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Abstract: Motivated by a profound observation of A’Campo we investigate the behaviour

of the curvature of fðz; wÞ ¼ c; f 2 Cfz; wg; jcj small, along infinitesimals. We use the language of

infinitesimals as introduced in [2]. Along the way we introduce the important notion of gradient

canyon, and prove several theorems in which this notion plays the key role. In this paper we give

three such theorems and mention several other facts, to be published elsewhere.
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1. Introduction. Let fðx; yÞ 2 Rfx; yg be a

real analytic function germ, fð0; 0Þ ¼ 0. The level

curves f ¼ c, 0 < jcj < �, have ‘‘bumps’’ near 0, as

we all know.

Consider two simple examples:

f2ðx; yÞ ¼ 1
2x

2 � 1
3y

3; f4ðx; yÞ ¼ 1
4x

4 � 1
5y

5:

We all know f2ðx; yÞ ¼ c attains maximum

curvature when crossing the y-axis. However, a

profound observation of N. A’Campo is that this is

rather an isolated case. For example, the curvature

of f4 ¼ c is actually 0 on the y-axis; the maximum

is attained instead as the level curve crosses x ¼
�ay4=3 þ � � �, a 6¼ 0 a certain constant.

Motivated by this observation we explore this

idea using the language of Newton-Puiseux infini-

tesimals ([2], [3], recalled below) and the notion of

‘‘gradient canyon’’.

Given fðz; wÞ 2 Cfz; wg. A level curve

fðz; wÞ ¼ c is a Riemann Surface in C2 ¼ R4,

having Gaussian curvature

Kðz; wÞ ¼ 2j�fðz; wÞj2

ðjfzj2 þ jfwj2Þ3
;ð1:1Þ

�fðz; wÞ :¼
fzz fzw fz

fwz fww fw

fz fw 0

�������
�������:

(This is actually the negative of the usual Gaussian

curvature defined in text books.)

Take a holomorphic map germ

� : ðC; 0Þ �! ðC2; 0Þ; �ðtÞ 6� 0:

Let �� :¼ Imð�Þ be the image set germ. Being an

irreducible curve germ in C2, it has a unique

tangent T ð��Þ at 0; T ð��Þ is a point of the Riemann

Sphere CP 1.

We call �� a (Newton-Puiseux) infinitesimal

at T ð��Þ. The Enriched Riemann Sphere is

CP 1
� :¼ f��g.
The image of t 7! ðat; btÞ is identified with

½a : b� 2 CP 1; hence CP 1 � CP 1
� .

The curvature computed along ��, if not zero,

can be written as

Kð�ðtÞÞ ¼ asL þ � � � ; a > 0; L 2 Q;

where s ¼ sðtÞ is the arc length. This is dominated

by the leading term asL as s! 0.

If K � 0 along ��, we write ða; LÞ :¼ ð0;1Þ.
Hence we introduce the notations

ða; LÞ :¼ a�L; 0V :¼ 0�1;

VðRÞ :¼ fa�L j a 6¼ 0g [ f0Vg;
where � is a symbol.

A lexicographic ordering on VðRÞ is defined: 0�
is the smallest element, and

a�L > a0�L
0

if and only if either L < L0;

or else L ¼ L0; a > a0:

Write a�L 	 a0�L
0

(substantially larger than) if

L < L0; e.g., 2�3=2 > �3=2 	 1010�2 	 0V .
The curvature function K� on CP 1

� , and the

component L�, are defined as follows:

K� : CP 1
� �! VðRÞ; �� 7! a�L; L�ð��Þ :¼ L:
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We define the A’Campo bumps of K�. We tell

how to compute them in Theorem A; Theorem B

asserts that a bump is a local maximum of K�.
Theorem D gives a formula on the total curvature

over a gradient canyon.

A different approach was taken in [1], [4], [5].

To exclude the uninteresting cases, we shall

assume throughout this paper that OðfÞ 
 2, and

that K� 6¼ const on CP 1
� .

For example, f ¼ ðz� w2Þ2 has K� ¼ 8, a con-

stant. To us, there is no A’Campo bump.

2. Structures on CP 1
� ; main results. Re-

call that the classical Newton-Puiseux Theorem

asserts that the field F of convergent fractional

power series in an indeterminate y is algebraically

closed. ([6], [7].)

A non-zero element of F is a (finite or infinite)

convergent series

�ðyÞ ¼ a0y
n0=N þ � � � þ aiyni=N þ � � � ;ð2:1Þ

n0 < n1 < � � � ; ni 2 Z;

where 0 6¼ ai 2 C, N 2 Zþ, GCDðN;n0; n1; . . .Þ ¼ 1.

The conjugates of � are

�
ðkÞ
conjðyÞ :¼

X
ai�

kniyni=N ; 0 � k � N � 1;

� :¼ e
2�
ffiffiffiffi
�1
p

N :

The order is Oyð�Þ :¼ n0=N, Oyð0Þ :¼ þ1.

The following D is an integral domain with

quotient field F, ideals D1, D1þ :

D :¼ f� 2 F j Oyð�Þ 
 0g; D1 :¼ f� j Oyð�Þ 
 1g;
D1þ :¼ f� j Oyð�Þ > 1g:

As in Projective Geometry, CP 1
� is a union of

two charts: CP 1
� ¼ C� [C0�,

C� :¼ f�� 2 CP 1
� j T ð��Þ 6¼ ½1 : 0�g;

C0� :¼ f�� 2 CP 1
� j T ð��Þ 6¼ ½0 : 1�g:

Take � 2 D1 as expressed in (2.1). The map

germ (abusing notation)

� : ðC; 0Þ �! ðC2; 0Þ; t 7! ð�ðtNÞ; tNÞ;

is holomorphic. Hence �� 2 C�; all conjugates of

�ðyÞ give the same ��.
The Newton-Puiseux coordinate system on C�

is, by definition, the surjection

� : D1 �! C�; � 7! ��:

If �� is given, the congugate class of � is unique;

� 2 D1þ if and only if T ð��Þ ¼ ½0 : 1�.

To define the contact order Cordð��; ��Þ, we can

of course assume ��; �� 2 C�. Then
Cordð��; ��Þ

:¼
1 if �� ¼ ��,
maxi;jfOyð�ðiÞconjðyÞ � �

ðjÞ
conjðyÞÞg if �� 6¼ ��.

(

The horn subspaces of CP 1
� centred at �� of

degree e, eþ are, respectively,

Heð��Þ :¼ f�� j Cordð��; ��Þ 
 eg;
Heþð��Þ :¼ f�� j Cordð��; ��Þ > eg:

In particular, Cordð��; ��Þ ¼ 1 if T ð��Þ 6¼ T ð��Þ, and

H1ð��Þ ¼ CP 1
� for all ��.

When there is no need to specify ��, we write

He :¼ Heð��Þ.
We can see that if 	ðyÞ ¼ �ðyÞ þ ½cye þ � � ��,

c 2 C generic, then L�ð	�Þ is a constant. We write

this constant as L�ðHgrc
e Þ.

A horn interval of radius r, r > 0, is, by

definition,

Heð��; rÞ :¼ f�� j �ðyÞ ¼ �ðyÞ þ ½cye þ � � ��; jcj � rg:

Definition 2.1. A horn subspace Heð��Þ is a

curvature tableland if

(1) �� 2 Heð��Þ ¼) L�ð��Þ 
 L�ðHgrc
e ð��ÞÞ; and

(2) in the case e > 1, there exists e0, 1 � e0 < e,

such that

�� 2 He0 ð��Þ �Heð��Þ
¼) L�ð��Þ > L�ðHgrc

e ð��ÞÞ:

For f ¼ z2 � w3, H1 is not a curvature table-

land, L�ð0�Þ ¼ �4 < L�ðHgrc
1 Þ ¼ 0.

Definition 2.2. Let He be a curvature

tableland. Take �� 2 He. We say K� has an

A’Campo bump on Heþð��Þ, or simply say Heþð��Þ
is an A’Campo bump, if

9 � > 0; 
� 2 Heð��; �Þ ¼) K�ð��Þ 
 K�ð
�Þ:ð2:2Þ

Let us apply a unitary transformation (if

necessary) so that f is mini-regular in z, i.e.,

fðz; wÞ :¼ Hmðz; wÞ þHmþ1ðz; wÞ þ � � � ;ð2:3Þ
Hmð1; 0Þ 6¼ 0;

where m ¼ OðfÞ, Hkðz; wÞ a homogeneous form of

degree k. Let us also write

Hmðz; wÞ ¼ cðz� c1wÞm1 � � � ðz� crwÞmr;ð2:4Þ
mi 
 1; ci 6¼ cj if i 6¼ j;

where 1 � r � m,
P
mi ¼ m, c 6¼ 0. Thus Hmðz; wÞ

is degenerate if and only if r < m.
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Let �i denote the Newton-Puiseux roots of

fðz; wÞ, and �j those of fz:

fðz; wÞ ¼ unit �
Qm

i¼1ðz� �iðwÞÞ;ð2:5Þ
fzðz; wÞ ¼ unit �

Qm�1
j¼1 ðz� �jðwÞÞ;

where Owð�iÞ, Owð�jÞ 
 1. Each �j, or �j�, is called

a polar.

Definition 2.3. Given a polar �. Let dgrð�Þ
denote the smallest number e such that

OwðkGrad fð�ðwÞ; wÞkÞð2:6Þ
¼ OwðkGrad fð�ðwÞ þ uwe; wÞkÞ;

where u 2 C is a generic number. We call dgrð�Þ
the gradient degree of �.

The D-gradient canyon of �, and the �-gradient

canyon of �� are, respectively,

Gð�Þ :¼ f� 2 D1 j Oyð�� �Þ 
 dg;
G�ð��Þ :¼ Hdð��Þ; d :¼ dgrð�Þ:

When there is no confusion, we write

d :¼ dgrð�Þ; G :¼ Gð�Þ; G� :¼ G�ð��Þ:

The degree and multiplicity of G, G� are,

respectively,

dgrðGÞ :¼ dgrðG�Þ :¼ dgrð�Þ;
mðGÞ :¼ mðG�Þ :¼ ]fkjGð�kÞ ¼ Gð�Þg:

Note. In general, mðGÞ 6¼ ]fkj�k 2 Gð�Þg. See

Example 2.5.

Definition 2.4. We say � is maximal, or has

maximal gradient degree, if

(1) dgrð�Þ <1,

(2) Oð�j � �Þ 
 dgrð�Þ ¼) dgrð�jÞ ¼ dgrð�Þ, i.e.,

Gð�jÞ � Gð�Þ ¼) Gð�jÞ ¼ Gð�Þ.
In this case we say the D-gradient canyon Gð�Þ is

minimal.

Note. If � is a multiple root of fðz; wÞ, then

d ¼ 1, Gð�Þ ¼ f�g.
Example 2.5. Take f ¼ zm � wn, 2 � m �

n. There is only one polar � ¼ 0,

dgrð�Þ ¼ n�1
m�1

; G ¼ fuy
n�1
m�1 þ � � � j u 2 Cg;

mðGÞ ¼ m� 1:

Take g ¼ z4 � 2z2w2 � w100, �1 ¼ 0, �2; �3 ¼
�w. Then dgrð�1Þ ¼ 97, dgrð�2Þ ¼ 1,

Gð�1Þ � Gð�2Þ ¼ Gð�3Þ ¼ D1;

mðGð�2ÞÞ ¼ 2; ]fkj�k 2 Gð�2Þg ¼ 3:

Here �1 is maximal, but �2; �3 are not.

Given �. We now define L� 2 Q, and a rational

function R�ðuÞ, R�ðuÞ 
 0, u 2 C.

We can assume � 2 D1þ so that T ð��Þ ¼ ½0 : 1�.
If d > 1, define L�, R�ðuÞ by

Kð�ðyÞ þ uyd; yÞ :¼ 2R�ðuÞy2L� þ � � � ;ð2:7Þ
R�ðuÞ 6� 0;

where y can be considered as the arc length of

ð�ðyÞ þ uydÞ� since lim y=s ¼ 1.

In the case d ¼ 1, L� and R�ðuÞ are defined by

Kð�ðyÞ þ uyffiffiffiffiffiffiffiffiffiffi
1þjuj2
p ; yffiffiffiffiffiffiffiffiffiffi

1þjuj2
p Þ :¼ 2R�ðuÞy2L� þ � � � ;ð2:8Þ

R�ðuÞ 6� 0:

Lemma 2.6. The function R�ðuÞ 
 0 is

defined and continuous for all u 2 C,

L� ¼ �d; limu!1R�ðuÞ ¼ 0:ð2:9Þ

Hence the absolute maximum of R�ðuÞ is attained.

(There may be many local maxima.)

Theorem A. A minimal D-gradient canyon

is a curvature tableland, and vice versa.

Take a maximal polar � and a local maximum

R�ðcÞ of R�ðuÞ. Then Hdþð�þc� Þ is an A’Campo

bump, where �þcðyÞ :¼ �ðyÞ þ cyd. All A’Campo

bumps can be found in this way.

No A’Campo bump arises from a multiple root

of fðz; wÞ. We can ignore such polars.

Example 2.7. For f2ðz; wÞ ¼ 1
2 z

2 � 1
3 w

3,

there is only one polar � ¼ 0, having d ¼ 2,

R�ðuÞ ¼ ðjuj2 þ 1Þ�3; K�ðð� þ uydÞ�Þ ¼ 2R�ðuÞ��4:

In this example, R�ðuÞ is maximum at u ¼ 0.

Next, consider f4ðz; wÞ ¼ 1
4 z

4 � 1
5 w

5, having

� ¼ 0, d ¼ 4
3,

� ¼ z2w3ð4z4 � 3w5Þ; R�ðuÞ ¼ 9juj4ðjuj6 þ 1Þ�3:

Here R�ð0Þ ¼ 0, a minimum; R�ðuÞ attains maxi-

mum on the circle juj ¼ ð2=7Þ1=6.

We now define the perturbation topology on

VðRÞ: a closed set is VðRÞ, or ;, or

C"; :¼ fa1�
q1 j �1 � a1 <1g [ � � �

[ fas�qs j �s � as <1g;

where " :¼ f�1; . . . ; �sg; �i > 0,  :¼ fq1; . . . ; qsg � Q.

(The closure of 0V is the whole space VðRÞ.)
The perturbation topology on C� is the induced

one. A neighbourhood of 
� is

N ptb
";ð
�Þ
:¼ f�� j �ðyÞ � 
ðyÞ ¼ ayq þ � � � ; jaj�q =2 C";g:
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The topology on C0� is similarly defined; that on

CP 1
� is generated by these two.

Theorem B. Every 
� in an A’Campo bump

Hdþð�þc� Þ is a local maximum of K� in the perturba-

tion topology.

Theorem C. Suppose 1 < d :¼ dgcð�Þ <1.

Then Z
G
K :¼ 2

Z
R2
R�ðuÞ dx ^ dy

� �
�2L�ð2:10Þ

¼ mðGÞ� ��2d; G :¼ Gð�Þ;

where u ¼ xþ iy 2 C. The integral is called the

total Gaussian curvature over G.
3. The Lojasiewicz exponent function

L�ðeÞ. Let � be given. Take e 
 1, u 2 C (or an

indeterminate). Write

j�fð�ðyÞ þ uye; yÞj2ð3:1Þ
:¼ Nð�;eÞðuÞy2L�ð�;eÞ þ � � � ; Nð�;eÞðuÞ 6� 0;

kGrad fð�ðyÞ þ uye; yÞk2

:¼ Dð�;eÞðuÞy2LGradð�;eÞ þ � � � ; Dð�;eÞðuÞ 6� 0;

where Nð�;eÞðuÞ, Dð�;eÞðuÞ are real-valued, non-neg-

ative, polynomials of u, �uu. We define

L�ðeÞ :¼ L�ð�; eÞ � 3LGradð�; eÞ;ð3:2Þ
Rð�;eÞðuÞ :¼ Nð�;eÞðuÞDð�;eÞðuÞ�3:

Note that L�ð�; eÞ, LGradð�; eÞ are also defined

when e is irrational. Thus, when � is fixed, these are

piece-wise linear, continuous, increasing functions

of e, 1 � e <1.

As in Calculus, we say �ðxÞ is increasing (resp.

decreasing, resp. strictly decreasing) if

x1 < x2 ¼) �ðx1Þ � �ðx2Þ
ðresp. �ðx1Þ 
 �ðx2Þ; resp. �ðx1Þ > �ðx2ÞÞ:

Now let � be a given polar. Note that

Rð�;dÞðuÞ ¼ R�ðuÞ in (2.7). We write

Cfð�Þ :¼ Cfð��Þð3:3Þ
:¼ maxfOyð� � �iÞ j 1 � i � mg;

�i in (2.5):

Lemma 3.1. If 1 < d <1, then L�ðdÞ ¼
�d ¼ L�, L� being the constant defined in (2.7).

If d ¼ 1, then Cfð�Þ ¼ 1, L�ð1Þ ¼ �1 ¼ L�.

4. Newton polygon relative to a polar.

Let � be a given polar, not a multiple root of fðz; wÞ
(fixed in what follows), i.e., fð�ðwÞ; wÞ 6¼ 0. We can

apply a unitary transformation, if necessary, so that

T ð��Þ ¼ ½0 : 1�, � 2 D1þ .

Let us change coordinates:

Z :¼ z� �ðwÞ; W :¼ w;ð4:1Þ
F ðZ;W Þ :¼ fðZ þ �ðW Þ;W Þ;

and write A  B when A=B! 1, then

�fðz; wÞ ¼ �F ðZ;W Þ þ �00ðW ÞF 3
Z;ð4:2Þ

kGradz;wfk  kGradZ;WFk:

An important step is to study the relationship

between the Newton Polygons NPðF Þ and NPðFZÞ.
This is illustrated in Fig. 1, which is deliberately

drawn off scale for clarity; a number of key argu-

ments are also exposed.

Recall that a monomial term aZiWq, a 6¼ 0,

q 2 Q, is represented by a ‘‘Newton dot’’ at ði; qÞ.
We shall simply say ði; qÞ is a dot.

If i 
 1, then ði; qÞ is a dot of F ðZ;W Þ if and

only if ði� 1; qÞ is one of FZ. Since � is a polar, FZ
has no dot of the form ð0; qÞ; F ðZ;W Þ has no dot of

the form ð1; qÞ.
As fð�ðwÞ; wÞ 6¼ 0, we know F ð0;W Þ 6¼ 0.

Hence

F ð0;W Þ :¼ aWh þ � � � ; a 6¼ 0;ð4:3Þ
h :¼ OW ðF ð0;W ÞÞ;

and then ð0; hÞ is a vertex of NPðF Þ, ð0; h� 1Þ is one

of NPðFW Þ.
Let Etop denote the top edge of NPðF Þ, i.e., the

edge with left vertex ð0; hÞ. Let ðmtop; qtopÞ denote

the right vertex of Etop, and �top the angle of Etop, as

shown in Fig. 1,

W

θtop

Z

∗

◦◦
(0, h)

(0, h− 1)

(mtop, qtop)

(mtop, qtop)

(m∗ + 1, q∗)

(1, h− 1)

1

Etop

L L

Fig. 1. NPðF Þ, NPðFZÞ.
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tan �top ¼ co-slope of Etop;

where the co-slope of a line passing through ðx; 0Þ
and ð0; yÞ is, by definition, y=x.

Notations. Let a weight system ! ¼ ð!Z; 1Þ
be given. The weighted initial form of GðZ;W Þ
(in the weighted Taylor expansion) is denoted by

I!ðGÞðZ;W Þ, or simply I!ðGÞ.
Let I!ðGÞ :¼

P
aijZ

iWj=N . The weighted order

of G is O!ðGÞ :¼ i!Z þ j=N .

As usual, the degree of a polynomial P ðZÞ is

written as degP ðZÞ.
In Fig. 1, L� denotes the line joining ð0; h� 1Þ

(which is not a dot of FZ) and a dot of FZ such that

no dot of FZ lies below L�.
No dot of FW lies below L�; if dgrð�Þ > 1, ð0; h�

1Þ is the only dot of FW lying on L�.
Finally, the line, L, through ð1; h� 1Þ is

parallel to L� and its co-slope is precisely dgrð�Þ.
For fðz; wÞ in Example (2.5), L� is the line

joining ð0; n� 1Þ, ðm� 1; 0Þ; dgrð�Þ ¼ n�1
m�1.

Scketch of Proof of Theorem C. We already

know L�ðdÞ ¼ �d from Lemma 3.1. �

Let ! ¼ ðd; 1Þ. Write pðuÞ :¼ I!ðFZÞðu; 1Þ,
c :¼ jhaj, and G :¼ Gð�Þ. Note that

deg pðuÞ ¼ mðGÞ; Nð�;dÞðuÞ ¼ c4jp0ðuÞj2;
Dð�;dÞðuÞ ¼ c2 þ jpðuÞj2:

Now let us write

pðuÞ :¼ Uðx; yÞ þ iV ðx; yÞ; u ¼ xþ iy 2 C;

where U, V satisfy the Cauchy-Riemann equations.

Using the latter we find

Z
R�ðuÞdu ^ d�uu ¼

Z
c4jp0ðuÞj2

½c2 þ jpðuÞj2�3
du ^ d�uu

¼ �2i

Z
dU ^ dV

½1þ U2 þ V 2�3
:

The mapping u 7! pðuÞ is a mðGÞ-sheet branch

covering of C. HenceZ
C

R�ðuÞdu ^ d�uu ¼ �2imðGÞ
Z

R2

dU ^ dV
½1þ U2 þ V 2�3

¼ ��imðGÞ;
and (2.10) follows from the identity du ^ d�uu ¼
�2idx ^ dy.
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