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FINITE GROUPS WITH A SPECIAL 2-GENERATOR
PROPERTY

TuvAL FOGUEL

This paper deals with finite groups. J. L. Brenner and
James Wiegold defined a finite group G as lying in I’ ?) if G is
nonabelian and for every 1 # z € G, either z is an involution
and G = (z,y) for some y € G or z is not an involution and
there is an involution z € G with G = (z,z). In this paper we
expand the work of J. L. Brenner and James Wiegold, and
that of Martin J. Evans in the investigation of which finite

. . 2
groups lie in 1‘5 ),

1. Introduction.

Definition 1.1. An element z in a group is called a mate of an element
y € Gif G = (z,y).

Definition 1.2. We say that a finite group G lies in I‘f) if G is nonabelian
and for every 1 # z € G, either z is an involution and z has a mate y € G
or z is not an involution and z has an involution z € G as a mate (see [3]).

Brenner and Wiegold [3] proved that PSL(2,q) lies in I'® except when
g =9, and that PSL(n,q) does not lie in ng) for n > 3 unless n = 3 and
qg=2,or4.

Evans [6] proved that if G = Sz(2?"*!) is a Suzuki group, then G lies in
r?’; moreover if G is a simple Chevalley group over a finite field K of odd
characteristic and G lies in I'(?, then G = PSL(2, K).

Using the fact that each of the groups S,(2n, K), P43, (K), and P, (K)
act irreducibly on V = K?", and PSU,,(K) acts irreducibly on V = K™,
we find an element z of order greater than 2 that acts trivially on a “large
enough” subspace, so that two conjugates of z can not act irreducibly on V,
if dimension of V' is large. We get in [7] that over a field K of characteristic
2, PQ;,.(K), for n > 4 or |K| > 2, and PSU,,(K) for n > 3, S,(2n, K) for
n > 3, and PQJ,(K) for n > 5, or |K| > 2, do not lie in I'®. Similarly we
show in [7] that X, for n > 5 and A,, for n > 5 do not lie in I‘?).
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In this paper we classify all those solvable groups that lie in F?), and we
show that a finite non-simple non-solvable group lies in ng) if it is isomorphic
to the semi-direct product of N and (z) where z is an involution and N is
a simple nonabelian group. Many simple groups are excluded from being
candidates for the N above. We also continue in the investigation of which
simple groups lie in T'{.

2. A Preliminary look at I'®.

This section deals with general facts about groups which lie in I‘gz). We state
Lemmas 2.1-2.6 but since they are obvious we omit the proofs.

Lemma 2.1. If G is a group and G = (z,y) where y is an involution and
z # 1, then H = (z,z") is a normal subgroup of G.

Lemma 2.2. If G is a nonabelian simple group and G < M < Aut(G), and
M = (z,y) where 1 # z € G, y € M and is an involution, then G = (z,zY).

Corollary 2.3. If G is simple and G lies in 1‘§2’, then every conjugacy class
of G other than the classes of elements of order 1 or 2 contains a pair of
conjugate elements which generate G.

Lemma 2.4. If z and y are conjugate in G and y has a mate, then  has a
mate.

Lemma 2.5. If G lies in T\?, then Z(G) = 1.

Lemma 2.6. If G lies in 1‘52) and N is a nontrivial normal sungroup of G,
then G* = G/N is cyclic.

Definition 2.7. A finite nonabelian group is called a I'-group if G = NP,
where N is an elementary abelian normal 2-subgroup, and P is a cyclic group
of prime order acting irreducibly on N.

The last condition says that no proper subgroup of N is P-invariant. Since
Cn(P) is P-invariant, Cnx(P) = 1 or Cy(P) = N. Since G is nonabelian
Cn(P)=1.

Remark 2.8. If G is a -group, then p = |P| is an odd prime.

Remark 2.9. Given an odd prime p, there is a I'-group G of order divisible
by p. It is the subgroup of Aff(1,2"), where n is the unique positive integer
such that n|(p—1), and p|(2" —1) but p does not divide 2™ —1 for 0 < m < n.

Lemma 2.10. A I'-group G = NP (N and P as in Definition 2.7) has the
following properties:
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1) G lies in T®,
2) N is the commutator subgroup of G.

Proof. Let y € G — {1} and P = (z).

Ify € N—{1}, then (y)m is a non-trivial P-invariant subgroup of N and
(y)(z) = N. Therefore, G = (z,y). If y € G — N, then y is N-conjugate to
a power of z, so that any (y)-invariant subgroup of N is also P-invariant.
Thus, G = (y,n) for any n € N—{1}, and G lies in '®. Since P is an abelian
group, G' < N and G' = N because G' is P-invariant and nontrivial. O

Notation. If y € G, then O(y) is the order of y.

Theorem 2.11. If G lies in I‘SQ), then G has a proper normal subgroup of
odd indez if and only if it is a T'-group.

Proof. By Lemma 2.10 any I'-group lies in I‘§2), and has a proper normal
subgroup of odd index.

Assume that G has a proper normal subgroup K of odd index. Since
|G/K]| is odd and |G| is even, K is nontrivial; therefore, Lemma 2.6 gives
that G/K is cyclic. Let M* be a subgroup of G/K of odd prime index p. If
M < G such that M/K = M*, then M is normal in G and |G/M|=pisan
odd prime.

If z is an involution in G, then z is in M because O(zM) = 1. If y is an
element of M — {1} with O(y) # 2, then y has a mate ¢ of order 2. Thus,
tisin M. But G = (y,t) gives that G = M, a contradiction. Therefore,
|[M| = 2" and M is an elementary abelian 2-group. Since, |G/K]| is odd and
K<MM=K.

Let z be an element of order p in G, and set P = (z). Then G is the
semidirect product of M by P, because M N P = {1} and G = MP. If
z € G — M, then O(zM) # 1 and so O(zM) = p. Thus, p|O(z) so we see
that O(z) = 2Fp for some k. If t = 2P, then ¢t € M N Cg(2); therefore ¢ is in
Z(G) and by Lemma 2.5, t = 1. Therefore, O(z) = p.

Let N be a minimal P-invariant subgroup of M, and d an element of
N — {1}. Now, d has a mate y. Since G = (d,y), y is not an element of
M. By the preceding paragraph O(y) = p. Hence, (y) is M-conjugate to P,
by Sylow’s Theorem. Thus, (y)™ = P for some m € M, and because M is
abelian d™ = d. It follows that

G = (d,y) = (d™,y™) = (d,P) = (N, P) (because d € N).

Hence, G = NP and |G| = |N| - |P|. This implies that N = M. Therefore
P acts irreducible on M and G is a I-group. O
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Theorem 2.12. If G lies in F§2) and G # G', then either

1) G is a T-group,

or

2) G is isomorphic to a semi-direct product of G' by (y), where y is an
involution. If, in this case, G' is abelian, then G is isomorphic to D,,,
where p is an odd prime.

Proof. If G* = G/G', then G* is cyclic by Lemma 2.6.

If G* is not a 2-group, then there exists a normal subgroup N of G with
G' < N < G and |G/N| is odd. Since |G/N| > 1 is odd, G is a I'-group and
G' = N, by Lemma 2.10.

If G* is a 2-group, note that G is not a 2-group, for Z(G) = 1. Therefore
there exists an x € G’ of odd prime order p. The element z has a mate y
of order 2. Since G = (z,y), G* = (zG',yG') = (yG'); therefore |G*| = 2,
G'N(y) =1, and G is isomorphic to a semi-direct product of G’ and (y).

If G’ is abelian, then 2¥ = z for any z € G’ if and only if z = 1, because
Z(Q) = 1. Hence, y acts fixed point free on G' and, since y is an involution,
G' is of odd order and for all z € G’ — {1} 2¢ = 2~1. Since G = (z,y),
G’ = (z) and |G'| = p. Therefore G = D,,, for |G| = 2p and G = (z,y),
where z» = y? =1, and z¥ = L. O

Lemma 2.13. Let G lie in sz). If G is isomorphic to a semi-direct prod-
uct of N by (z), where z is an involution, then z acts on N as an outer
automorphism of N.

Proof. Assume z acts on N as conjugation by an element y € N, then zy™*
acts trivially on N. Therefore, 1 # zy~! is in the center of G, contradicting
Lemma, 2.5. O

Definition 2.14. A group is a proper semi-direct product of N by P if G is
a semi-direct product of N by P and NCg(N) # G.

Note. The situation in Lemma 2.13 gives us an example of a proper semi-
direct product, since NCg(N) = N #G.

In [6] Evans shows that if a simple Chevalley group over a field of odd
characteristic lies in I‘§2), then it is isomorphic to PSL(2, K). Below we will
present a generalization of this result.

Definition 2.15. 1) A denotes a root system of a Lie algebra.
2) AT denotes the set of positive roots in A.
3) At denotes the set of negative roots in A.
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4) II denotes the fundamental system of roots of A.

5) z,.(k) denotes the generator exp(fade,) of a Chevalley group.
6) X, = (z,(k)|k € K).

U = (z.(k)|r € Atk € K).

Recall that each root » € A can be written as r = Y k,a (a € IT) with
integral coefficients k, all nonnegative or all nonpositive {10, 10.1].

Definition 2.16. The height of r € A (relative to II) is ht(r) = 3" k,.

From the Steinberg decomposition of automorphisms of a finite simple
Chevalley group M [4, Theorem 12.5.1], we get that if 7 € Aut(M), then
T = idgf, where ¢ is an inner automorphism, d is a diagonal automorphism,
g is a graph automorphism, and f a field automorphism. From the Bruhat
decomposition [4, Chapter 8] we get that if i € inn(M) = M since M is a
simple group, then i = u;h;nush,, where u;,us € U, hy,hy, € H andn;, € N.
H and N denote the diagonal and monomial subgroups of M respectively.

So by combining the above remarks we get that every 7 € Aut(M) can
be written as

T = uyhynushodgf.

Theorem 2.17. Let M be a non-nilpotent subgroup of a finite simple Cheval-
ley group G over a finite field K, and M = (X,, X?), where y € Aut(G) and
s s a root of greatest height in A*, then there is a homomorphism from
SL(2,K) onto M.

Proof. Let g be a graph automorphism, then since g(r) € At for allr € AT,
glv and g|z) are automorphisms.
Since y € Aut(M), it follows from the remarks above that

y = uhynyushodgf.
Let s’ = g~1(s), then by the choice of s we get that X, and X, are central in

U [4, Theorem 5.3.3], and that H [4, page 100], all diagonal automorphisms,
and all field automorphisms normalize X, and X,. So we get that

M= <Xa, (Xs)u1h1nguzhzdgf> — <.X3, (Xs)muzhzdgf> o

Flg=ld=1po 1St
g(<Xs,(Xs)mu2h2dgf>) 2 M2

= ()7 ()™ = (X, (X))
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Let w; denote the image of n; in the Weyl group under the natural homo-

morphism from N to N/H = W. Since XM = X,,(5), M = (X, Xy (s))-
For all r,s € A which are linearly independent there exists a w € W such

that w(r), w(s) € A*. Therefore (X,, X,) is isomorphic to a subgroup of U

which is nilpotent. Since M is not nilpotent, we get that w;(s) = —s’. So we
see that M = (X, X_y ) and by [4, Theorem 6.3.1] there is a homomorphism
from SL(2,K) onto M. O

Theorem 2.18. Let M be a finite simple Chevalley group over a finite field
K of odd characteristic p, and M < G < Aut(M). If G lies in T'?, then
M = PSL(2, K).

Proof. Since G lies in I'{? and O(zs(1)) = p # 2 where s is a root of
greatest height in A*, z,(1) has a mate y of order 2. By Lemma 2.2 M =
(z5(1),z5(1)¥), therefore M = (X,,X?). So by Lemma 2.16 we see that
there is a homomerphism from SL(2,K) onto M, and since M is simple
M = PSL(2,K). |

3. Non-Simple Groups that lie in 1‘&2) .
An easy consequence of Lemma 2.6 and Theorem 2.12 is:

Corollary 3.1. A solvable group G lies in F?) if and only if G = D,,, where
p is an odd prime, or G is a I'-group.

Theorem 3.2. If G is a n.n-solvable group lying in F?), then either G is a
nonabelian simple group or G is isomorphic to a proper semi-direct product
of N by (z), where z is an involution and N is a simple group.

Proof. Let M be a maximal normal subgroup of G and let G* = G/M.

Case 1: If M = {1}, then G is simple.

Case 2: If M # {1}, then G* is cyclic, by Lemma 2.6, and G’ # G. Since,
any I'-group is solvable, by Theorem 2.12 and Lemma 2.13, G is isomorphic
to a proper semi-direct product of G’ by (z), where z is an involution.

If {1} # N < G' and N is normal in G, then G/N is cyclic, by Lemma
2.6. But G/N is a nonabelian group; a contradiction. Therefore G’ is a
nonabelian characteristically simple group (since G is not a solvable group);
that is, G' = K; x ... x K,, where K; = K are nonabelian simple groups.
For k € K, a nontrivial element of odd order, let y be its mate of order 2. By
Lemma 2.1, H = (k, k") is a nontrivial normal subgroup of G, and H < G',
thus H = G'. Since, K, is a normal subgroup of G’ and G'/ K, = (k¥K;) =
K, x...x K, is abelian, we have, n = 1, and so G’ = K —1 is a simple group.
Thus by Lemma 2.13 G is isomorphic to the proper semi-direct product of
G', a simple nonabelian group, by (z) where z is an involution. g
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4. Non-Simple Non-Solvable Groups.

In this section we look more at the structure of non-simple non-solvable
groups which lie in F§2) .

Theorem 4.1. If G is isomorphic to the semi-direct product of A, and (z)
where z is an involution and n > 5, then G does not lie in F&”.

Proof. Suppose that n # 6, then by [11] Aut (4,) = X,. Assume that G
lies in I‘ , then by Theorem 3.2 G = %,. It is easy to see that in X,

(n >( 4)1) the 3-cycles do not have an involution as a mate, so G does not lie
in 1'%, O

Note. Note that there are two nonisomorphism classes of proper semi-direct
products of Ag and Z,: one is ¥g which does not lie in r?’, while the other
involves the exceptional automorphism of As.

Theorem 4.2. If G is isomorphic to the semi-direct product of Ag and sx)
where x is an ezceptional automorphism of Ag of order 2, then G lies in 1"12)

Proof. Let @ send the following transpositions in ¥ to products of three
2-cycles:

(12)—(23)(15)(46)
(23)—(12)(34)(56)
(34)—(23)(16)(45)
(45)—(34)(15)(26)
(56)—(23) (14) (56).

Since the five 2-cycles above generate ¥ and 6 acts on them as a homomor-
phism, and the five products of three 2-cycles above also generate X, 6 is
an automorphism of Y. Since 6 does not preserve the cycle structure 6 is
an exceptional automorphism of ¢ and Ag. It is easy to see that 6% = 1.

Let G = (Ag,6) we will show that G lies in I'{?. Set a = (123) = (23)(12),
b= a’ = (136)(254) (multiply left to right). Let H = (a,b) < {(a,8) = (b,6),
ab = (15426), and ab~! = (1452)(36) € H, so |H| is divisible by 9,5, and 4.
Thus H = As, and G = (a,0) = (b,0). Thus, elements of order 3 in A have
mates of order 2 in G.

One can check that (12345) € Cg(f). There are in Ag two maximal
subgroups that contain (12345), M the stabilizer of 6, and N a transitive
As. All elements of order 3 in M are 3-cycles, while V contains no 3-cycles.
6 maps M into N, and since, M = ((12345) (12)(34)),

= ((12345), (12)%(34)?) = ((12345), (14)(56)) .
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Since (34)(56)(14)(56) = (143), (34)(56) & N, and clearly (34)(56) ¢ M.
Thus we see that

((12345), (34)(56)) = As,

and since (12345) € Cs(0), G = ((12345)%¢,(34)(56)) for i = 1 and 2. Note
that (12345)0 and (12345)28 are not conjugate in G. Thus, elements of order
2 in Ag have mates in G.

Set A = ab = (15426), and B = ba = (25436), the 6 sends A<b. Set
H = (A,B) < (A,0), then (AB3)® = [(16)(2435)]> = (23)(45) € H. Since
(12345)(12536) — (15426) = A and (34)(56)(253®) = (23)(45), thus, (4,6) >
(A, (23)(45)) = As. So, ((15426)*,0) = G for i = 1 and 2. Therefore,
elements of order 5 in Ag have mates of order 2 in G.

By similar reasoning AB3 = (16)(2435) has 0 as a mate. Thus, elements
of order 4 in Ag have mates or order 2 in G. So all elements in Ag have
mates as required.

Since 0 sends ba~'«»ab~!, 0 inverts ab~! = (1452)(36). The element
(24)(36) also inverts (1452)(36). So, n = (24)(36) € Cg(ab™!). n® =
(24)(36)(12)(45) = (1254)(36) = (ab~1)~*, since 6(24)(36)0 = (12)(45). It
follows that n has order 8 and (n,0) = Ds. Since |(n,0)| = 16, this group
is a Sylow 2-subgroup of G, and all involutions outside A¢ are conjugate
to 0. Let z € G — Ag, note that 22 € Ag. If the order of z2 is odd, then
z is conjugate to 0, or (12345)% for i = 1 or 2 (since no elements of or-
der 3 in Ag commute with ¢ ). If 22 has even order, then z is contained
in a Sylow 2-subgroup of G. Since z & Ag, z is conjugate to n or to 73.
We have seen that 7% = (1254)(36), so 7%(12)(34) = (25364) = (65432)°.
Since (65432)(10(25)(34) — (12345) and (12)(34)16)25)34) = (34)(56), we get
(n',(12)(34)) =G fori =1 or 3. O

Proposition 4.3. Let M be a finite simple Chevalley group over a finite field
K of characteristic p, and let G be isomorphic to the semi-direct product of
M and (x) where z is an involution. If G lies in I'® | then M = PSL(2, K).

Proof. This is a direct consequence of Theorem 2.18. O

Note. Note that since A5 = PSL(2,5), it is not true that for every M =
PSL(2,K) where K is a finite field of odd characteristic p, there exists a
proper semi-direct product G of M and (z) where z is an involution such
that G lies in T'\®.

In [7, Chapter 8] we eliminate many more simple groups from the possi-
bilities for N in Theorem 3.2.
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5. Eg Case.

The Lie algebra L over a field K has a Cartan decomposition [4, Ch.7]
L=H®&)  aL; where H is generated by h, for r € II, and L, is a one-
dimesional vector space generated by an element e, for 7 € A. For a simple
Lie algebra L over K, Chevalley defined a group L(K) which is simple except
for a few exceptional cases. L(K) is uniquely determined by its action on
{hqa er}reA,qGH-

The elements of IT will be denoted by a;,...,a;. The method of this
section gives us some insight into the action of L(K) on L and proves that
L(K) does not lie in I'® when A = FEs. In this section we are using the
standard notation for roots in Fj.

Definition 5.1. Let f be a function from ITUII™ to the integers defined by
flag) = f(~a4) =1 - 1.

Definition 5.2. ¥ = {7 € A|(7, ;) = 0}, where (, ) is as in [10, page 39].

Lemma 5.3. If A = Eg, and 7 € U, then z,,e, = €,, and T_,,e, = €, (
where z, = z,(1)).

Proof. Since all roots in Eg have the same length, this implies that if 7 € ¥,
T# —a, and T — a; and 7 + o € A. Thus by the formula on [4, page 61]
we see that z.,,€, = e,. O

Let L =H®) ,ca L be the Cartan decomposition of L [4, Ch.3]. L can
be written as L = Y.,y H; & Y, Ls where H, = (h;), and L; = (e;). For
A=FEsletT=H, ®H,, ®H,, ® ) ;cn_y Lt and,

L,: Z Ht®th

tell—{az,a3} tev
Note. Note that L = L' ® T, and z,, and z_,, act trivially on L'.

Lemma 5.4. Gwen L, L' and T as before, then there exists no subset 0 #
S < L' N H invariant under the action of Eg(K) where K is a finite field of
characteristic 2.

Proof. Assume that such an S exists, then let z € S — {0}. We can write z
as z = ayh,, +...+ayh,, whereeach a; #0,each 7; € II, and f(r) < ... <
f(ma).

Note that in all cases, f(7;) > 2 by the way we constructed L’. Thus
we can choose a root t € II with f(¢) = f(n) — 1 such that (¢t,71) =
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2(t,n1)/(t,t) = 1(mod2), and (¢,7;) = 0 for i = 2,... ,n. So we get that
z¢hy, = h, +e,, and z;h,, = h,, for i = 2,... ,n. Therefore z;z ¢ S,
contradicting that S is L(K)-invariant. Therefore there exists no subset
0# S < L'N H invariant under the action of L(K). a

Lemma 5.5. There is no invariant subspace of L' under the action of Eg(K)
where K is a finite field of characteristic 2.

Proof. In view of Lemma 5.4 it will be sufficient to prove that any Eg(K)-
invariant nonzero subspace S of L’ is a subspace of H.

Assume that S is not a subspace of H, then we can write any element
vES —Hasv =a,e, +a5€,+...+h, where h € H, and s; € V.

Since all the roots in Ey have the same length, then by [10, 10.4 Lemma C]
all the roots are conjugate under W, the Weyl group of Eg. Thus there exists
an element w € W, with w(s;) = ;. Note that since w is an automorphism
w(s;) # a; for i > 1, and that w = w,, ...w,, (here w,, is the reflection in
the hyperplane orthogonal to the root ;). Let N be the monomial subgroup
of E3(K), and n, as in [4, Proposition 6.4.2]. By [4, Theorem 7.2.2] there
is a homomorphism from N onto W under which n,—w, for all r € A. n,
acts invariantly on H, and n.e, = *e,, (;). Since we are in characteristic 2,
N€s = €y,(s)- Let n =n, ...n, € N, then n—w by the homomorphism
N—W. So ne;, = ey(s;) = €a,, and nh € H. Hence nv contains a term
€q,, contradicting that v € S. Thus S is a subspace of H. O

Theorem 5.6. If G = Eg(K) where K is a finite field of characteristic 2,
then G does not lie in ng).

Proof. Using the description of roots in the system Fjg in terms of orthogonal
vectors given in [2, page 268] we get that the number of positive roots in ¥

1S
6 6 6
o () () () -

So we get that cod (L') = 117. Both z,, and z_,, act trivially on L';
therefore z,,2_,, also acts trivially on L'. Assume that G lies in I‘?), then
since O (Zo,T_a,) # 1 OT 2, To,T_,, has a mate of order 2. Let S = L'N(L")Y;

since G = (Z4,T_q,,Y), we see that G acts invariantly on S. Since '

cod(S) < 2cod (L") = 234 < 248,

S # 0 contradicting Lemma 5.5. O



SPECIAL 2-GENERATOR PROPERTY 493

6. Twisted Groups in odd Characteristic.

Lemma 6.1. If q is odd and G = 24,(¢?) for | > 2, or 2D,(q?) for 1 > 4, or
2Es(q?), then |G| > |SL2(q?)|. Also |3D4(¢%)| > |SL2(q®)| for q odd.

Proof. For q = p™ where p is an odd prime we get:

1) |S'L2(q2)|=q2(q4 1) < (1/3)¢*(¢? —1) g +1) [ 2)|,lz2.
2) |SLy(¢*)| = ¢(¢* — 1) < (1/4)¢**(¢* — 1) < ’Dy(¢*)|, 1>4.
3)|SLy(¢%)| = ¢*(¢* — 1) < (1/3) 3“<q +1 <|2E6( -
4)|SLy(¢*)] = ¢*(¢° — 1) < ¢**(¢® — 1) < |*Dy(g%)].

O

Consider a Chevalley group G* = L(K) and p a non-trivial symmetry of
the Dynkin diagram for L. Recall that if K has a certain order depending on
L, then we can choose an automorphism o (a product of a field automorphism
and a graph automorphism determined by p) of G* such that the twisted
group G = ‘L(K) is a subgroup of G* stabilized by o, and U"* is the subgroup
of U centralized by o (recall that U! < G). We will call G* the corresponding
Chevalley group of G. Note that o(z,(t)) = z,(y,t'), where , = £1 and
t' = f(t), f a certain field isomorphism, and ' arises from the symmetry of
the Dynkin diagram [4, 12.2]. Since all the roots in the system associated
with the groups of Lemma 6.1 have same length, the above action is an
isometry [4, Prop. 12.2.2], and there exists a unique root of maximal length
s [10, 10.4 Lemma A], and thus s' = s (note that this is not the case for
2G,(32m+1) [4, 12.4)).

Lemma 6.2. If G is a simple twisted group, and G* is the corresponding
Chevalley group of G, then Aut(G) < Aut (G*).

Proof. From [8, page 303 and 5, Table 5] Aut(G) is a product of an inner, a
diagonal, and a field automorphism. O

Theorem 6.3. If ¢ = p™ where p is an odd prime and G is a simple group
of type 2A;(q?), | > 2, or 2Dy(q?), | > 4, or 2Es(q?), or 3D4(q3), then G does
not appear as a composition factor of any group in I‘§2).

Proof. Let K = GF(¢?) if G = 2A;(¢?),l > 2, or 2D,(¢?),1l > 4, or 2Eg(q?),
and K = GF(¢®) if G = 3D4(¢®). Let s be the root of maximal height.
Ifv, =1, let £ = z,(1). If 7, = —1 (this can happen in the case that
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K = GF(q?%), then the automorphism f associated with the group has
order 2 and there exists an element t € K — {0} such that ¢’ = —¢t. So, let
z = z4(t). In each case o(z) = z and z € Z(U) N U"* [4, Def. 13.4.2] so
z € Z(U") and O(z) = p.

If G appears as a composition factor of any group in F?), then = has a
mate y € Aut(G) < Aut (G*) of order 2, and G = (z,z¥) < (X,, (X,)!) =M
(note that M is a subgroup of G*, not of G) from Lemma 2.2. Since M is a
nonnilpotent subgroup of G* by Lemma 2.17, there is a homomorphism from
SL(2,K) onto M, but by Lemma 6.1 |G| > |M]|, a contradiction. |

7. Centralizers and P?’.

In this section we will use the result that if two subgroups have order greater
that the square root of the order of the group, then they have a nontrivial
intersection [9, Sec. 2.5], to investigate whether some groups lie in 1“§2’.

Lemma 7.1. If G is a finite simple group with an element of order not 1 or
2 that has a centralizer of order larger (|G|)1/2, then G does not appear as a
composition factor of any group in ng .

Proof. Assume that G appears as a composition factor of a group H in ng).
Then, by previous results, G is a normal subgroup of H with index at most
two. Let £ € G such that O(z) # 1 or 2 and |Cg(z)| > (|G])/2. Since H lies
in ng), z has a mate y € H of order 2. By Lemma 2.2 G = (z, z¥), and since
|Ce(z¥)| = |Ce(z)| from the above we get that Z(G) # 1, contradicting the
simplicity of G. O

Theorem 7.2. The groups J,, Suz, Coy, Ly, Fis, Fiss, Fi,,, Ds(2), and
2D4(2) do not appear as a composition factor of any group in I‘? .

Proof. From [5] we see that each of the above groups has an element of order
3 with a centralizer of order greater than the square root of the order of the
group. a
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