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VALUES OF THE RIEMANN ZETA FUNCTION AND
INTEGRALS INVOLVING log(2sinhf) AND log (2 sin f)

ZHANG NAN-YUE AND KENNETH S. WILLIAMS

Integrals involving the functions log (2 sinh(0/2)) and
log(2sin(0/2)) are studied, particularly their relationship
to the values of the Riemann zeta function at integral ar-
guments. For example general formulae are proved which
contain the known results

Γ log2 (2sin(0/2))d0 = 7π3/108,
Jo

Γ 01og2 (2sin(0/2))d0 = 17τr4/6480,
Jo

/ (log4(2sin(0/2)) - ^02log2(2sin(0/2)))d0 = 253π5/3240,
Jo 2

/ (01og4(2sin(0/2)) - i-log(2sin(0/2)))d0 = 313π6/408240,
Jo *

as special cases.

1. Introduction. Since the discovery of the formulae

(1.1)

21ogτ

=\ζ(3), where τ=h
o 2

the relationship between the values of the Riemann zeta function

and integrals involving log ί 2 sin | J and Iogί2sinh| j has been

studied by many authors, see for example [2], [4], [5], [7], [9].
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Recently Butzer, Markett and Schmidt [2] made use of central
and Stirling numbers to obtain a representation of ζ(2m + 1) by

integrals involving log ί 2 s i n h | J (see (2.13)). In §2 of this paper,

we reprove (2.13) and at the same time prove the analogous formula
for C(2m) (see (2.14)). Note that (1.2) is the special case of (2.13)
when m = 1.

In [7], van der Poorten proves (1.1), as well as the formula

(1.3) / log2 ί 2 sin ~)dθ = —
JO \ Δ/ l U o

and remarks that "It appears that (1.1) and (1.3) are not represen-
tative of a much larger class of similar formulas". However in [9]
Zucker establishes the two formulae

(1.4)

In §3, we prove the general formulae

(1.6)

4m(2ro -

22m+2 L ^ (2m + 1 ) 3 2 "

where the jB2m and E<ιm are the Bernoulli and Euler numbers respec-
tively. We remark that (1.1), (1.3), (1.4) and (1.5) are all special
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cases of (1.6) and (1.7). Formula (1.6) is basically formula (3.10b)
of [2] and formula (1.7) is essentially Theorem 4.1 of [1].

In §4, we establish the relations:

(1.8)

^Jnm+2(2nJ ml Jo V 2)

(1.9)

= . / ^!ogm (2sinh^ Jd»,

m! 7o 6 V 2/

which generalize the formulae (1.1) and (1.2). The formula (1.8)
was given by Zucker [4, (2.5)]. Formula (1.9) can be established in
an analogous fashion.

2. Representation of ζ(ή) by integrals involving

log ί 2 sinh f 1. For k > 1, x > 1, we have

since

Λ tit -t\ Λ £ . , θ

e — I = e* le* — e 2 J = 2 e 2 s i n h -,

-.

Similarly, we have

We set

(2.3)
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Taking x = τ = | ( 1 + Λ/5) in (2.2) and (2.1) gives respectively

ί lθ£*ϊ l t) / 21ogτ(2 4) / w L ! 5 £ i a * i
r2\ogτ Γ f)"\k

( 2 . 5 ) g ( k ) = l " & v" * ' d t = - [ \A{Θ) + - \ d θ .

Now we evaluate f(k) and g(k). We have

(2.6)

and

(
o U - u

-du

o 1-r io 1-ίi

2k Jo 1 — u Jo 1 — u

1 r f1 log* u 1

2k L «/τ2 1 — u J

t h a t is

1/I
= (2* -

In the two integrals, using the substitution t = £ and noting τγẑ

Y3J + j , we have

•^Tlog^r
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and

= {-l)kI(k) + (-1)*+1 J7 jz^dt

Hence we have

/ - \ ^ 1 i b Λ 4*4-1

(—1) [7* log t log ^ r
+ 2 k Jo 1-t t ~ k + 1 '

Thus

τ~ιt \ogzmr

-1 2m

Prom (2.6), we obtain

(2.7) /(2m) + 9{2m) = φ, j; >-f-fdt - ^ - ^ ,

(2.8)

/(2m - 1) - ^(2m - 1) =2^1 - ^ π V ( 2 m - 1)

1 AT* log 2" 1" 1 ί l o g 2 m r
+ 2 2 m ~ 1 Jo 1 - t + 2 m

Next we evaluate the integral / o ' τ 1-ψ-£dt. Since

1 — ί
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it suffices to evaluate

- u )i: -du
u

= / log*(l -u)d\ogu
Jo

= log*(l — u) log u + k }~**"' du
o ô 1 — u

logfc+1 r + A;(-l) fc+1 /~"° θk~1A(θ)dθ.=
K ~ι J.

Hence we have

(2.9)
o g i 2 2 " ι log 2 m + 1 τ
, ± dt =/(2m) + — o

 6 ,
\-t κ ' 2m +1/ 21ogτ

+ 2m / θ2m-1A{θ)dθ,
Jo

(2.10)

1 2m
ι 2 log Tι 2 log T

- (2m - 1) / θ2m-2A(θ)dθ.
Jo

Substituting (2.9), (2.10) into (2.7), (2.8) respectively, we obtain

(2.11) /(2m) + g(2m) =

(2.12)

/(2m - 1) - g(2m - 1) = 2 ( 1 - ^ ) / ( 2 m - 1)

Combining (2.11), (2.12) with (2.3), (2.4), (2.5) gives
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THEOREM 1. For m = 1,2,...

(2.13)

2 2 m / 21ogτ (Γ ( θ\ 01 2 m

' (2m)! Λ

- [ l o g ( 2 s i n h ^

and

(2.14)

/.21ogr

As previously remarked (2.13) is due to Butzer, Markett and
Schmidt [2], while (2.14) appears to be new. We note that (2.13)
can be rewritten as

8 T

(2m - 1)!

and (2.14) as

(2.16)

i 7Γ ( 2

4m
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since

Taking m — 1, 2 in (2.15), we have

0(2.18) ^ 0 1 o g ( 2 s i n h £ ) d 0

(2.19)

= -fc(5).flMog ( 2 sinh£)]d0 f

Taking m = 1,2 in (2.16) gives

/ 21ogτ / 0\ π2

(2.20) yo l o g ( 2 ώ ι h - J d » = - - ,

(2.21)

3. Representation of ζ(n) by integrals involving

logΓ2sin|j. We set

B = B(Θ)= log (2sin^j,

so that

We consider the integral

(3.1) J(k) = Γ ^ ^ - " f f A . "H" if*(B+ >2
Ji u Jo \ I

where the first integral is along the arc of the unit circle \u\ = 1 from
u = ltou = ω = em/3 in a counter-clockwise direction. Making
the substitution t — i(l — u), u = i(t — i), du = idt, we obtain

( 3 . 2 ) it / Λ + f
o t — i Jo t — i Ji t — i



VALUES OF THE RIEMANN ZETA FUNCTION 279

We now evaluate the two integrals on the right side of (3.2). We
have

/•! log* t , f1 t + i , u
/ — — dt = / log* t

Jo t-i Jo t2 + l 6 dt

1 /-i l o g * ί , , /-i l o g * t

2io 1 + ί2 Λ 1 + ί2
+ + ί2

Since

O O / , x n

where S(s) = Σ (2n+na (^ e ( 5 ) > 0) is a particular Dirichlet

function (see (4.4) in [8]) and

we have

(3 3) I ' Ί~Jdt = ¥{1~ ¥
For the second integral in (3.2), we have

Jo 2J 2iθ \2J 2

•k+i ,5 I cos 5 + ιyί + sm^J^
θkdθi:

-L ϊ _ I _ (i\k+1 • / f 1 + s i n f
~[k~+\\?>) +%Jo cos f

1 / π \ f c + 1 ifc /"I ^* cos -

TiyUJ * + ~¥+iJo l-sini

2 f e+2 7o cos f
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Since

— / \dθ = / 0*dlog 1 - sin - )
2 Jo 1-sin § 7o 6V 2/

-ήn-)dθ

= -( | ) f c log2 - k j ί f θk~ι log (l - sin?),»,

we have

(3.4)
1

t — i

From (3.1)-(3.4), we obtain

(3.5)

Taking A; = 2m — 1 and k = 2m in (3.5) gives respectively

(3-6)

2m

Iog2
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(3.7)

22m+l y 2 /

Taking the real part of (3.6) yields

( - l ) m / π \ 2 m 22 m /"I

() + X2(2m)!

Since

- 1\ /Λ\2/c+l

2k ) β2k+l r>2m-2k-2l r>2

2 2 m ~ 1

we have

m-2)!7o2(2m)!32™-1 (2m-2) !7o ^ 0 (2ife

Recalling the formula (2.17), (3.9) gives the following result.
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THEOREM 2. For m>2,

(3.10)

π2™ r/l\*"-i

-l)KβJ "" 4m(2m-l)

Taking m = 2,3 in (3.10) we obtain

(3.Π,

(3.12)

Taking the imaginary part of (3.7) yields

(3.13)
/•f / jβ\2m (—λ\m /7Γ\ 2 m + 1

Since

f)
and

2 m + 1

(3.14) (2m)!5(2m + 1) = ^

where the ̂ m are the Euler numbers, we have from (3.13)

THEOREM 3. For m > 1,

(3-15) / 3 Σ M i Γ 2 ^ Iog2m"2fc (2 sin I
k=0

( - l ) m π 2 m + 1 Γ 1
22m+2
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Taking m = 1,2,3 in (3.15), we have

(3.16) j jV (»-»?)*=

(3.17)

(3.18)

; [ V (2-.?) - %>>V* (j-π?) + ̂ ί log (ί-oί)]d»
_ 77821ττ7

~ 26 3 6 7"

Taking the imaginary part of (3.6), we obtain

(3.19)
2m-χ

= -(2m - l)!5(2m)

Since

/ , 0\2m-l

( %)

we have

(3.20)

^ d ( ) los2

(2m - 2)!22 m Jo

TO-l ( —

+
2 2 f c

1 (2sin-)^.
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Taking m = 1 in (3.20) we obtain

5(2) = -^rlog2 -- Γ log fl - siJ-λdθ - Γ log (2ύJ\
IΔ 4 JO \ U JO \ IJ

where 5(2) = Σ ή^ψ = 0.915965... is Catalan's constant.

Taking the real part of (3.7), we have

ΊL

3 I m

+ -
2

In view of

we obtain

(3.21)

2 m

Taking m = 1,2 in (3.21), we obtain

(3.22)

(3.23) j ί § [βlog3 (2sin 5) - J*3log (2sin
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4. Relations between integrals involving log (2 sin f) and

logί2sinh|J and certain series. The power series expansion of

3ftf ^ given by

arcsin z ^ 22nx2n~

Integrating and differentiating this equality, we have

(4.1) (arcsinα;)2 = f; K '
ά5 2»'(ϊ)

(2x)2n x2 x arcsin x

Next, we apply the method of constructing polylogarithms to the
function

„ . . 2x arcsin x ^ (2x)2n

We set

τ = (arcsin x) =

In general, we have

(4.3)

Km[x)=

Taking x = \ in (4.3) gives

-dx.
2) h X
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Then, using integration by parts (m — 1) times, we obtain

-dx

= ~ jί* Km_2{x)d\og\2x) = A Jj

(-1)" 1- 1 y l . m_1/n ,2arcsina; , / . θ\
= . . . = 7—-—ΓT / logm 1(2x) r—=dx [x = sin -

(m-l)!yo V ; x / Γ ^ ^ V 2/

that is

(4.4)
-j / -I \mn

=

m!

Taking a; = | in (4.2), (4.3) and m = 0,1,2 in (4.4), we obtain

(4.6)

(4.7)

(4.8)

(4.9)

(4.10)
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Changing x into ix in (4.1) (4.2) and (4.3) with m = 0, we have

n _ x .

~ ! + 2
( 2

n

n )

(4.13) y ; ( 1 } W = (sinh-1 α;)2.
22(2")n = i

Now, taking a; = \ in (4.11), (4.12), (4.13), we deduce (as sinh"1 \ =
logr)

( 4 1 4 )

(4.16) Σ<-±>

Analogous to the construction of Km(x), we set

„ , x 2xsinh~1 x „ , ,
F ( ) F ( ) = ( s i n h

and, from (4.11) and (4.12), we have

(4.17)

o x

After integration by parts, we obtain

/I
l o g
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that is

(4-18)

Σ ( ΓiC\ = ( " 1 ) ? 2 " 1 /2 I θ 8 T^ogm (2ώΛ?)«»,
m = 0,1,2,... .

Taking m = 1 in (4.18) and appealing to (2.18), we have the well-
known formula

( 4 1 9 ) 2

Taking m = 3 in (4.18) yields

and substituting into (2.18) gives

oô  (_]_)n-l 5 r21ogτ

Since

log

from (4.21) we obtain

(4.22)

20 (-!ΓC(2n)
83 ^ n{n + 2)π2
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