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Abstract: We present a formula describing modularity gap for Eisenstein series, which is
written in terms of a certain double series. Limit values of the gap at nonzero rational points are

expressible by Hurwitz zeta values. Our gap estimates near the origin are applied to examining the

asymptotic behaviour of Ramanujan q-series and q-zeta values near the natural boundary jqj ¼ 1.
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1. Introduction. For s 2 C, consider the
Ramanujan q-series

�s�1ðqÞ :¼
X1

n¼1

ns�1qn

1� qn ¼
X1

n¼1

�s�1ðnÞqn

with �s�1ðnÞ ¼
P

djn d
s�1, which is holomorphic for

jqj < 1 (cf. [1]). If s is an even positive integer satisfy-
ing s � 4, the Eisenstein series

Esð�Þ ¼
�ð1� sÞ

2
þ �s�1ðe2�i�Þ

for � 2 C with Imð�Þ > 0 admits the modularity
Esð�1=�Þ ¼ � sEsð�Þ. If s ¼ 2; then E2ð�1=�Þ ¼
� 2E2ð�Þ � �=ð4�iÞ. For each positive integer s,

Kurokawa [5] expressed the gap Esð�1=�Þ � � sEsð�Þ
in terms of a multiple cotangent function, and com-

puted its limit values as � ! 1; 2; 1=2 ðImð�Þ > 0Þ:
In this paper we make a more direct approach

toward this problem, and present a formula describ-

ing modularity gap, which is continuous in s 2 C

with ReðsÞ > 2. Our gap formula is written in terms
of a certain double series. Using this, we show that

the limit values of the gap as � ! � 2 Q n f0g may

be expressed by Hurwitz zeta values, in particu-
lar, by �ðs� 1Þ and Lðs; �Þ if � (or 1=�Þ 2 N.

Furthermore, for the gap near � ¼ 0; order estimates

are given.
Kaneko et al. [3] introduced a q-analogue of the

Riemann zeta function de�ned by

�qðsÞ :¼ ð1� qÞs
X1

n¼1

qnðs�1Þ

ð1� qnÞs

for ReðsÞ > 1, and proved that, for each q satisfying
0 < q < 1, the function �qðsÞ is continued mero-

morphically to the whole complex plane, and that

lim q!1�0 �qðsÞ ¼ �ðsÞ for every s 2 C n f1g: For

every integer s � 2, the Ramanujan q-series �s�1ðqÞ
is related to �qðsÞ through the equality

�qðsÞ ¼ ð1� qÞs
X1

n¼1

� n

s� 1

� qn

1� qn

¼ ð1� qÞ
s

ðs� 1Þ!
Xs�1

r¼1

�sr�rðqÞ

ð1:1Þ

with �sr such that

nðn� 1Þ � � � ðn� ðs� 2ÞÞ ¼
Xs�1

r¼1

�sr n
r;

in particular �ss�1 ¼ 1; �ss�2 ¼ �ðs� 1Þðs� 2Þ=2

(cf. [3, p. 185]). For q-zeta values �qðs1Þ; . . . ; �qðslÞ (or

�s1�1ðqÞ; . . . ;�sl�1ðqÞ) with s1; . . . ; sl 2 N; Pupyrev

[8] discussed linear and algebraic independence over

CðqÞ as q-series, by using order estimates for them

as q tends to a root of unity (see also [9]).
As applications of our gap estimates near � ¼ 0,

we examine the asymptotic behaviour of �s�1ðqÞ
and �qðsÞ near the natural boundary jqj ¼ 1.

2. Results. For s 2 C and for � 2 C with
Imð�Þ > 0; consider the Eisenstein series

Esð�Þ ¼
�ð1� sÞ

2
þ �s�1ðe2�i�Þ

¼ �ðsÞ�ðsÞ
ð2�Þs cos

�s

2
þ �s�1ðe2�i� Þ;

and let us set

�sð�Þ :¼ ��sEsð�1=�Þ � Esð�Þ:

The modularity gap is described as follows:
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Theorem 2.1. For ReðsÞ>2 and for Imð�Þ>0;

�sð�Þ ¼ �
2i�ðsÞ
ð2�Þs sin

�s

2

�
� X

ðj;kÞ2N2

1

ðj� þ kÞs þ
��s þ 1

2
�ðsÞ

�
;

where the branches of � and j� þ k are taken so that

argð�Þ; argð j� þ kÞ 2 ð0; �Þ:
Remark 2.1. Substitution � 7! e�i=� yields

another relation of the form

��sð�Þ :¼ ðe�i��1ÞsEsð�1=�Þ � Esð�Þ

¼ 2i�ðsÞ
ð2�Þs sin

�s

2

�
� X

ðj;kÞ2N2

e�is

ðj� � kÞs þ
ðe�i��1Þs þ 1

2
�ðsÞ

�

with argðe�i��1Þ; argðj� � kÞ 2 ð0; �Þ:
For each � > 0, the sum

P
ðj;kÞ2N2ðj� þ kÞ�s

(respectively,
P
ðj;kÞ2N2ðj� � kÞ�s) with ReðsÞ > 2

is holomorphic around � ¼ � (respectively, � ¼ ��).

As an immediate consequence of Theorem 2.1 and
Remark 2.1 we obtain the following

Theorem 2.2. Suppose that ReðsÞ > 2. Then,

for each � > 0,

�sð�Þ ¼ �
2i�ðsÞ
ð2�Þs sin

�s

2

�
�

��ðsÞ þ
��s þ 1

2
�ðsÞ þOð� � �Þ

�

and

��sð�Þ ¼
2i�ðsÞ
ð2�Þs sin

�s

2

�
�

��ðsÞ þ
��s þ 1

2
�ðsÞ þOð� þ �Þ

�

as � ! � ðIm ð�Þ > 0Þ and as � ! �� ðIm ð�Þ > 0Þ,
respectively, where ��ðsÞ :¼

P
ðj;kÞ2N2ðj�þ kÞ�s:

For each positive rational number �, the series

��ðsÞ may be expressed as a �nite sum of Hurwitz

zeta functions.

Theorem 2.3. Let g and h be given relatively

prime positive integers, and set 	h;gða; bÞ : ¼ a=h þ
b=g for positive integers a; b. Then, for each � ¼
g=h, we have

�g=hðsÞ ¼
1

gs

Xðh;gÞ

	h;gða;bÞ�1

�
�ðs� 1; 	h;gða; bÞÞ

þ
�

1� 	h;gða; bÞ
�
�ðs; 	h;gða; bÞÞ

�

þ 1

gs

Xðh;gÞ

	h;gða;bÞ>1

�
�ðs� 1; 	h;gða; bÞ � 1Þ

þ
�

1� 	h;gða; bÞ
�
�ðs; 	h;gða; bÞ � 1Þ

�
;

where
Pðh;gÞ
ð�Þ is the summation over the pairs ða; bÞ

satisfying 1 � a � h; 1 � b � g and the inequality

ð�Þ. Moreover, if � ¼ g is a positive integer,

�gðsÞ ¼
1

g
�ðs� 1Þ � 1

2
ð1þ g�sÞ�ðsÞ þHgðsÞ;

HgðsÞ : ¼ 1

g

X½g=2�

b¼1

�g
2
� b
�

�
X1


¼0

� 1

ðg
 þ bÞs �
1

ðg
 þ g� bÞs
�
:

The quantity HgðsÞ may be represented as a linear

combination of Dirichlet L-functions Lðs; �Þ with

coef�cients in Qðe2�i=’ðgÞ; g�s
1 ; . . . ; g�s

d Þ, where gj j g
ð1 � j � dÞ:

Example 2.1. Since H1ðsÞ ¼ H2ðsÞ ¼ 0; the

limit values of �sð�Þ as � ! 1; 2 agree with the result
of [5]. Moreover,

H3ðsÞ ¼
1

6
Lðs; "3Þ; H4ðsÞ ¼

1

4
Lðs; "4Þ;

H5ðsÞ ¼
1

20

�
ð3� iÞLðs; ��Þ þ ð3þ iÞLðs; ��Þ

�
;

H6ðsÞ ¼
1

3
Lðs; "6Þ þ

2�s

6
Lðs; "3Þ:

Here "g ¼ "gðnÞ ðg ¼ 3; 4; 6Þ ðrespectively, �� ¼
��ðnÞÞ is the character such that "gðnÞ ¼ 	1 if n 

	1 ðmod gÞ ðrespectively, ��ðnÞ ¼ 	1 if n 
 	1

ðmod 5Þ, ��ðnÞ ¼ 	i if n 
 	2 ðmod 5ÞÞ and that
"gðnÞ ¼ 0 ðrespectively, ��ðnÞ ¼ 0Þ otherwise.

Remark 2.2. Let pnðxÞ ðn ¼ 1; 2; 3; . . .Þ be
polynomials de�ned by

p1ðxÞ ¼ x; pnþ1ðxÞ ¼ ð1þ x2Þp0nðxÞ=n:

If s is an odd integer, it is known [6, x5.3] that

X1


¼0

� 1

ðg
 þ bÞs �
1

ðg
 þ g� bÞs
�
¼ �

s

gs
ps

�
cot

�b

g

�
:
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Remark 2.3. Since �1=gðsÞ ¼ gs�gðsÞ, the

value �1=gðsÞ is also expressible by �ðsÞ; �ðs� 1Þ and

Lðs; �Þ. By Theorem 2.2 the limit value of ��sð�Þ as

� ! �g=h is written in terms of Hurwitz zeta values.

In what follows �0 denotes a given positive num-
ber such that �0 < �=2: The following gives gap

estimates near � ¼ 0:

Theorem 2.4. For ReðsÞ > 2;

�sð�Þ ¼ �
2i�ðsÞ
ð2�Þs sin

�s

2

���s þ 1

2
�ðsÞ þOð��1Þ

�

as � ! 0 through the sector �=2� �0 < argð�Þ � �=2;

and

��sð�Þ ¼
2i�ðsÞ
ð2�Þs sin

�s

2

�
�ðe�i��1Þs þ 1

2
�ðsÞ þOð��1Þ

�

as � ! 0 through the sector �=2 � argð�Þ < �=2þ �0:

Using these estimates, we obtain asymptotic

expressions for �s�1ðqÞ and �qðsÞ near the natural

boundary jqj ¼ 1.

Theorem 2.5. We have

�1ðqÞ ¼
�ð2Þ

log2ð1=qÞ
� 1=2

logð1=qÞ þ
1

24

þOðð1� qÞ�2e�c0=j1�qjÞ

¼ �ð2Þ
ð1� qÞ2

� �ð2Þ þ 1=2

1� q þ 2�ð2Þ þ 7

24

þOð1� qÞ

and, for each s 2 C such that ReðsÞ > 2,

�s�1ðqÞ ¼ �ðsÞ�ðsÞ
�1þOðe�c0=j1�qjÞ

logsð1=qÞ � e
��is=2

ð2�Þs
�

þOðsinð�s=2Þð1� qÞ�1Þ

¼ �ðsÞ�ðsÞ
ð1� qÞs

�
1� s

2
ð1� qÞ þOðð1� qÞ2Þ

�

þOðð1� qÞ�1Þ

as q ! 1 through the sector j argð1� qÞj < �0, where

c0 is some positive number depending on �0.

Theorem 2.6. We have

�qð2Þ ¼ ð1� qÞ2
� �ð2Þ

log2ð1=qÞ
� 1=2

logð1=qÞ þ
1

24

�

þOðe�c0=j1�qjÞ

¼ �ð2Þ �
�
�ð2Þ þ 1

2

�
ð1� qÞ

þ
��ð2Þ

12
þ 7

24

�
ð1� qÞ2 þOðð1� qÞ3Þ

and, for each integer s � 3;

�qðsÞ ¼
ð1� qÞs

ðs� 1Þ!
Xs�1

r¼1

�srr!�ðrþ 1Þ
logrþ1ð1=qÞ

þOðð1� qÞs�1Þ

¼ �ðsÞ � 1

2

�
s�ðsÞ þ ðs� 2Þ�ðs� 1Þ

�
ð1� qÞ

þOðð1� qÞ2Þ

as q ! 1 through the sector j argð1� qÞj < �0:

Let g and h be given relatively prime integers

satisfying jgj � 1 and h � 2: Set q ¼ e2�ig=ht with
jtj < 1: Then we have the following results, where a

constant related to the symbol O may be taken inde-

pendently of h and g.
Theorem 2.7. For each integer s � 2;

�s�1ðqÞ ¼ �s�1ðthÞ þOðhsþ1ð1� thÞ�1Þ
as t ! 1 through the sector j argð1� tÞj < �0:

Theorem 2.8. For each integer s � 2;

�qðsÞ ¼
� 1� q

1� th
�s
�thðsÞ þOðhsþ1ð1� thÞ�1Þ

as t ! 1 through the sector j argð1� tÞj < �0:

It is known that the Chazy equation

y000 ¼ 2yy00 � 3ðy0Þ2

ð 0 ¼ d=dzÞ admits a family of solutions

yCðzÞ :¼ �ið1� 24�1ðe2�iðz�CÞÞÞ ðC 2 CÞ

(cf. [1, 2]). Note that yCðzÞ possesses the natural

boundary Im ðz� CÞ ¼ 0 corresponding to jqj ¼ 1 of
�1ðqÞ: As an immediate corollary to Theorem 2.7,

we have

Corollary 2.9. The solution yC ðzÞ is holomor-

phic in the half-plane Imðz � C Þ > 0; and

yCðC þ g=hþ �iÞ ¼ ��ih�2��2ð1þOðh4�ÞÞ

as �! 0 through the sector j argð�Þj < �0:

3. Proof of Theorem 2.1. For Re ðsÞ > 2

and for Imð�Þ > 0; the function

fð�Þ ¼
X

k2Z

ð� þ kÞ�s

admits the Fourier expansion
P1

m¼1 ame
2�im� ; whose

coef�cients are given by

am ¼
Z 1þi

i

e�2�im�fð�Þd� ¼
X

k2Z

Z 1þi

i

e�2�im�

ð� þ kÞs d�

¼
Z 1þi

�1þi
u�se�2�imudu;
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where argðuÞ varies from � to 0. Observe that the
path of integration may be changed into the contour

Cð0Þ that starts from u ¼ e3�i=21, encircles u ¼ 0 in

the negative sense, and ends at u ¼ e��i=21: By put-

ting 2�mu ¼ e��i=2v, this integral is written in the
form

Z

Cð0Þ
u�se�2�imudu

¼ �ie�is=2ð2�mÞs�1

Z

C 0ð0Þ
v�se�vdv

¼ �ie�is=2ð1� e�2�isÞð2�mÞs�1�ð1� sÞ

¼ e��is=2ð2�Þsms�1=�ðsÞ;

where C 0ð0Þ :¼ fv ¼ 2�me�i=2u ju 2 Cð0Þg: Thus we
have

fð�Þ ¼ e
��is=2ð2�Þs

�ðsÞ
X1

m¼1

ms�1e2�im� ;

and hence

X

j2N; k2Z

1

ðj� þ kÞs ¼
X

j2N

fðj�Þ

¼ e
��is=2ð2�Þs

�ðsÞ
X1

m¼1

X1

j¼1

ms�1e2�ijm�

¼ e
��is=2ð2�Þs

�ðsÞ
X1

n¼1

�s�1ðnÞe2�in�

¼ e
��is=2ð2�Þs

�ðsÞ �s�1ðe2�i�Þ

(for a positive integer s, the same expression of mul-

tiple Eisenstein series is given by [4, Theorem 3]).
Then,

��s
e��is=2ð2�Þs

�ðsÞ
�
Esð�1=�Þ � �ðsÞ�ðsÞ

ð2�Þs cos
�s

2

�

¼
X

j2N; k2Z

��s

ð�j=� þ kÞs ¼
X

j2N; k2Z

1

ðk� � jÞs

¼
X

ð j; kÞ2N2

� 1

ðk� � jÞs þ
1

ð�k� � jÞs
�
þ
X

j2N

1

ð�jÞs

¼
X

ð j; kÞ2N2

� 1

ðk� � jÞs þ
e��is

ðk� þ jÞs
�
þ
X

j2N

e��is

js

¼
X

j2Z; k2N

1

ðk� þ jÞs þ
X

ð j; kÞ2N2

e��is � 1

ðk� þ jÞs

þ ðe��is � ��sÞ�ðsÞ

¼ e
��is=2ð2�Þs

�ðsÞ

�
Esð�Þ �

�ðsÞ�ðsÞ
ð2�Þs cos

�s

2

�

þ
X

ð j; kÞ2N2

e��is � 1

ðk� þ jÞs þ ðe
��is � ��sÞ�ðsÞ;

from which the desired formula follows. r
4. Proof of Theorem 2.3. For each g=h, we

have (cf. [7, p. 290])

�g=hðsÞ ¼ hs
X

ð j; kÞ2N2

1

ðgjþ hkÞs

¼ hs
Xh

a¼1

Xg

b¼1

X1

j 0¼0

X1

k 0¼0

1

ðgðhj 0 þ aÞ þ hðgk 0 þ bÞÞs

¼ hs
Xh

a¼1

Xg

b¼1

X1


¼0


 þ 1

ðgh
 þ agþ bhÞs

¼ 1

gs

Xh

a¼1

Xg

b¼1

X1


¼0


 þ 	h;gða; bÞ þ ð1� 	h;gða; bÞÞ
ð
 þ 	h;gða; bÞÞs

:

Dividing the double summation
Ph

a¼1

Pg
b¼1 into two

parts for 	h;gða; bÞ � 1 and for 	h;gða; bÞ > 1 , we ob-

tain the desired equality. If � ¼ g, then

�gðsÞ ¼
1

gs

Xg

b¼1

�
�ðs� 1; b=gÞ � b

g
�ðs; b=gÞ

�

¼ 1

g

Xg

b¼1

X1


¼0

� 1

ðg
 þ bÞs�1
� b

ðg
 þ bÞs
�

¼ 1

g

X1

l¼1

1

ls�1
� 1

g

Xg

b¼1

X1


¼0

b

ðg
 þ bÞs

¼ 1

g
�ðs� 1Þ � 1

2
ð1þ g�sÞ�ðsÞ � 1

g

Xg�1

b¼1

X1


¼0

b� g=2

ðg
 þ bÞs ;

which implies the expression as in the theorem. To

verify the �nal assertion of this theorem, it is suf�cient

to consider
P1


¼0ððg
 þ bÞ
�s � ðg
 þ g� bÞ�sÞ such

that g and b are relatively prime. Set

ðZ=gZÞ� ¼ f	rl ðmod gÞ j 1 � l � ’ðgÞ=2g;

where r1 ¼ 1 < r2 < � � � < r’ðgÞ=2: For each l ð1 � l �
’ðgÞ=2Þ, let 
l be the mapping ðZ=gZÞ� ! f0;	1g
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such that 
lð	rlÞ ¼ 	1 and that 
lðnÞ ¼ 0 otherwise.
Then the summation mentioned above is written asP1

n¼1 
bðnÞn�s: Let �1; . . . ; �’ðgÞ=2 be the characters

such that �lð	1Þ ¼ 	1 ð1 � l � ’ðgÞ=2Þ: Then

ð�1; . . . ; �’ðgÞ=2Þ ¼ ð
1; . . . ; 
’ðgÞ=2ÞU

with the square matrix U whose ð�; �Þ-entry is

��ðr�Þ: Since ð1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
’ðgÞ=2

p
ÞU is unitary, 
b may be

written as a linear combination of �l ð1 � l �
’ðgÞ=2Þ with coef�cients in Qðe2�i=’ðgÞÞ: This com-
pletes the proof. r

5. Proof of Theorem 2.4. To derive the
estimate for �sð�Þ it is suf�cient to show

X

ðj;kÞ2N2

ðj� þ kÞ�s ¼ Oð��1Þð5:1Þ

as � ! 0 through the sector �=2 � �0 < argð�Þ �
�=2: In this sector, ðj� þ kÞ�s ¼ Oððj� þ kÞ�ReðsÞÞ
uniformly for ðj; kÞ 2 N2; where � ¼ Imð�Þ. Since

X

j2N

ðj� þ kÞ�ReðsÞ

� ð� þ kÞ�ReðsÞ þ
Z 1

1

ð�xþ kÞ�ReðsÞdx

¼ Oð��1ð� þ kÞ�ReðsÞþ1Þ;

we have

�
X

ð j; kÞ2N2

ðj� þ kÞ�ReðsÞ ¼ O
�
ð� þ 1Þ�ReðsÞþ1

þ
Z 1

1

ð� þ xÞ�ReðsÞþ1dx
�
¼ Oð1Þ;

which implies (5.1). The estimate for ��sð�Þ is veri�ed

by the same argument. r
6. Proofs of Theorems 2.5 and 2.6. Put

� ¼ e�i=2ð2�Þ�1 logð1=qÞ: If e��i=2� ! þ0; then q !
1� 0. Suppose that ReðsÞ > 2: By Theorem 2.4,

�s�1ðqÞ ¼ Esð�Þ �
�ðsÞ�ðsÞ
ð2�Þs cos

�s

2

¼ ��sEsð�1=�Þ ��sð�Þ �
�ðsÞ�ðsÞ
ð2�Þs cos

�s

2

¼ �ðsÞ�ðsÞ
ð2�Þs

�
��se�is=2 � e��is=2

þOð��s�s�1ðe�2�i=� ÞÞ
�
þOð��1 sinð�s=2ÞÞ

as � ! 0 through the sector �=2 � �0 < argð�Þ �
�=2: Here �s�1ðe�2�i=� Þ ¼ Oðe�c0=j1�qjÞ for some

c0 > 0 in this sector. The estimate for ��sð�Þ yields

the same expression in the sector �=2 � argð�Þ <
�=2þ �0: Thus we obtain the asymptotic formula
of Theorem 2.5 as q! 1 through j argð1� qÞj < �0.

The case s ¼ 2 may be treated in a similar way by

use of the relation E2ð�1=�Þ ¼ �2E2ð�Þ � �=ð4�iÞ:
Using Theorem 2.5 and (1.1), we derive the

asymptotic formula for �qðsÞ as in Theorem 2.6. r
7. Proof of Theorem 2.8. Let g and h be

mutually prime integers satisfying jgj � 1 and h � 2.
Write �qðsÞ in the form

�qðsÞ ¼ ð1� qÞs
Xh�1

l¼0

ZlðqÞ;ð7:1Þ

ZlðqÞ :¼
X

n
l ðmod hÞ

qnðs�1Þ

ð1� qnÞs ¼
X1

m¼1

q ðmhþlÞðs�1Þ

ð1� qmhþlÞs :

Set q ¼ e2�ig=ht; jtj < 1. It is easy to see that

ð1� qÞsZ0ðqÞ ¼ ð1� qÞs
X1

m¼1

tmhðs�1Þ

ð1� tmhÞsð7:2Þ

¼ ð1� qÞsð1� thÞ�s�thðsÞ:

For each l satisfying 1 � l � h� 1, observing that

qmhþl ¼ ðe2�ig=htÞmhþl

¼ e2�igl=htmhþl ¼ e2�ig0ðlÞ=h0ðlÞtmhþl;

we have j1� qmhþlj � sinð�=h0ðlÞÞ � sinð�=hÞ near
t ¼ 1, where h0ðlÞ and g0ðlÞ are relatively prime in-

tegers such that 2 � h0ðlÞ � h: Hence, for 1 � l �
h� 1; we have

ZlðqÞ � sin�sð�=hÞ
X1

m¼1

tðs�1ÞðmhþlÞð7:3Þ

� hsð1� tðs�1ÞhÞ�1 � hsð1� thÞ�1

as t! 1 through the sector j argð1� tÞj < �0. Here

�ðtÞ �  ðtÞ means �ðtÞ ¼ Oð ðtÞÞ, whose related

constant is independent of h and l. Substituting
(7.3) and (7.2) into (7.1), we obtain Theorem 2.8. r

8. Proof of Theorem 2.7. For each integer

s � 2; relation (1.1) implies

DsðqÞzsðqÞ ¼ KsxsðqÞ:
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Here zsðqÞ and xsðqÞ are column vectors of the form

zsðqÞ :¼ Tð�qð2Þ; . . . ; �qðsÞÞ;

xsðqÞ :¼ Tð�1ðqÞ; . . . ;�s�1ðqÞÞ;

DsðqÞ is a diagonal matrix of the form

DsðqÞ :¼ diag½1!ð1� qÞ�2; . . . ; ðs� 1Þ!ð1� qÞ�s�;

and Ks is a lower triangular matrix whose ð�; �Þ-
entry ð1 � � � � � s� 1Þ is ��þ1

� . Suppose that

qe�2�ig=h ¼ t! 1 through the sector j argð1� tÞj <
�0. By Theorem 2.8, for 2 � 
 � s, we have �qð
Þ ¼
ð1� qÞ
ð1� thÞ�
�thð
Þ þ Oðh
þ1ð1� thÞ�1Þ. Hence

xsðqÞ ¼ K�1
s DsðqÞzsðqÞ

¼ K�1
s DsðqÞ

�
DsðqÞ�1DsðthÞzsðthÞ

þOðhsþ1ð1� thÞ�1Þ
�

¼ K�1
s DsðthÞzsðthÞ þOðhsþ1ð1� thÞ�1Þ

¼ xsðthÞ þOðhsþ1ð1� thÞ�1Þ;

which implies Theorem 2.7. r

Appendix. Remark on F0ðqÞ. Let q ¼ e2�ig=ht

be as in Theorem 2.7. Then

�0ðqÞ ¼ �
logð1� qÞ þOð1Þ

1� q

as q! 1 through the sector j argð1� qÞj < �0; and

�0ðqÞ ¼ �0ðthÞ þOðh2ð1� thÞ�1Þ

as t! 1 through the sector j argð1� tÞj < �0:

To derive these, we note that

ð1� qÞ
X1

n¼1

ðlognÞqn ¼
X1

n¼1

ðlogðnþ 1Þ � lognÞqnþ1

¼ q
X1

n¼1

ðn�1 þOðn�2ÞÞqn ¼ � logð1� qÞ þOð1Þ

as q! 1, jqj < 1, which implies

X1

n¼1

ðlognÞqn ¼ � logð1� qÞ
1� q þ 
ðqÞ

with 
ðqÞ ¼ Oðð1� qÞ�1Þ: Observing that


0ðqÞ ¼ 1

2�i

Z

�q


ðzÞ
ðz� qÞ2

dz ¼ Oðð1� qÞ�2Þ

with �q : jz� qj ¼ ð1=2Þj1� qj cos �0 in the sector

j argð1� qÞj < �0; we have

X1

n¼1

ðn lognÞqn ¼ � logð1� qÞ þOð1Þ
ð1� qÞ2

as q ! 1 through this sector. Hence

�0ðqÞ
1� q ¼

X1

n¼1

dðnÞqn
1� q ¼

X1

n¼1

Xn


¼1

dð
Þqn

¼
X1

n¼1

ðn lognþOðnÞÞqn ¼ � logð1� qÞ þOð1Þ
ð1� qÞ2

as q! 1 through j argð1� qÞj < �0. The second ex-
pression is obtained by the same argument as in the

proof of Theorem 2.8.
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