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Abstract: On Sendov’s conjecture, M. J. Miller states the following in his paper [10,11]; if

a zero � of a polynomial which has all the zeros in the closed unit disk is sufficiently close to the

unit circle, then the distance from � to the closest critical point is less than or equal to 1. It is

desirable to quantify this assertion. In this paper, we estimate the radius of the disk with center

at 0 containing all the critical points and estimate the range of the zero � satisfying the above

for the first step. This result, moreover, implies that if Sendov’s conjecture is false, then the

polynomial must be close to an extremal one.
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1. Introduction. Let 0 � � < 1. Define

Sðn; �Þ to be the set of complex polynomials of

degree n with all the zeros in the closed unit disk

and at least one zero at � and let jP j� be the

distance from � to the closest zero of P 0. Under

the notation, Sendov’s conjecture (see [7, p. 25

Problem 4.5]) is stated as

Conjecture (Sendov). For P 2 Sðn; �Þ,
jP j� � 1.

In addition, we believe that an extremal poly-

nomial should be of the form P ðzÞ ¼ cðzn � ei�Þ,
where c 6¼ 0 and � are any complex and real number,

respectively. Now a polynomial P of degree n is

extremal if the maximum value of the distance from

a zero to the closetst critical point of P is larger than

or equal to those of any polynomials of degree n.

Sendov’s conjecture is true in the case 2 � n �
8 (see [1–4,9,12,13], for example). This is also true

in the case when � is close to 0 even if n > 8. We

should, therefore, show that in the opposite case,

that is, the case when � is close to 1. In this

situation, M. J. Miller proved the following.

Theorem A (Miller [10]). There are constants

Kn > 0 so that, if � is sufficiently close to 1 and P 2
Sðnþ 1; �Þ, then jP j� � 1�Knð1� �Þ. Furthermore,

one can choose the Kn so that limn!1 Kn ¼ 1=3.

This implies that Sendov’s conjecture is true

if � is sufficiently close to 1. We, however, do not

know how close � is to 1 nor how large Kn is. In the

proof, Miller uses the fact that under the assump-

tion jP j� � �, if � is close to 1, then the polynomial

must be close to the extremal one, while it is not

constructed as any proposition. Nevertheless, it is

a key to Theorem A. In this paper, our aim is to

quantify this proposition for the first step, though

our intended objective is to quantify Theorem A.

Let An be a unique positive root (note that

0 < An < 1) of x2n�2 þ Cnx� Cn ¼ 0 with

Cn ¼
22n�2ðn� 1Þ2ð2n� 3Þ2n�3 1þ 4 sin2ð�=nÞ

� �
ðn� 2Þ2n�4 sin2ð�=nÞ

:

Then our result is stated as

Main Theorem. Suppose that An < a < 1

and that P 2 Sðn; aÞ. If fz 2 C ; jz� aj � 1g con-

tains no zero of P 0ðzÞ, then all zeros �j
ðj ¼ 1; . . . ; n� 1Þ of P 0ðzÞ satisfy j�jj < � þ 1� a,

where � ¼ ðCnð1� aÞÞ
1

2n�2 .

Since An and Cn are constants depending only on

n, � converges to 0 as a tends to 1, which implies that

all the critical points are near the origin if a is

sufficiently close to 1. The result, therefore, also

implies that for a sufficiently close to 1, if we deny

Sendov’s conjecture, namely, assume that jP ja > 1,

then the polynomial must be close to the extremal one.

The result will be used in the author’s forthcoming

paper [5]. We will quantify Theorem A in the paper,

where the result of this paper will play a vital role.

2. Preliminary results. Let P 2 Sðn; aÞ,
where a is real (by rotation) and satisfies

0 < a < 1. If jP ja > � for � 2 ½a; 1Þ, then we know

the following two results.

doi: 10.3792/pjaa.86.165
#2010 The Japan Academy

2010 Mathematics Subject Classification. Primary 12D10,
26C10, 30C15.

No. 10] Proc. Japan Acad., 86, Ser. A (2010) 165

http://dx.doi.org/10.3792/pjaa.86.165


Lemma A (Dieudonné [6]). Let jP ja > � for

P 2 Sðn; aÞ. Then, for jzj � 1,

P 0ð�zþ aÞ ¼ P 0ðaÞð1þ zfðzÞÞn�1

for an f analytic in the closed unit disk and less than

one in modulus.

Lemma B (Kumar and Shenoy [8]). If jP ja >
� for P 2 Sðn; aÞ, then P ðzÞ has no zero in fz 2 C ;
jz� aj � 2� sinð�=nÞg.

In Lemma A, we need an estimate of fðzÞ.
Putting P ðzÞ ¼ ðz� aÞ

Qn�1
k¼1ðz� zkÞ ¼ ðz� aÞQðzÞ,

we obtain

Q0ðaÞ
QðaÞ ¼

1

a� z1
þ

1

a� z2
þ � � � þ

1

a� zn�1
ð1Þ

and

Q0ðaÞ
QðaÞ

¼ P 00ðaÞ
2P 0ðaÞ

¼
n� 1

2�
fð0Þð2Þ

by simple calculations. From this point on, suppose

that jP ja > � � a for the real zero a < 1 and n � 4.

Lemma 1. If a > 1
�
ð1þ 2 sinð�=nÞÞ, then

1� " < Re fð0Þ < 1 with

" ¼ 1� a2

4a2 sin2ð�=nÞ
:ð3Þ

Proof. Since the second inequality is trivial by

Lemma A, it is sufficient to show the first one.

Lemma B implies ja� zkj > 2� sinð�=nÞ for each

k. If a > 1=ð1þ 2 sinð�=nÞÞ, then fz 2 C ; jz� aj ¼
2� sinð�=nÞg intersects fz 2 C ; jzj ¼ 1g. The real part
x0 of the image of the intersection by 1=ða� zÞ is

x0 :¼
4�2 sin2ð�=nÞ � 1� a2ð Þ

8a�2 sin2ð�=nÞ
:ð4Þ

Hence, Re 1=ða� zkÞ > x0 for each k. Thus, since

Re
Q0ðaÞ
QðaÞ

¼ Re
Xn�1

k¼1

1

a� zk
> ðn� 1Þx0

from (1),

Re fð0Þ > 2�x0

from (2). If � � a, then

2�x0 ¼
4�2 sin2ð�=nÞ � 1� a2ð Þ

4a� sin2ð�=nÞ

�
4a2 sin2ð�=nÞ � 1� a2ð Þ

4a2 sin2ð�=nÞ
¼ 1� ":

�

Remark 1. If 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4 sin 2ð�=nÞ

p
< a < 1,

then

0 <
1� a2

4a2 sin2ð�=nÞ
< 1;

namely, 0 < " < 1, which implies that 0 < 2�x0 < 1.

Here, 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4 sin2ð�=nÞ

p
is always greater than

1=ð1þ 2 sinð�=nÞÞ for n � 4.
3. The estimate of RefðzÞ. We need the

following lemma to estimate Re fðzÞ.
Lemma 2. For 0 < x < 1, ð1� xÞ2 < k < 1

and 0 < r < 1,

1� rþ kr� r2

1� kr2
�

1� r2

1� kr2
x > 1�

1þ r

1� r
x:

Proof. Since the derivative of the left hand side

with respect to k is

r 1þ ð1� xÞrð Þ 1� r2ð Þ
1� kr2ð Þ2

> 0;

1� rþ kr� r2

1� kr2
�

1� r2

1� kr2
x

>
1� rþ ð1� xÞ2r� r2

1� ð1� xÞ2r2
�

1� r2

1� ð1� xÞ2r2
x

¼ 1� 1þ r

1� ð1� xÞr
x

> 1�
1þ r

1� r
x:

�

Lemma 3. If a > 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4 sin2ð�=nÞ

p
, then

1� ð1þ rÞ"=ð1� rÞ < Re fðzÞ < 1 for jzj ¼ r.

Proof. The Schwarz-Pick lemma implies

fðzÞ � fð0Þ
1� fð0ÞfðzÞ

�����
����� � jzj

on the open unit disk. Put w ¼ fðzÞ and c ¼ fð0Þ for
the sake of simplicity. Then jðw� cÞ=ð1� cwÞj �
jzj ¼ r on fz 2 C ; jzj ¼ rg. This implies

w�
1� r2

1� jcj2r2
c

�����
����� �

r 1� jcj2
� �
1� jcj2r2

:ð5Þ

Here, since by Lemma 1

w�
1� r2

1� jcj2r2
c

�����
����� � �Re w�

1� r2

1� jcj2r2
c

 !

> �Rewþ
1� r2

1� jcj2r2
1� "ð Þ;

from (5) we obtain
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Rew >
1� rþ jcj2r� r2

1� jcj2r2
�

1� r2

1� jcj2r2
"

> 1�
1þ r

1� r
"

via Lemma 2 with x ¼ " and k ¼ jcj2. �

4. The proof of Main Theorem. We now

estimate the radius of the disk with center at 0

containing all the critical points by proving.

Lemma 4. Suppose that An < a � � < 1,

where An is a unique positive root of

x2n�2 þ Cnx� Cn ¼ 0ð6Þ
with

Cn ¼
22n�2ðn� 1Þ2ð2n� 3Þ2n�3 1þ 4 sin2ð�=nÞ

� �
ðn� 2Þ2n�4 sin2ð�=nÞ

:

If fz 2 C ; jzj � 1g contains no zero of P 0ð�zþ aÞ,
then all zeros �j ðj ¼ 1; . . . ; n� 1Þ of P 0ðzÞ satisfy

jð�j � aÞ=�þ 1j < � with

� ¼ Cnð1� aÞð Þ
1

2n�2 :ð7Þ
Proof. Put

pðzÞ ¼ 1þ zfðzÞð Þn�1 and p0ðzÞ ¼ ð1þ zÞn�1

for fðzÞ in Lemma A, and the zeros of pðzÞ are those
of P 0ð�zþ aÞ from Lemma A. Let � be given by (7).

Note that by Lemma 3 and a simple calculation

jfðzÞ � 1j < ~"" :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ rÞ"=ð1� rÞ

p
for jzj ¼ r. On

fz 2 C ; jzj ¼ rg,

jpðzÞ � p0ðzÞj
¼ j 1þ zfðzÞð Þn�1 � ð1þ zÞn�1j

¼ z fðzÞ � 1ð Þ
Xn�2

k¼0

1þ zfðzÞð Þk 1þ zð Þn�2�k

�����
�����

< r~""
Xn�2

k¼0

1þ jzjð Þn�2

¼ r~""ðn� 1Þ 1þ rð Þn�2:

Hence, we obtain

jpðzÞ � p0ðzÞj < r~""ðn� 1Þ 1þ rð Þn�2 1þ �

r

� 	n�1

on fz 2 C ; jzj ¼ 1þ �g via

Lemma C (Rahman and Schmeisser [12, p. 406

Remark 12.1.5]). Let f be a polynomial of degree at

most n and � any positive number less than 1. Then

max
jzj¼�

jfðzÞj � max
jzj¼1

jfðzÞj�n ð0 � � < 1Þ;

where equality holds for any � 2 ð0; 1Þ if and only if

fðzÞ � czn for some complex number c.

Moreover, by the maximum modulus prin-

ciple,

jpðzÞ � p0ðzÞj < r~""ðn� 1Þ 1þ rð Þn�2 1þ �

r

� 	n�1

on jzþ 1j ¼ �, too. Letting r ¼ ðn� 2Þ=ðn� 1Þ to

minimize the right hand side,

r~""ðn� 1Þ 1þ rð Þn�2 1þ �

r

� 	n�1

¼ ~""ðn� 1Þ
1þ r

r

� 	n�2

1þ �ð Þn�1

¼ ~""ðn� 1Þ
2n� 3

n� 2

� 	n�2

1þ �ð Þn�1

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð2n� 3Þ"

p
ðn� 1Þ

2n� 3

n� 2

� 	n�2

1þ �ð Þn�1

¼
ffiffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� a2

p

2a sinð�=nÞ
ðn� 1Þ

ð2n� 3Þn�
3
2

ðn� 2Þn�2
1þ �ð Þn�1

< 2n�1

ffiffiffiffiffiffiffiffiffiffiffiffi
1� a

p

a sinð�=nÞ ðn� 1Þ
2n� 3ð Þn�

3
2

ðn� 2Þn�2

<
2n�1ðn� 1Þ 2n� 3ð Þn�

3
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4 sin2ð�=nÞ

q
ðn� 2Þn�2 sinð�=nÞ

0
@

1
A

� ð1� aÞ
1
2

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Cnð1� aÞ

p
¼ �n�1

¼ jp0ðzÞj
on fz 2 C ; jzþ 1j ¼ �g by making use of � < 1
and 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4 sin2ð�=nÞ

p
< An < a < 1. Therefore,

since

jpðzÞ � p0ðzÞj < jp0ðzÞj on fz 2 C ; jzþ 1j ¼ �g;

Rouché’s theorem implies that pðzÞ and p0ðzÞ have

the same number of zeros, counted according to

their multiplicities, inside jzþ 1j ¼ �. Now, since

p0ðzÞ has n� 1 zeros inside jzþ 1j ¼ �, so does

pðzÞ. �

Remark 2. F ðxÞ :¼ x2n�2 þ Cnx� Cn is

monotone increasing if x > 0 since F 0ðxÞ ¼
ð2n� 2Þx2n�3 þ Cn > 0 and F ðxÞ satisfies that

F ð0Þ < 0 and F ð1Þ > 0. The equation (6), therefore,

has the unique root An in the interval ð0; 1Þ. A

numerical computation gives the approximate val-

ues of 1�An;
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n 1� An

4 1:481468313� 10�6

5 3:134606298� 10�8

6 8:259759265� 10�10

7 2:492744903� 10�11

8 8:267420496� 10�13

9 2:942709427� 10�14

10 1:107262403� 10�15

On the other hand, the disk fz 2 C ; jzþ 1j < �g is

contained in the disk fz 2 C ; jzþ a=�j < � þ 1�
a=�g and since

� ¼ Cnð1� aÞð Þ
1

2n�2

< a2n�2
� � 1

2n�2

¼ a <
1þ a� �

�

for a > An, �� þ �� a < 1. This implies

Corollary 1. Suppose that An < a � � < 1,
where An is given in Lemma 4 and that P 2 Sðn; aÞ.
If fz 2 C ; jzj � 1g contains no zero of P 0ð�zþ aÞ,
then all zeros �j ðj ¼ 1; . . . ; n� 1Þ of P 0ðzÞ satisfy

jð�j � aÞ=�þ a=�j < � þ 1� a=� with � in (7).

Obviously, the following theorem is equivalent

to Corollary 1.

Theorem 1. Suppose that An < a � � < 1,

where An is given in Lemma 4 and that P 2
Sðn; aÞ. If fz 2 C ; jz� aj � �g contains no zero of

P 0ðzÞ, then all zeros �j ðj ¼ 1; . . . ; n� 1Þ of P 0ðzÞ
satisfy j�jj < �� þ �� a, where � is given by (7).

Letting � tend to 1, we obtain Main Theorem.

Acknowledgments. The author is most

grateful to Prof. Toshiyuki Sugawa from Tohoku

University for his valuable comments and sugges-

tions and enormous support. Thanks are also the

referee and the editor for some helpful comments.

References

[ 1 ] I. Borcea, The Sendov conjecture for polynomials
with at most seven distinct zeros, Analysis 16
(1996), no. 2, 137–159.

[ 2 ] D. A. Brannan, On a conjecture of Ilieff, Proc.
Cambridge Philos. Soc. 64 (1968), 83–85.

[ 3 ] J. E. Brown, On the Sendov conjecture for sixth
degree polynomials, Proc. Amer. Math. Soc.
113 (1991), no. 4, 939–946.

[ 4 ] J. E. Brown and G. Xiang, Proof of the Sendov
conjecture for polynomials of degree at most
eight, J. Math. Anal. Appl. 232 (1999), no. 2,
272–292.

[ 5 ] T. Chijiwa, A quantitative result on Sendov’s
conjecture for a zero near the unit circle. (in
preparation).
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