

j=1
Thus
(25) PEA(20¢, ..., 27¢) =0 Ym> N.

If we assume that (24) holds for j = n then the same argument
follows. Further, V ¢ with U}"¢(2"1¢;,...,2™(,) # 0, for each j, €
{1,...,n}, we have either

i 1+25 i i
af°2%0 (5| < < 5 > a24¢]
€ j#io

or

o oij 1 142 i;
k+12 |C]0I Z Olic-l—l2 lCJ|

J#Jo

This, together with (23), (24), lacunarity and ¢™(¢) # 0 gives that
24 ~ 1Vj = 1,...,n. So using (25) we obtain

sup Zﬂ;“ 2¢1, ..., 2"G) 9" (€)] < oo

11, sin
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It is trivial to check that differentiating with respect to any (; causes
no problem. This concludes the proof. O

Let us now see how may apply Theorem 4.3 to our cones Cy. It
is clear that if we have a Littlewood-Paley theory for each {Cim},
{Ckm},m =1,...,n — 1, where we consider Ci,, Ck; as cones in
R®~™+! then this will suffice to give a Littlewood-Paley theory for
the C;. We define now

(bkm(C) = \II:-,P:(O, e ’07 Cm’ Lm7m+1()‘k)cm+17 e 7Lm7n(/\k)<n)
X \I’Z’g(o) e >07 —'Cma ‘Lm/7m+1(/\k+1)<m+1, ey _Lm’Yn(/\k—f-l)Cn)

and put
n—1
(I)k(o = Z q)km(o;
m=1
we associate to @ the operator Sy given by
(26) (Sk(Q) = @) (Q)-
PROPOSITION 4.4. If

Linvin (A1) > 9 Lmvj+1 (AF)
Loyyj(M+) 77 Ly (AF)

VkeZ, j=m,...,n—=1;,m=1,... ,n—1, then
1/2
|(z:|skf|2)
k

Proof. If, for fixed m,

Lnyj (XF) S Linyj+1(AF)
Lny; (A1) =7 Ly (AF)

(27)

<Clfllpy 1<p<oo.

p

VkeZ, j=m,...,n

then the family of cones {Ckn,}, and hence also {C~’km}, may be
considered as lacunary in R* ™! je. ¥, £+, (¢) is a multiplier
in L?(R*), 1 < p < oo. Thus if (27) is satisfied we have that
S S £8;,,(¢) is a multiplier for LP(R"). This gives the re-
sult. O
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Thus, assuming (27), the cones Cj give a Littlewood-Paley de-
composition of R*. Let us now see how the in(n — 1) conditions of
(27) relate to the conditions in the statement of our theorem, i.e.

9).

LEMMA 4.5. LetT : R — R" be a “convexr” curve such that
I' e C*(0,00), I'(0) =0 and

(28)
%H%Lmyk+1(t):0form=1,... ,n—1,k=m,...,n—1.

Suppose A1 < X < oo such that
(29) Livk1(At) > 2Lgve4a(t) k=1,...,n—1.

Then 31 < p < 0o such that

LYk (pt) S L Yk41(2)

(30) Looye(i) = Lonye(t)

m=1...,n—-1, k=m,...,n— 1.

Proof. Fix k. Clearly, by hypothesis (29), (30) holds for m = k,
with 4 = A\. We now suppose that (30) holds for m = j and show
that it is then also true for m = j — 1. Now

Liv(At)  Lj—1ve-1(A?)
L,_ = d . N ERT.71 0.V
7 17k(’\t) Lj—l")’k—l(/\t) Lj—l7k—2()\t) J 17]( )

2 2Lj—1’)/k(t))

by Lemma 3.4 and (29). Then

Lj_1yke1(#°t) = L1 ve41 (4°t)
Lj1ve(p®t) — Lj—17e(pt)
(Lj—1Yk+1) (1%t)
(Lj-17%) (2t)

Lj_17k41(p3t)
Lj_17k(u3t)

v

v
N = N =
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by the Second Mean Value Theorem and Lemma 3.4. Thus

1 . Livk1(p*t)
2 Ljm(u?)
> 2Lj’)’k+1(t)
T Liw(?)
_ o Lim17e+1)'(2)
(Lj—l’Yk)'(t)
> 2Lj—1’)’k+1(t)
- Lj—l’)’lc(t) ’

Lj—1”7k+1(.u3t)

>
Lj_1v (N3t) N

, by inductive hypothesis

by Second Mean Value Theorem, Lemma 3.4 and hypothesis (28).
O

Lemma 4.5 and Proposition 4.4 together give us

PROPOSITION 4.6. Let I' : R — R"™ be a “convexr” curve such
that T € C™(0,00),T'(0) = 0 and lim;yo Ljw(t) = 0, V j =
1,...,.n—1;, k=7+1,...,n. Suppose that 3 1 < A < oo such
that

Levk1(At) > 2Lk (t), k=1,...,n—L

(i)

In view of Proposition 4.1 (b), which defines the cones for a
piecewise-linear curve, we also have a corresponding result for piece-
wise-linear curves if we replace the hypotheses of Proposition 4.6
with those of Corollary 1.3.

Then
<Ol flp-

p

5. Proof of Theorem 1.2. We now have a family of dilation
matrices {Ax} satisfying

(31) J a such that |4} Akl < a < 1

(32) Aptisupp i C fixed ball
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and a family of cones {Cy} with associated operators Si given by
(26) satisfying the Littlewood-Paley inequality
1/2
(Sisusr)
k

(33) < ClIfllp

p

and such that

(34) (& Cr = | (O] < ClAK ™

We let f = Skf + (I — Sk)f, k € Z, and consider first supy, |k *
f|- We use the standard technique of combining a bootstrapping
argument with the Littlewood-Paley theory to obtain an LP-result,
starting with just the L?-result. Now,

<

2

+

sup |k * f|
k 2

sup |k * Sk f]
= A+ B.

sup Lk * (I — Sk) f|

2

By (33), Plancherel’s theorem and the fact that the u; have unit
mass we immediately have

A < C||flla-
For B we use comparison of u; with a measure v, given by
v(z) =p (A,:ilx) det Ai}s,

where p € C°, 0 < p < 1and [p=1. It is easily verified that
supy, |vk* f| is majorized by the Hardy-Littlewood maximal operator
associated to balls A;B, where B is the unit ball in R*, and thus,
by [3], Proposition 2.2,

(35) <Clfllpy, 1<p<oo.
P

31’1cp |ve * fl
Then
B <

sup [(pr — vi) % (I = Sk) f] sup vk * f]

+
2 2

+

2

sup [V * Skf]
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Now, by the same argument as used for A,

< CJ| fll2,

2

sup vk * Sk f]

so it remains to show that

< Cl £l

2

sup | (uk — vi) * (I = Si) /|

Taking into account (34) the proof of this is essentially contained in
the proof of Proposition 5.1, [3]. To pass from the L2-result to the
LP-result we have the following analogue of Proposition 5.1, [3].

PROPOSITION 5.1. Suppose

sup i fI| <Clfllz  for some1<p<2.
k ~
P
Then
2p
sup ug « f1| < Cllflly ¥p> =
k » p+

Proof. First we note that, under the hypothesis of the proposition,
1/2 1/2
(Z |k * f|2> (Z |fk|2)
k k

2p 2p :
V £k <p < H, exactly as in [3]. Then

<C

p

(36)

)

P

1/2 1/2
sup | * flf < (Zl#k*skf|2) + (Zlvk*skf|2>
k p k P k P
+ ||sup | * f]|| + supl(uk—yk)*(I—Sk)fl'
k » k »
=A+B+D+E.

Now (36) together with (33) gives suitable bounds for A and B, Vf%
<p< ;3_%, whilst D < C||f|l,, V1 < p < oo, by (35). It remains,
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therefore, to bound E. Again the proof that £ < C|| f||,, ‘v’;’%jil <p
is essentially contained in Proposition 5.1, [3].

Proposition 5.1 completes the proof of LP-boundedness of sup;, | *
f| and thence of Mr. Noting that from (33) we may also obtain

, 1< p<oo,

(S isesir) "

k

> Skl
%

<C
p p

we may now deduce the result for Hr from that for Mr, following
the argument in [3].
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