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VALUES OF THE RIEMANN ZETA FUNCTION AND
INTEGRALS INVOLVING log (2sinh 2) AND log (2sin %)

ZHANG NAN-YUE AND KENNETH S. WILLIAMS

Integrals involving the functions log (2sinh(f/2)) and
log (2sin(6/2)) are studied, particularly their relationship
to the values of the Riemann zeta function at integral ar-
guments. For example general formulae are proved which
contain the known results

x

/ " log? (2sin(6/2))d6 = 713108,

0

/ " Blog? (2sin(8/2))dé = 177*/6480,
0

/0 3

/3 (1og*(25in(6/2)) — %log(2 sin(6/2)))dé = 313n° /408240,
0

wjd

(log*(2sin(8/2)) — 292 log?(25in(8/2)))df = 2537 /3240,

£}

as special cases.

1. Introduction. Since the discovery of the formulae

<1 % oo 0\, 17
(1.1) ,;n4(2,;‘) =2 [ glog? (2sin 3 )do = o,
) (_.1)71"1 B 2log T .0
(1.2) ;;‘1 n3(2:) ——2/0 flog (2smh §)d0

:%C(3), where 7 = %(1 +V5),

the relationship between the values of the Riemann zeta function
and integrals involving log ( 2sin g) and log (2 sinh g) has been

studied by many authors, see for example (2], [4], [5], [7], [9]-
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Recently Butzer, Markett and Schmidt [2] made use of central
and Stirling numbers to obtain a representation of {(2m + 1) by

integrals involving log (2 sinh g) (see (2.13)). In §2 of this paper,

we reprove (2.13) and at the same time prove the analogous formula
for ((2m) (see (2.14)). Note that (1.2) is the special case of (2.13)
when m = 1.

In [7], van der Poorten proves (1.1), as well as the formula

3 0 7m3
(1.3) /0 log? <2sm )d0 108

and remarks that “It appears that (1.1) and (1.3) are not represen-
tative of a much larger class of similar formulas”. However in [9]
Zucker establishes the two formulae

(1.4)

ST 4o 0) _ 36 (.g)] _253x°
/0 [log (251n2) 5 log? 2sm2 d0-————23.34.5,

(1.5)
3 6\ 6 313x®
3 4 3 —— — — —————————————————————————
/0 [010g <2sm 2) 5 log (251n )]do T35 5.7

In §3, we prove the general formulae

(1.6)
T m— 2( 1)k(2m—2) o 0
3 +17.,2m—2%-2 (o 7
/0 kz% 2k 1 Do 6°**'log (2sm 2)d0
= l(6) 21 )]
T 4m(2m—1)1\6 2\1 = g1 ) Bom
= m—1(— 2m
(1.7 / Z 225%)02'“1 2m—2k <2sm o)de
0
_ (_l)m 2m+1 [E 3 1 ]
T 2eme2 T (em+1)3m)

where the B,,, and E,,, are the Bernoulli and Euler numbers respec-
tively. We remark that (1.1), (1.3), (1.4) and (1.5) are all special
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cases of (1.6) and (1.7). Formula (1.6) is basically formula (3.10b)
of [2] and formula (1.7) is essentially Theorem 4.1 of [1].
In §4, we establish the relations:

(1.8)
rzzlnm+2( ) / flog™ (231n2)d0
(1.9)
(o) (_l)n-—l _ (__1)m2m 2log 7T m( . Q)
n§=:1 n""+2(2£) = /0 6 log 2smh2 do,

which generalize the formulae (1.1) and (1.2). The formula (1.8)
was given by Zucker [4, (2.5)]. Formula (1.9) can be established in
an analogous fashion.

2. Representation of ((n) by integrals involving
log (2sinh %) For £k > 1, £ > 1, we have

1 ko -1 _ 2logz 01k
2.1) / lig(—z—ldt tee’ —/0 ) [1og (zsinh g) + -2-] do,

since
of 8 _8 e . . 0
e"'—l:ez(e2 —e 2) =2ezslnh§,

log(e? — 1) = log (2 sinh g) + g

Similarly, we have

Llogh(1—1) ,, ye-o [2lo8° ( 0\ 9k
(2.2) /;15 —t———-dt = /0 [log 2smh§)—2] do.

We set
(2.3)
A(8) = log (2 sinh g) ,

_ 1log*(1—1) _ 1logkt _ ko
I(k)-/o Lt = [ Edt = (~1)k(k + 1),
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Taking z = 7 = (1 + /5) in (2.2) and (2.1) gives respectively

k ogT ]
(24) f(k)= /1 ;72 lo—g(ti_i)dt: /0 e TA(a) _8 kd&,

25)  g(k) = / wdt—— /Om“ TA(0)+Q- 4.

Now we evaluate f(k) and g(k). We have

k Tk
26)  f(k)= / tolog1-t) e /O VrlgTu

1/72 t l1—u
and
Vlog(t — 1) /, u=i ™ log* u
9(k) 72 t dt 0o 1+u U
T 1 1 & 7 log* u
= - — d
/0 (1—u 1+u)log udu 0 1—uu
r 1ok r gk
- l‘3’“5’—3du2—/ log" % 4,
0o 1—u? o 1—u
1 [ log*u 7 log® u
_éi/o 1—-udu_/o o™
1 1logku 1logFu
“55[1(]“)‘/72 1—ud“] - [I(k)_ , 1—ud“]’
that is

1 1 1loghu 1]og® u
g(k) = (—— 1>I(k) - 27/ du+/T ]

2]l —u —-u

In the two integrals, using the substitution ¢ = % and noting (1—1—t)t =
llt +3 1 we have

1 [!log*u (=1)**1 1 /1 1) 3
1 _ ) log* tdt
2k/¢21—udu ok /_1,(1—t+ °8

T

G2 (= 1) - log*t
1)+ Tt
2 k+1

—k+llog T
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and

1log v k ( 1 1)
/T T =(-1) /1/7 17 + = ) log* tdt

=(—1)'“I(k)+(—1)'°+1 7 log't

dt
1-

k+1 t

1
k+1 8

Hence we have

9(8) = (55 = 1) (1+ (<04 1(8) + (-4 0% %dt

(-1)* = logktdt _ log**!

Thus
1 om 1 2m 2m+1
+ log”™ ¢ 1 [ezlog™t ,  log™™ 7
- _ dt —
glom) = - |7 Tt + g | 1=t omtl
1 10g2m—1 t
g(2m-1) = (22m ) 2m—1)+/ dt
92m-1 J, 1—t 2m
From (2.6), we obtain
L rhlogmt, log™tr
. = dt — )
(2 7) f(2m) + g(2m) 22m J, 1—1¢ ¢ 2m +1
(2.8)
1
f@m—1)-g(2m-1) :2(1 - 22m—1)1(2m - 1)
1 2m—1 2m
1 7z log tdt + log
92m-1 J, 1—1¢ 2m

Next we evaluate the integral f; s l—g_thdt. Since

1/72 k 1 ko _ 1/7 ki1 —
/ log tdt =/ log"®(1 u)du — I(k) _/ log® (1 u)du,
0 1

1-t /T u 0 u
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it suffices to evaluate

1/7]ogk(1 — u)
/0 du

u
1/7
=[) logf(1 — u)dlogu

1/ 1/7 k=11 _
=logF(1 —u)logu| + k/ log™ (1~ u) 1Ogudu
0 0 1—u

2log T
= (<1128 logt* 7+ k(-1)+1 [ * Gk‘l[A(O)—g}dé)
0

(_1)k+12k

2log T
k+1 __1\k+1 k—1
T logtt T+ k(<) /O 9*-14(9)d6

Hence we have

(2.9)
1/7? logzm t 22m Jog®™+! 1
om)+ 2% T
/0 1- dt =1(2m) + 2 +1
+2m / " 921 4(0)d9
(2.10)

1/7.2 log2m—1t 22m—1 10g2mt
£ C@t=I2m-1)- 2 =
/o Tt =1@m—1) om
2log T
—(2m-1) / 622 A(6)d.
0

Substituting (2.9), (2.10) into (2.7), (2.8) respectively, we obtain

I(2m) 2m [2log7
22m 22m J,

(2.11) f(2m) + g(2m) = 6> A(9)d0,

(2.12)
fem—1) - g(2m—1) =2(1 - 2—21—)1(2m —1)

2m —1

—

2log T
/ 622 A(6)d6.
0

Combining (2.11), (2.12) with (2.3), (2.4), (2.5) gives
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THEOREM 1. Form =1,2,..
(2.13)

2log T
((2m + 1) =—- (—2—7'7:-['_—1)7‘/0 ) 02m—-1 lOg (2 sinh g)dﬁ

92m 2log T /] 912m
+ (Zm)!/o {[k’g (2smh 2) 2

. 0 0 2m
- [log (2 sinh 5) + 5] }dﬂ,

and
(2.14)

1 2log T Im—2 ( . 0)
- m—2 | v
1 2log T . /] f12m-1
) m/ {[10s (2sm03) - 3]

[log (2smh ) 2]2'"- }do

As previously remarked (2.13) is due to Butzer, Markett and
Schmidt [2], while (2.14) appears to be new. We note that (2.13)

can be rewritten as
2m—1

l°gfm— (2k—2) 2k—117,. 2m—2k+1 .. 0
(215) [ X (o gt s (2sinh 2 )as

5 2log T 2m—1 . 0
+== / 0 log (2 sinh 2)d0

22m
= “2’ ¢@m+1),

and (2.14) as
(2.16) / e 22k 02" log?m—2-1 (2 sinh e)da

- /0 " ¢2m=2log (2sinh - ) g

_ (-2_2% - 1) (2m — 1)i¢(2m)

—1)m
— %,ﬂ.Zm(22m _ 1)B2m,
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since
(2.17) ¢(2m) = ("l)m;é:))!m&m
Taking m = 1,2 in (2.15), we have
(2.18) /O 2 Dlog (2 sinh g)de - —%4(3),
(2.19)
/02]0gT [0 log® (2 sinh g) —1%93 log (2 sinh 6)]d0 = —g(({i).
Taking m = 1,2 in (2.16) gives
(2.20) /0 2 og (2 sinh 0)d0 — —%23
(2.21)

4

2log T 3 . 9 9 0)] _ T
/0 [log (2 sinh 5) 9 log (2 sinh df = 6

3. Representation of ((n) by integrals involving
log (2 sin -g) We set

B = B(6) = log (ZSin g),

so that 9
logi(1 — €*) = B(#) + %

We consider the integral

3.1) J(k) =/1w Mdu uge /0 (B+’§) dé

where the first integral is along the arc of the unit circle |u| = 1 from
v =1t u=w = e"? in a counter-clockwise direction. Making
the substitution ¢t = (1 — u), u = i(t — 1), du = idt, we obtain

wh Joght 11ogk ¢ w¥ Jogk ¢
(3.2) J(k)z/o 08"ty /OtOg.dt+/1 %8 " it.

t—1 —1 t—1
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We now evaluate the two integrals on the right side of (3.2). We

have
Lloght Vite . &
dt:/ log t dt
/0 t—1 o 2118

1 logktdt2+i/1 log* ¢
0

== dt.
2Jo 1+1¢2 1+1¢2
Since
1 log™t k
dt = (-1)"k!S(k + 1),
/o 1+t2 (=1)k1S(k +1)
where S(s) = Z on +1 (Re(s) > 0) is a particular Dirichlet L-

function (see (4 4) in [8]) and
1 ]og"t s 1 /1 logF ¢
= dt
/0 1+ tzdt 2k Jo 1+t
1 L7 1 logk ¢
[ (- log* ¢ dt / dt]
2k[/o (1+t 1—t) g ratE

= 21_,9[1(1@ _ /01 iof tidtQ] = 21k (1 - 21—k>1(k)

we have

63 | 1 lt"fk;dt _ 21k (1- 2—1k)1(k) (=1 RIS (k + 1).

For the second integral in (3.2), we have

/wf log t /w"’ t+z ogt t dt

s

=e? /Os (67”) (z_@_) i

: 2df
1+ef \2 2
i /§ [cos g+ i(l + sin g)] 10
T ok+2 cos &

Ftlr 1 s\ kL 2 1+siné s
T 9k+2 [k+1(§) -H/o cos— 4 dO]

_ 1 (E)k+lik+1_ i* / Okcosgda
2(k+1)\6 2542 Jo 1 —sin?
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Since
—1 1% 6*cos? k 0
— 2 df = / 6*dlog (1 _ sin 2)

2 Jo l—sm—

z
3

= 6*log (1 — sin Q)
2/ 1o
3 0
_ 3 pk—1 ain 2
k /0 61 1og (1 sin 2)d0

_ (™) § g1 ( -0)
= (3) log 2 k/o 0" log (1 sin dé,

we have
(3.4)

/w%log’“tdt_ 1 (ﬂ)kﬂ
1 t—i 2(k+1)\6

i*Forrm\k L 0
—2—,63[(5) log2+lc/0 0 log(l—sm§>d0].

From (3.1)-(3.4), we obtain
(3.5)

(3 0
1/0 (B 2)d0

:'le_ﬁ(l ;k)( 1)*kIC(k + 1)

+i(=1)kKIS(k + 1) + 2—@1:1—) (7”)'chl

'I;k m k k % k—1 R 0
——-2—[(€> log2+§/0 0 log(1—31n§)d0].

Taking k = 2m — 1 and k = 2m in (3.5) gives respectively

(3.6)
/0 (B + ’20 )2m_1d0

2’2—21'-5(1 2273; 1)(2m—1)'C(2 )+( 1172"‘(6)"l

+i[- (2m — 1)1S(2m) + (—-él)—m (%)m_ log 2

L EDmem—1) / T gem-20g (1 _ sin Q)da],
0 2

22m
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(3.7)
i (B + ’20 ) df
227n+1 (1 22m) (2m)!¢(2m + 1)
)

( 12m [( ) g2+—/ 6*m- 1log(l—smé’)de]

+ z‘[(2m)!5(2m +1)+ 2((2mli:n1) (6)2m+‘]_

Taking the real part of (3.6) yields

1
(3.8) (1 - 5{,;_—1)((27”)
(_l)m (7.[.)2771 22’"1 < 10)2111—1
= — — B .
2em)i\3) T m= 1)!/ Im\B+3 a9
Since
ig\2m-1  mol 1\ [0\t om—ok—2
Im(BJ“?) - Z( D (2k+1>(2) B
- 1 = 2 1)k(2m 2)02k+1B2m 2k—2
Z (2k + 1)22%
(_1)m 102m 1
22m—1 )
we have
1

02k+1B2m —2k— 2d0

(_l)m—l,n.Zm 22m 1 nm 2( l)k: 2m—-2)
~2(2m)132m-1 - (2m — 2)! / Z (2k + 1)2%

Recalling the formula (2.17), (3.9) gives the following result.
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THEOREM 2. For m > 2,

(3.10)

m-2 (— )lc (2m—-2) 9
/ Z 2T D) — 27 g2+ |gg2m—2k—2 (2 sin )d()

_ ( l)m 2m [(1)2m—1 1 ) ]
T am(m-1)1\6 2(1- gom-1 ) Bom-
Taking m = 2,3 in (3.10) we obtain

5 oo . 0 1774
(3.11) /0 6 log (2sm §)d0= 3315’

(3.12)
3 0 3 0 313~®
3 4 —— v YR
/0 [Olog <2sm 2) 5 log (2sm )]d& 36,57
Taking the imaginary part of (3.7) yields

(3.13)

/0 ¥ Re (B + ’20 ) df = (2m)!S(2m + 1) + -2-((2;1711)5:—”1—)(%)2"’“.

Since

1\ 2m k —1)mp2m
Re (B+Z_9_) = Z = ;2£2k)02k32m 2k+( 2)2m

and

(3.14) (2m)!IS@m + 1) = (—*-;)—m (%)mHEm,

where the F,,, are the Euler numbers, we have from (3.13)
THEOREM 3. Form > 1,

s (= (227:) 2% 1. 2m—2k 4
(3.15) /0 55k ——=—0"log (2s1n )dO

k=0

_ (=)matmt [E 1 ]
T eme2 T em e 1)3m )
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Taking m = 1,2, 3 in (3.15), we have
3 0 s
(3.16) /o log? (2 sin )d0 7 38"

(3.17)
25375

0 3 0
4o TY _ 992y 2(5 Y o LO9T
[log <2s1n 2) 20 log (2sm 2)]d0 53 .31.5

ol

)

(3.18)
3 0 15 0 15 0
3 6 (oqn ) _ 22p2y afo. Y 4y 2o 0
/ [log (2sm 2) 1 6” log (281n 2) 160 log (2sm 2)]d0
7782177
T 96.36.7°
Taking the imaginary part of (3.6), we obtain
(3.19)
g 0 2m—1
[re(B+3) " a0
—-1)™ 2m—1
—(2m - 1)18(2m) + ( 2) (%) log 2
(=D)™@m—1) 5 oms ( - 9)
+ 57m /0 0 log {1 sin 2 dé.
Since
A = —1)k(2m 1) 2% gam-2k-1
Re(B+5 ) A
k=0
we have
(3.20)
(_1)m (7.‘.)2771—1
=——" (= log 2
SCm) =3om 1\ o8
(=™ /§ 2m—2 ( . 9)
S 7 S, m—2] — sin—
+(2m—2)!22m A 0 og (1l sm2 dé

+

1 /%’{5( D*("5) o

em-1)lh & 2%

-log?™=2=1 ( 2sin 0) dé.
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Taking m = 1 in (3.20) we obtain

S(2)=-— log2 - —/ log (1 — sin e)dﬁ /E log (2sin g)de,
where S(2) = Z (2;_111;2 = 0.915965. .. is Catalan’s constant.

Taking the real part of (3.7), we have

3 AN 1 1
/O3Im(B+ 5) =5 (5 - 1) @m)cem + 1)

2
_1\m 2m
+ ( ;) [(%) log2 + 222—m/0 g>m-1 log (1 — sin g)d@].
In view of
10\ 2m m-1 (~1)F (2m 1) 2t+1 gom-2k-1
Im(B“LE) =M Grrnz C
we obtain
(3.21)
Fml (‘1)k(2m_) 2417, 2m—2k—1 .0
/0 kZ% WO log (2 sin §)d0
m—1
+ _(__le)m_/ 6> log (1 — sin a)dﬂ
0
1 1 1™ 2m

Taking m = 1,2 in (3.21), we obtain
(3.22)

/30[10g (2sin§) +llog (l—sing)] C(3)——log2,
0 2 4 2

(3.23) /§ [0 log? (2 sin g) - —03 log (2 sin )]d0

-——/ 6% log (1 — sin 5)d@

- —1—28g(5) +2 (36'-)4log 2.
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4. Relations between integrals involving log (2 sin -g) and

log (2 sinh 2) and certain series. The power series expansion of

arcsin z

==% is given by

arcsin i 92n gp2n—1

Vv1-1z2 :n=1 2n(2") ’

n

|z|] < 1.

Integrating and differentiating this equality, we have

(4.1) (arcsinz)? = z_:l (2$() n)
(4.2) z{; 2(3:))" 1 f 2zt (;: ?(:;;1372'

Next, we apply the method of constructing polylogarithms to the

function ) .
2zarcsinz X (2z)™"

000 == =)
We set
T T T 2n
Ki(z) = /0 K‘;( )dw = (arcsinz)? = §—:1 2(22 ()211)
Ks(z) = /oz g-lagf—)dx = nz=:1 5%:2(5%)’ etc.

In general, we have

(4.3)
K, (z) =/02&1—(x—)da:= {2—(2—3:—)71—, m=1,2,3,...

Taking z =  in (4.3) gives

X 1 1\ _ 2 Kp-i(2)
Z mpm+1 (2:) = Hm (5) _/0 -771 d
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Then, using integration by parts (m — 1) times, we obtain

ad 1

(2:) = /05 Km_1(z)dlog(2z)

n=1 2mnm+1
0 T

1 2 1 s 5 Kmo3(2)
=~ |7 Ens(@)diogt(20) = 5, [*log?(22) =22 s

(=™t oz 4 2arcsing ( . 9)
_(m—l)!/o log (2x)md$ z = sin g

_ (=™t s m_1( , 0)
= _1)!/0 flog 251n2 dé,

2(m
that is
(4.4) - 0
(o) 1 —1)mom z . .
'nZ=:1 nm+2(2n) IR /o 6 log (25111 5)(19, m=0,1,2,....
Taking z = % in (4.2), (4.3) and m = 0,1,2 in (4.4), we obtain
> 1 1 2v3
00 1 \/3‘
4.6 Yo
[ ¢] 1 7]'2
(4.7) nz=:1 n2 (2:) - —1_8_,
49 =2 [ olog (2 )
n=1 n3 (2:) 0 2 ’
(4.9) 4
3 1 _ 3 2 .0 R Y
g:%n“(?) _2/0 blog (2s1n§)d0_23-34‘5_,
(4.10)

o0 1 4 s - 9
2 () "3 J; 010 (25in 5) s

S
—
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Changing z into ¢z in (4.1) (4.2) and (4.3) with m = 0, we have

411y 3

(-1)*1(2z)  z N zsinh™'z

@) 1o 1+
® (-1)""1(2z)® 2zsinh'z

4.12 = ,

N R

oy R DTG

Now, taking z = 1 in (4.11), (4.12), (4.13), we deduce (as sinh ™" 1 =
log 7)

(4.14) il (_(122:1_ =1 5\/_logT
(4.15) i:é;; = e logT,
(4.16) > (—1);_1 = 2log?r

3

1l

A

S

™
—
S

~

Analogous to the construction of K,,(z), we set

2zsinh™' z s Fy(z .
Fo(il?) = —\/T——{-_—Q;T, FI(JJ) =/0 OJ(,‘ )d.’L' = (smh 111,')2,

and, from (4.11) and (4.12), we have

(4.17)
F(z) = /Oz fW—TE—_—-le—)d:z:

T
00 )n 1(2$)2n

=5

’
n=1 anm-'-l (Qn)

m=12,3,... .

n

After integration by parts, we obtain

i (—'1)71—1 _ (_]_)7::!2"1+ /05 logm(QI) Foa(:.'E) da:,

m+2 (2n
X )
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that is

(4.18)

Takin,

(1)"‘ _(=1)m2m r2legr m( : 0)
Z = /0 6log™ { 2sinh 5 dé,

n

m=20,1,2,....

g m = 1 in (4.18) and appealing to (2.18), we have the well-

known formula

(4.19)

l\')IC.JT

N

n=1

Taking m = 3 in (4.18) yields

(4.20)

1)” 1 4 r2logT

g ) =5 0log3(25inhg)d0

and substituting into (2.18) gives

(4.21)

Since

00 (_l)n—l 5 [2logT 3 ( . 0)
- = — |d6.
2 n5(27:‘) 6 o 0° log .‘Zsmh2 0

((5) =2

log (2sinh g—) log 6 — Z (=1) C2n)02n, 0<6<m/2,

27r 2n

from (4.21) we obtain

[1]

(5) = _5_(4loglog'r+4log2—1) 108 T+22( o
6 n=1 "5(n)
20

2n+4 T
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