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ON THE EXISTENCE OF EXTREMAL METRICS

XINGWANG XU

We study the well known variational problem proposed by
Calabi: Minimize the functional [,, s2dv, among all metrics in
a given Kahler class. We are able to establish the existence
of the extremal when the closed Riemann surface has genus
different from zero. We have also given a different proof of the
result originally proved by Calabi that: On a closed Riemann
surface, the extremal metric has constant scalar curvature on
a closed Riemann surface, the extremal metric has constant
scalar curvature, which originally is proved by Calabi.

1. Introduction.

In the early 80’s, E. Calabi [C1, C2] proposed the following variational
problem. Let M be a compact, connected, complex n—dimensional manifold
without boundary and assume that M admits a Kahler metric g locally ex-
pressible in the form ds? = 2gagdz"dzﬁ . Let us fix the deRham cohomology
class Q of the real valued, closed exterior (1,1) form w = /=1g,3dz*Adz?
associated to the metric g, and denote by Cq the function space of all dif-
ferentiable Kahler metrics g with the Kdhler form w € §2. On this function
space, Calabi introduces the (non negative) real valued functional ¢ which

assigns to each g the integral
P(g) = / sidvg
M

where dv, = (v/—1)" det(g,3)A%_; (dz*Adz*) denotes the volume element in
M associated with the e Kahler metric g, and

a— 62
Sg=—9 ﬁmlogdet(gm)

the scalar curvature.

The variational problem proposed by Calabi is that of minimizing the
functional ®(g) over all g € Cq. The motivation for considering this is the
fact that, as g varies in Cq, both the volume

V=Vg=/ dv,
M
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and the total scalar curvature

S, :/ sydvy
M

remain constants. Thus by the virtue of the Schwartz inequality, the func-
tional ®(g) has a nonnegative lower bound SV, we wish that the latter
can be achieved if and only if there exists a g € Cq with constant scalar
curvature. i

As M. Levine [L] points out, if we call the critical metric of ® the extremal
metric, the extremal metric does not necessarily have constant scalar curva-
ture if the dimension n > 1. For n = 1, E. Calabi is able to show that the
extremal metric always has constant scalar curvature if the extremal metric
exists (see [C1] and also §5 of this paper).

The problem of finding extremal metrics is quite nature but quite difficult.
There are severval results about the non-existence ([C1],[C2],[L],(BB]).
However, in the past decade, there has almost been no progress on the
existence of extremal metrics.

The propose of this paper is to show:

Main Theorem.Ifn =1 with x(M) < 0, then the extremal metric exists.

Remember that this is not so surprising at all since there are several
methods to reach this conclusion: Poincaré’s classical uniformization theo-
rem [P]; M. Berger’s minimization method [A],[B]; R. Hamilton’s Ricci flow
[CH], [H1],[H2]; B. Osgood, R. Phillips and P. Sarnack’s minimizing the
log determinent of the Laplace operator [OPS].

What it is new in this paper is that, we exactly follow the Calabi’s original
idea, by using the direct method, to show that the minimizer of the Calabi
functional can be achieved. Since the Kahler class and the conformal class
for n = 1 are equivalent, our setting is in the conformal class. The main
difficulty is to get H? norm bound of the conformal factors in terms of the
volume bound and the bound on the Calabi functional.

The organization of this paper is as follows: after some preliminaries(§2),
we will give the proof of our main theorem for the case x(M) < 0(§3). §4
will simply indicate the case (M) = 0. Since our setting is in the conformal
class, we will show, in this setting, that the extremal metrics have constant
scalar curvatures (§5). Clearly this is an alternative proof of one of Calabi’s
theorems [C1].

The author would like to thank Professor Paul Yang for letting him know
this very interesting problem and Professor William Abikoft for an encour-
agement on him to write out this proof.
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2. Preliminaries.

Consider a compact connected complex n—dimensional manifold M without
boundary. Assume that M admits a Kahler metric g locally expressible in

the form .
ds®> = 29a5dz“dzﬁ

where and thereafter the Einstein convention is used. It is well known that
there is a real valued, closed exterior (1,1) form w = v/—1g,5dz*dz" associ-
ated to the metric g. This (1,1) form usually is called Kiahler form. By the
deRham theory, w determines a deRham cohomology class 2. Now let us
consider the change of the Kahler metric,

(2.1) 9ri = 9ran + O

where ¢ € C* is such that ¢' is positive definite. Obviously, ¢’ is a Kahler
metric. Also it is clear that the Kahler form ' associated to the metric ¢’
determines the same deRham cohomology class as w does. Note that under
this change of the metric, new metric ¢’ is also a Riemannian metric since it
is Kahler. We will denote all such functions ¢ by Cg.

For a given Kéhler metric g, we have the volume element defined in the
local coordinate by dv, = (v/—1)"det(gqa3)A%_,(dz*Adz®). And the scalar
curvature associated to the metric g is defined by

op_ 0
(2.2) sg = —9" 555 (logdet(gaz)).

For a ¢ € Cg, the Calabi functional can be written as

(2.3) ®(p) = /M 52, dv,

where ¢’ and ¢ are related by (2.1).

From now on, we only consider M a Riemann surface without boundary,
that is, a compact complex 1—dimensional manifold without boundary. It is
known that on a complex 1—dimensional manifold, any Riemannian metric
is conformally flat [Be, Theorem 1.169]. Thus any two Riemannian metrics
on M are conformally equivalent. If metrics g and g’ are related by (2.1),
there exists a C™ function u such that ¢’ = e**g. In this form, we know that .

dvy = e*"dv, and the scalar curvatures satisfy the relation

(2.4) Au+ kye* =k,

where &k, and k, are the Gaussian curvatures of the metrics g’ and g respec-
tively, and A is the Laplace operator associated to the metric g. The relation
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between the Gaussian curvature and the scalar curvature is that s, = 2k,.
Thus, up to a constant multiple, the Calabi functional ®(¢y) is equivalent to

(2.5) J(u) = /M(kg — Au)edu,

with the constrain

(2.6) /M e*dv, = /M dv,.

Our main propose of this section is going to show that the functional J has
the following properties.

Proposition 2.1.

(a) J 1is continuously differentiable on H? where H3 denotes the Hilbert
space as usual.

(b) The first variation of J at a point u in a direction ¢ is given by

@) Te) = -2 [ [k — ) + Al (ky — Au))pdy,.

(c) The Euler equation associated to J under the constrain (1.6) is given
by
(2.8) Ale2%(k, — Au)] + e~ (k, — Au)? = X2e?"

for some constant X > 0.

Proof. (c) can easily follow from (b), Lagrange multiplier and the fact that
if we set G(u) = [,, e*dvy, G'(u)(p) = [, €**@dv,. (b) will follow from the
proof of (a). Before we are going to prove the part (a), let us recall two
simple facts.

Fact 1. If the real dimension of a manifold is two, there exists a constant
C > 0 such that

(2.9) max [u] < Cllul|z

for all u € H3.

It can be proved as follows. Suppose G is a Green function for A. Then
it is known that [,, G*dv, is finite and for any u € H3,u(p) = [, udv, —
Jy GAudv,. Thus the Hélder inequality implies that (2.9) holds with C' =
[(fM dvy)1/2 + (fM G2dvg)1/2]'

Fact 2. We can choose gy > 0 such that if 0 < ¢ < g, then |e™2—1+2¢| < 4¢*
and |e~?* — 1| < 100t where numbers 4 and 100 are not so important.
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In order to simplify the notation, from now on, we will denote the norm
lull 2 by [lull

Now we are in position to give the proof of the part (a).

Let us now assume that u € HZ such that J(u) < oco. Let ¢ be any
function in H? such that max |p| < €. Then we have

Hell™ |7+ ) = T) +2 [ fe(ky = Au)? + Ale™"(k, — Su)lpay

= llell™

/M(kg — Au)?e *[e7¢ + 2 — 1]dv,

+ /M(Aw)ze—z(“+“’)dvg - 2/M Aple™?(k, — Au)](e™?¥ — 1)dy,
< llelI™* [4C ll|* I (u) + Cr exp[2C(||ull + llelD] - ll¢ll?

+200C; exp[C|lu|[}J (w) % - [|¢l|’]
= [4C?J (u) + Cy exp [2C(|[ul| + ||¢l])] + 200C; exp[C|[ul[]T () 2] - ]I,

where C is given in (2.9) and C; and C, are constants. This proves (b) and
the half of (a). For the rest of the part (a), we can argue as follows: for a
fixed function u € HZ, if v € H2 is such that max |u — v| < €, then we have

|J' (u)(w) — J' (v)(w)]
-2 | /M 2 (k, — Au)? + A(e2(k, — Au))jwdy,

/M[e-%(kg — Av)? + Al (k, — Av))wdv,

=2 ‘/ (e7 — &™) (k, — Au)*wdv,
M
+ / e2[(k, — Au)? — (k, — Av)|wdv,
M

+/ (e7* — e ")k, Awdv, — / (€72 Au — e ** Av) Awdv,
M M

< 200 max [u — v|J (u) max [w] + 2¢2 ™14 / A (u — v)||Aw|dy,
M
+ 2™ 14 ma Ju / IA(u — v)||2k, — A(u + v)|dv,
M

+ 400e™2x Iv! / |u — v||Aw|dv, max |k,|
M

+262maXIu| ma,xlu —'Ul . ”UH : ”w”
< Cllu — | - [Jwll,
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where C' > 0 depends on ||ull, ||v||, J(uv) and max|k,|. This proves the re-
sult. (|

Also we note that if we define H = {u € HZ| [,,e**dv, = [,,dv,}, we
have

Proposition 2.2. H is a weakly closed subset in HZ.

Proof. Weakly convergent subsequences in HZ is strongly convergent se-
quences in H?. [,,e**dv, is a weakly continuous functional on H7 by
Moser’s inequality. Thus it is a weakly continuous functional on H;. We are
done. O

3. Proof of Main Theorem for x(M) < 0.

The proof of the main theorem in this case will consist of several lemmas.

Lemma 3.1. Let (M,g) be a closed Riemann surface with x(M) < 0.
If the Gaussian curvature k, is positive somewhere, there exists a function
u € HZ so that the metric § = e**g has nonpositive Gaussian curvature k;
and [y, k2dv; < [, Klduv,.

Proof. Choose
—k, ky >0
s =
k, k, <0.

Then it is clear that s < 0. Let us consider
(3.1) Au + se® = k,.
Clearly, if ¢ = 0, then

2k,  k,>0
A(pﬂew_kg:{o " k<o
9 =

kgdug
which is always nonpositive. Let ¢ be a solution of A¢ = &k, — :%(Tw—'

By standard elliptic theory, up to add a constant to ¢, ¢ is unique. We fix
a solution by requiring f,, ¢dv, = 0. Choose N > 0 large enough so that
se?~N — —fﬂ%—t—ig—’i > 0 and ¢ — N/2 < 0. It is clear that such an N exists.

Vg

Then set v = ¢ — N/2, we can get

B Jor kgdug

>0
fM dv,

Av + se® — k, = se*®™N
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and v < 0. Therefore ¢ = 0 is a supper solution and v is a sub-solution
of the equation (3.1). By standard elliptic theory, equation (3.1) has a H?
solution w since s and k, are in L?*(M), [S, Theorem 2.4; Chapter 1].

Now choose a constant a such that f 2(’”+"‘)dv = [y, dv,, and set k =

e~2* < (0. Since w < 0 and —2a = log 47— by the convexity of the ex-

ponential function, & > 0. Also [,, (k)22 dy, = [,, s?e~ 42 (v +0)dy, =
Jup 8220 =dv, < [, s?dv, = [, k2dv,. Thus 1f we set u = w + «, then
g = e*g will satisfy the requirement. This completes the proof of Lemma

3.1. g

Lemma 3.2. Ifu€ HZ, J(u) < Co,ky — Au < 0 and [,, e*dv, = [, dv,,
there ezist constants Cy,C, depending only Cy and k, and [,, dv, such that
the following inequality holds: C, < u < Cj.

Proof. Let ¢ be a solution of the equation Ay = k, Ij'—lw with [, pdv, =

0. Since k, is continuous and ¢ is in C?, ¢ is in HZ. There exist constants
«a and B such that a@ < ¢ < [ where @ and 3 only depend on k,.
Now from J(u) < Cy, we have

Co > J(u) = / e~ (k, — Au)?dy,
M
_>_/ e? =P (k, — Au)*e™dv,
M

=e % /M e 2= (k, — Au)?dv,

2
_ e—zﬁ/ o~ 2u=¢) k, — Ju kg dvg + Jar Ko dug —Au
M Jar dvg Jar dvg

2
_ 20 —2(u—gp) Jar kgdvg — Ay — d
e /M e (——————fM v, (u—¢)| dy,

2
— e—2ﬂ l:(f},j kfilzvg> / e—2(u—<p)d,vg
M %Y M

ka du, / —2(u—)
e "TYA(u — @)dv
fM d'Ug M ( (p) g

+ /M e 249 (A(u — )’ dvg]

2
Y S kgdvg —2(u—)
=e —_— [
fM dv, M
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_4ka dv,
fMd”y

+ /M ¢20=9) (A(u — ))? dvg] .

[ eV g,
M

The above inequality and the fact that f,, k,dv, = x(M) [,, dv, < 0 imply
that

C ew(f dv,)?]
] —2(u—p) < { 0 M™%V
—2(u—y) _ 2 [C()e M dv']]
(3.3) | e =), < Cir ey
(3.4) / e 29| A(u — @)|? < Coe?P.
M

Simply (3.2) gives us

e?a/ 24y </ e [Cﬂew(fMdvy)?]
M = Ju - (far kgdvg)® 7

or equivalently,

Coe? B~ ([, dv,)?
3.5 / “2udy, < M 97 .= (Cf.
(3:5) M ¢ Yo = (fM kgdvg)2 ’

By using the convexity of the exponential function, we can get that
— [y 2udv, < logCj from (3.5). Since [,, e*dv, = [,,dvy, 2 [,, udv, <
log [, dv, := Ci.

From now on we will assume that the volume f,, dv, = 1.

Thus C, = 0. Anyway, we get | [,, udv,| < %62 Now

(3.6) u(p) — /M udv, = — /M GAudy,

where G is Green’s function associated to Laplace operator A. We can
choose G such that it is positive everywhere [A, Theorem 4.14]. These give
us the estimate on u as follows

u(p)——/ udv, :/ G(kg—Au)dvg——/ k,Gdv,
M

< (/ (k,) dvg)l/2 (/ G2dvg)

= 05-
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This implies that

1/2 1/2
u(p) < (/ Udvy) + (/ (kg)zdvg> (/ sz’”y) < log Cs +C5 :=C,.
M M M 2

As p is arbitrary on M, u < C,.
Apply (3.6) with u replaced by e™ to get

e —/ e “dvy, = —/ GAe “dv,
M M
(3.7) _ /M ¢ "G (Au — [Vuf)dv,
S/ e "G Audv,
M

(e (f o)

where we have used the fact that A(e™*) = e *(|Vu|®* — Au). But from
(3.3), we obtain

Coe*? >/ e 2= (A(u — ¢))*dv,
= [ eI aw? - 2800 + (Ap)dy,
2/ e =9 (Au)?dv, — 1/2/ (Au)?e~2() gy,
M M
~2 [ (ApPe v, + [ (Bp)e 2y,
M M

= 1/2/ e 2(v=9)(Au)?dv, ~/ (Ap)2e 2= dy,.
M M

This simply implies that
(3.8)

l/ e ?*(Au)’dv,e?
2Jum
< l/ e~ 2 =9) (Au)?du,
2 /M
< [ e A=) v, + [ 700 (Ap)an,

< Coe* +/ (/ kydvg — ) e 2 dv, - e*?
< [CO+2 ( / kgdvg) / e dv, + 2 / ke ZUdUg] e
M M
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2
< {Co +2 [(/ k_,,dvg) + (ma.x|kg|)2} Cg} 28
M
— Cﬁ
by using (3.5) and (3.7). Thus this implies that

1/2
(3.9) e ) < % + ( / Gz) (2C5)' /e
M

=
Hence, by taking log on both sides of (3.9), we have u(p) > C;. As before,
p is a general point on M, we have what we need to show. O

Lemma 3.3. Ifu€ HZ J(u) < Co,k, — Au <0 and [,, e**dv, = [,,dv,,
there exists a constant C; depending on Cy,k, and [,,dv, only such that
|lull < Cr.

Proof. 1t is clear from (3.8) and Lemma 3.2 that

1 1

—eT20z . 2o / (Au)idv, < —ez"‘/ e (Au)’dv, < Cs.

2 M 2 M

If we define C; to be 2{2Cse¢*“2=%) + (C} + C2)}, combining with Lemma
3.2, the result follows. O

Lemma 3.4. The weak solution of the equation (2.8) ezists.

Proof. Let ap = inf,ep J(u). Suppose that {u;} is a minimizing sequence in
H? for the functional J with [,, e dv, = [, dv,. Without loss of generality
by applying Lemma 3.1, we can choose a minimizing sequence {u;} such
that k, — Au; < 0. Then Lemma 3.3 implies that {u;} is bounded in
H?. Thus there exists a subsequence of {u;} still denoted by {u;} and a
function uy € HZ such that u; is weakly convergent to uo in H and u; is
pointwise almost everywhere convergent to uy because H? is reflexive and
the Proposition 3.43 of [A]. Now we have to show that J(ug) = ¢ in order
to show that u, weakly satisfies the equation (2.8). On the one hand, since
the subset H of H is weakly closed by Proposition 2.2, ug is in the subset
H. By definition of g, we can easily see that ay < J(up). On the other
hand, we have

(3.10)
J(un) — J(uo)

- / =2 (k, — Auy)’dv, — / =2 (k, — Aug)’du,
M M
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- / (€72 — e~2%0)k2dy, — 2 / ky (€724 Ay, — 2% Aug)do,
M M
+ / [e72" (Au,)? — €72 (Aug)?] dv,
M
= [ (e — e )kidn, ~2 [y — e2) Aundy,
M M
— 2/ kge 2" A(un — uo)dv, + / e 2 (A(u, — ug))3dv,
M M
+ 2/ e 2 Aug A (un, — uo)dv, + / (€72 — e72"0)(Auyg) du,
M M
> / (e72% —e7?)k2dv, — 2/ ky(e72% — e7%%) Au,dy,
M M

- 2/ ke A(u, — uo)dv, + 2/ (€72 — e72%) AupA(u, — ug)du,
M M

+ 2/ e 2" AugA(u, — up)dv, + / (€72 — e7%"0)(Aug)*du,
M M
=1+IT+I1IIT+IV+V +VI

As n goes to oo, I and VI go to zero because e~?%» goes to e~?“ pointwise
almost everywhere and the Dominated convergence theorem (Theorem 3.32
of [A]) can be applied; IIT and V go to zero by the definition of the weakly
convergence in H2. For II,

/ k,(e7?"" — e72"0) Au,dv,
M

< max |k, | [ /M(Aun)zdvy] v [ /M(e—%n - e-2u°)2dvy]

-0

1/2

by the Holder inequality and the Dominated convergence theorem again since
[|un|| is uniformly bounded. Similarly we can estimate the term IV, we will
leave it to reader.

By letting n — oo in (3.10), we have that ag — J(ug) > 0, i.e., J(ug) < ap.
The Lemma, is proved. O

Remark. In fact, we can show that J(u) is weakly lower semicontinuous
on H2. Since we do not need this, we will not give a proof here.

Lemma 3.5. The weak solution of the equation (2.8) is smooth if kg, is
smooth.

Proof. Suppose u, satisfies (2.8). Set s = e"2*0(k, — Aug) and X* — s* = f.
Then it is clear that equation (2.8) can be written as

As = e*™ f.
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Since ug € HZ, s must be square integrable. If we set v = s — || ar 8dvg, above
equation looks like:
Av = e®™ f.

By applying Theorem 3.67 of [A] on p. 91, we can get that [,, |[Vv|*dy,
is finite. Then v is in L? for all p by applying same theorem. Now the above
equation tells us that Awv is square integrable. Thus v , so s, is continuous.
By using the definition of s, we can see that uy is in C%. Then s is in C?
which will imply that uy is in C*. Repeating this argument, we can easily
see that ug is smooth. This finishes the proof. In fact, we will see later that
s is a constant. O

4. x(M) =0 case.

In this case, for a given metric g on a Riemmann surface with [, k,dv, = 0,
we can choose a function ¢ such that Ap = k and [, e**dv, = [,, dv,by
standard elliptic theory. Now J(p) = [,, € 2 (k, — Bp)’dv, = [, 729 (kg —
ky)?dv, = 0. Thus ¢ is a minimizer for J. Of course, ¢ is smooth.

5. The scalar curvatures of the extremal metrics.

In this section, we will prove the following theroem due to Calabi:

Theorem. For a Riemann surface, the extremal metrics have constant
scalar curvatures.

The proof will follow easily from the following

Lemma 5.1. Let (M,g) be a compact Riemann surface. If the Gaussian
curvature k of the metric g satisfies

(5.1) Ak +k* = \?

for some constant A, then Vk is a conformal vector field.

Proof. The Vk is a conformal vector field if and only if its components satisfy
kij +kji=2fg,

in local coordinates for some function f. That is to say that we only need
to show that the hessian of the Gaussian curvature is proportional to the
metric g. The standard Ricci identity shows that

1
EAW’“F =Yk} + (VAK, VE) + Rijkk;.
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But for a Riemann surface, R;; = kg;;. Thus
1
5A|Vk|2 = |Hess(k)|*> + (VAk, Vk) + k|VEk|>.
By using (5.1), we get

%A|Vk|2 — |Hess(k)[? — k| V|2

o (AR (AR
2 2
Also by using integration by parts and (5.1) we obtain

— k|VE[.

(5.2) = | Hess(k)|

/ lek|2dvg=/ k- Vk - Vkdy,
M M
-1 / k* Akdv,
2 Jm
_1 / (A2 — k%) Akdy,
2/ m
_1 / (Ak)?dv,.
2J/um

Now, we integrate both sides of (5.2) to get

2
0=/ IHesskIdeg—/ (&%) dv,
M M 2

-/ 2

dv,.
The last equality holds because of a well known identity. The Lemma can
be seen easily from this. O

Hess(k) — %’Eg

Proof of Theorem. Set g’ = e*g. Then we have Ay = e >*A, and
ky = e 2% (k, — Aup). Thus the equation (2.8) can be written as

(5.3) Ayky + kﬁ, = \2
Thus Lemma 5.1 can be applied to show that Vk, is a conformal vector

field with respect to metric g’. But a conformal vector field X on a manifold
M satisfies the identity

X - 54dvy =0
M

where s, is the scalar curvature of the metric g ([BE],[X]). In our case,
8g = 2ky. Thus we have

2/ |ng1|2d’0gl =0
M
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Therefore, 4|Vk,|?> = 0. That is, k, is a constant. The theorem is proved.
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