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Abstract: We give a classification of irreducible symmetric spaces which admit standard

compact Clifford—Klein forms. The method uses representation theory over the real number field
and the criterion for properness and cocompactness of the action on homogeneous spaces due to

11

T. Kobayashi.
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1. Introduction and main theorem. Let
G be a Lie group, H a closed subgroup of G and I a
discrete subgroup of G. If I' acts on a homogeneous
space G/H properly discontinuously and freely,
then the double coset space I'\G/H has a natural
manifold structure. In this case, the double coset
space I'\G/H with the manifold structure is called
a Clifford-Klein form of G/H and T is called a
discontinuous group for G/H.

In the late 1980s, a systematic study of
Clifford—Klein forms for non-Riemannian homoge-
neous spaces was initiated by T. Kobayashi. One of
important problems in the field is the following:

Problem 1.1 ([Ko89], [Ko0l, Problem B]).
Which homogeneous space G/H admits a compact
Clifford—Klein form?

Our interest is in the case where G/H is of
reductive type, namely, where G O H are both real
reductive linear Lie groups. In this case, G/H
carries naturally a pseudo-Riemannian structure for
which G acts isometrically.

Not every homogeneous space G/H carries a
large discontinuous group when H is noncompact
because the action of an isometric discrete group
is not necessarily properly discontinuous. A useful
method to construct large discontinuous groups is
to use continuous analogue of discontinuous groups.

Definition 1.2 (standard Clifford-Klein form
[KK16, Definition 1.4]). Let G/H be a homoge-
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neous space of reductive type and I' a discontinuous
group for G/H. A Clifford-Klein form T'\G/H is
called standard if there exists a reductive subgroup
L containing I' and acting on G/H properly.

Some homogeneous spaces admit compact
Clifford—Klein forms by using continuous analogue
as follows:

Fact 1.3 ([Ko89]). Let G/H be a homoge-
neous space of reductive type. If there exists a
reductive subgroup L of G acting on G/H properly
and cocompactly, then G/H admits a standard
compact Clifford—Klein form I'\G/H by taking any
torsion-free uniform lattice " of L.

Thus Fact 1.3 gives an affirmative answer to
Problem 1.1 for G/H admitting such a reductive
subgroup L. Conversely, the following conjecture
was proposed by T. Kobayashi.

Conjecture 1.4 ([KoO1, Conjecture 4.3],
[KY05, Conjecture 3.3.10]). Let G/H be a homo-
geneous space of reductive type. If G/H admits a
compact Clifford—Klein form, then G/H admits a
standard compact Clifford—Klein form.

No counterexample to Conjecture 1.4 has been
known so far. (We remark that not all compact
Clifford—Klein forms are standard: it may happen
that a deformation of a standard compact Clifford—
Klein form yields a nonstandard compact Clifford—
Klein form [G85], [K098].) On the other hand, many
evidences supporting the conjecture have been
obtained by T. Kobayashi, K. Ono, R. J. Zimmer,
R. Lipsman, Y. Benoist, F. Labourie, K. Corlette,
S. Mozes, G. A. Margulis, H. Oh, D. Witte,
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Table I. Symmetric spaces G/H that admit proper and
cocompact actions of reductive subgroups L

G/H L

1 SU(2,2n)/Sp(1,n) U(1,2n)
2 SU(2,2n)/U(1,2n) Sp(1,n)
3 S0(2,2n)/U(1,n) SO(1,2n)
4 S50(2,2n)/S0(1, 2n) U(1,n)
5 S0(4,4n)/SO(3,4n) Sp(1,n)
6 S0(4,4)/50(4,1) x SO(3) Spin(4,3)
7 50(4,3)/50(4,1) x SO(2) G

8 80(8,8)/S0(7,8) Spin(1,8)
9 S0(8,C)/S0(7,C) Spin(1,7)
10 S0O(8,C)/S0(7,1) Spin(7,C)
11 SO*(8)/U(3,1) Spin(1,6)
12 SO*(8)/50*(6) x SO*(2) Spin(1,6)

T. Yoshino, T. Okuda, N. Tholozan and Y. Morita
among others, see [Ko89], [KO90], [Ko92a],
[K092b], [Z94],[Li95],[Bn96], [LMZ95],[C94],[Ma97],
[OWO00], [KYO05], [Ok13], [Th], [Mol5].

If Conjecture 1.4 were proved to be true, the
answer to the following question would give a
solution to Problem 1.1.

Question 1.5. Classify homogeneous spaces
G/H of reductive type which admit standard
compact Clifford—Klein forms.

The goal of this paper is to give an answer to
Question 1.5 for irreducible symmetric spaces G/H.

In the case where G/H is a symmetric space,
T. Kobayashi discovered that 5 series and 7 sporadic
types of non-Riemannian symmetric spaces admit
compact Clifford—Klein forms by using Fact 1.3.

Fact 1.6 ([KY05, Corollary 3.3.7]).
metric spaces G/H in Table I admit standard
compact Clifford—Klein forms. Here n = 1,2, ---.

From now on, we assume that G is a linear
noncompact semisimple Lie group. For a Cartan
involution 6 of G, we write g=%t+p for the
corresponding Cartan decomposition of the Lie
algebra g of G and set K :=G?={g€ G :0(g9) =
g}. Then K is a maximal compact subgroup of G
and G/K is a Riemannian symmetric space.

Theorem 1.7. Let G be alinear noncompact
semisimple Lie group and G/H an irreducible
symmetric space. If G/H admits a standard com-
pact Clifford-Klein form, then G/H s locally
isomorphic to one of the following:

e a Riemannian symmetric space G/ K,
e a group manifold G' x G'/ diag G,
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e one of the homogeneous spaces in Table I.

2. Outline of proof of Theorem 1.7.
Among all irreducible symmetric spaces [Br57], we
prove that there are not many candidates for
irreducible symmetric spaces G/H that admit
standard compact Clifford—Klein forms other than
those listed in Theorem 1.7. This statement is
formulated as follows:

Proposition 2.1. Let G be a simple Lie
group and G/H a symmetric space with noncompact
H. If G/H admits a standard compact Clifford-
Klein form, then G/ H is locally isomorphic to one of
the homogeneous spaces listed in Table I or in the
following symmetric spaces:

* SO(p,q+1)/50(p,q) (1 <q < HR(p)),
* SO(p,q+1)/50(p,1) x SO(q) (1 <q < HR(p)),
* SU(2p,29)/Sp(p, q) (1<g=<p),

® E6(714)/F4(720)-

Here HR(p) denotes the Hurwitz—Radon number
defined by

HR(p) :=8a + 2°,

where a € Z>q and B € {0,1,2,3} are determined by
the following equation

p = 2" . (0dd number).

The proof of Proposition 2.1 uses Facts 2.2 and
2.3 below.

Fact 2.2 ([Ko89, Example 4.11]). The sym-
metric space Sp(2n,R)/Sp(n,C) does not admit
compact Clifford—Klein forms for any positive
integer n.

Fact 2.3 ([KY05]). Let G/H be a homoge-
neous space of reductive type. If G/H admits a
standard compact Clifford—Klein form, then its
tangential homogeneous space Gy/Hy admits a
compact Clifford—Klein form. Here Gy and Hy are
the Cartan motion groups of G and H, respectively,
defined by using a Cartan involution 6 of G such
that (H) = H as follows:

Gy = K x p,
Hy:= (KNH)x (pNh).

For tangential homogeneous spaces, a criterion
for the existence of compact Clifford—Klein forms
was obtained in [KY05].

For the three families of symmetric spaces in
Proposition 2.1 except for Eg_14)/Fy—20), the meth-
od of our proof for Theorem 1.7 is the following:
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(A) Kobayashi’s criterion for a reductive subgroup

L to act properly on G/H [Ko89],

(B) Kobayashi’s criterion for a reductive subgroup

L to act cocompactly on G/H [Ko89],

(C) an upper bound of the dimension of represen-

tations of the “primary simple factor” of L,
(D) a generalization of Iwahori’s criterion for finite

dimensional representations of real semisimple

Lie algebras to admit certain structures (see

Proposition 2.9).

The step (A) concerns the criterion for properness
of the action in the setting that G is a linear
reductive Lie group and H, L are reductive
subgroups of G.

Fact 2.4 (properness criterion, [Ko89, Theo-
rem 4.1]). We fix a Cartan involution of G and
take a maximally split abelian subspace a of g. Take
Cartan involutions 6 and 6, of G such that 6, (H) =
H and 6y(L) = L. Take maximal abelian subspaces
ay b and o) C ™. Then we can and do
take Si,S> € Int(g) such that agy := Si(ay),ar :=
So(a;) C a. Then the following two conditions on
the triple G, H and L are equivalent:

(i) the natural action of L on G/H is proper,

(ii) ag Nag = {0} modulo W-actions.
Here W = W(g,a) is the Weyl group coming from
the restricted root system of g with the maximally
split abelian subspace a of g.

Remark 2.5 ([Ko89, Corollary 4.2]). If the
L-action on G/H is proper, then the following
inequality holds:

rankg L < rankg G — rankg H.

For the step (B), to state the criterion of the
cocompactness, let us recall the noncompact di-
mension d(G) of a linear reductive Lie group G,
which is defined by

d(@) :=dimG/K = dimp.

Fact 2.6 (cocompactness criterion, [Ko89,
Theorem 4.7]). In the same setting, under the
assumption that the L-action on G/H is proper, the
following two conditions on the triple G, H and L
are equivalent:

(i) L\G/H is compact,
(ii) d(G) =d(L) + d(H).

Owing to Facts 2.4 and 2.6, Question 1.5 is
reduced to classifying G/H that admits a reductive
subgroup L of G such that
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ar, Nag = {0} modulo W-actions
{ d(L) = d(G) — d(H).

Suppose there exists such a subgroup L. Let n be
the dimension of the natural representation of G.
We write p : [ — sl(n, C) for the differential of the
composition L — G C GL(n,C). We shall find a
numerical necessary condition for the pair (I, p),
namely, find an upper bound of the dimension of
representations of the “primary simple factor” of L.

Definition 2.7. Let [ be a reductive Lie
algebra and [ = 3 @ [** a Levi decomposition, where
3 is the center of [ and [** is the semisimple Lie
subalgebra. Suppose

=Ld - Bl

is the decomposition into noncompact simple ideals
labeled as follows:

rankg L; ~ rankg L;.i1

(i=1,---,k=1).
We call [y the primary simple factor of .

We use the primary simple factor [, when
rankg G — rankg H > 2 because [ is not necessarily
simple in this case. Then we also use the following

inequality:
Lemma 2.8.
d(L*) d(L1)
rankg L% ~ rankg L;

The step (C) concerns an inequality for the
primary simple factor [y and any irreducible com-
ponent 7w of the restriction ,0|[1. We illustrate the
case G/H = SU(2p,2q)/Sp(p,q). In this case, we
get the following inequalities.

d(LSS)

rankg L5 —

d(Ly)

dim7m < dimp < .
rankr L

These inequalities give strong constraints about
possible pair (7, l;) (see Table II), which is useful
for the classification of the triple G, H and L in
Question 1.5.

For the last step (D), we prepare some nota-
tions. Let g be a real semisimple Lie algebra. We
denote by Irr(g) the set of equivalence classes of
irreducible finite dimensional representations of g.
Then we define a subset Irr(g) of Irr(g) by

Irr(g) := {p € Irx(g) : p ~ p},

where p is the complex conjugate representation of
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Table II. Possible pairs of a simple Lie algebra [; and its
irreducible representation 7 satisfying the above inequality.
Here, 7 is the standard representation of each [j.

6] dim 7 ,.ai(ki' )L]

ﬁ[(n C) (n>2) n n+1

u*(2n) (n >2) 2n 2n+1
su(k,é) 2<k>(>1) k+¢ 2k

s0(2n+1,C) (n > 2) 2n+1 2n+1

s0*(dn+2) (n>1) dn+2 dn+2

sp(n,C) (n > 2) 2n 2n+1
sp(k,0) (k>¢>1) 2(k+12) 4k
95 7 7

p. For a representation p:g— sl(n,C) and =« €
Irr(g), we write m, := dim Homgy(m, p). We use the
following map given in [I59, §9]:

index : Irr(g) — {£1}.

We apply these notations to real semisimple Lie
algebras g, instead of g, where g¢ is a complex
semisimple Lie algebra and o is a real structure on
gc and write index, 7 € {£1} for 7 € Irr(gZ).

Proposition 2.9. Letgc be a semisimple Lie
algebra over C, T a real structure on gc and
p: g — sl(n,C) a representation. Let m be one of

the following Lie algebras sl(n,R), su*(2m), so(n, C)
and sp(m,C), where m:=3n for n even. Then
the following two conditions on gc, T and p are
equivalent:

(i) there exists o« € Int(sl(n,C)) such that
a(p(gg)) Cm,
(ii) p~p as a representation of g% and

(eindex, m)"" =1 for any 7 € Irr°(gZ).
Here, € € {£1} and o are given as follows:

m | e o
sl(n,R) || +1 | 7
su*(2m) || =1 | 7
s0(n,C) [ +1 ] 6
sp(m,C) || -1 | 6

Here 0 is a compact real structure on gc.

The last step by using Proposition 2.9 gives
further constraints on possible triples G, H and L in
Question 1.5.

Detailed proof will appear elsewhere.
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