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Abstract: We introduce an operator which enable us to give a simple construction of
the isomorphism from the so-called Fock space to the L2-space with respect to a Poisson measure

without combinatorial arguments in Schmidt’s orthogonalization procedure.
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1. Introduction. The Fock space associated

with a Poisson measure seems to have a long history
in physics and mathematics and the isomorphism

was known among specialists to be constructed by

Schmidt’s orthogonalization method at least in 1960’s
soon after the Wiener-Ito decomposition was fully

established. In the present note we give a simple

method of constructing the isomorphism by intro-
ducing a densely de�ned operator on the Fock space,

denoted by T in below. It is based upon the semi-

group structure of the con�guration space and ena-
bles us to replace somewhat complicated combi-

natorial arguments in Schmidt’s orthogonalization

procedure by a simple operational calculus.
Let � be a nonnegative Radon measure on a

Polish space R. The Poisson measure with intensity

� is the (unique) probability Borel measure �� on
the locally �nite con�guration space QðRÞ over R

whose Laplace transform is given by
Z
QðRÞ

��ðd�Þe�h�; f i ¼ exp

Z
R

ðe�fðxÞ � 1Þ�ðdxÞ

for any continuous function f with compact support

where

h�; f i ¼
X1
i¼1

fðxiÞ

if a locally �nite con�guration is expressed as � ¼P1
i¼1 �xi .

We denote the �nite con�guration space by R̂.

It can be identi�ed with the union of the symmetriza-
tions of product spaces Rn with n � 0. Thus, we can

de�ne a measure �̂ on R̂ by

�̂ ¼
X1
n¼0

1

n!
��n

where ��n stands for the n-fold product measure

on Rn. Now set H ¼ L2ðR; �Þ and H ¼ L2ðR̂; �̂Þ.
Then H is isomorphic to the direct Hilbert sum of

the n-fold product Hilbert spaces H�n with norms

weighted by
ffiffiffiffiffiffiffiffiffi
1=n!

p
. In other words, H is isomorphic

to the so-called symmetric (or boson) Fock space

over H.

Theorem 1. The isomorphism I from the

Fock space H onto the H ¼ L2ðQðRÞ; ��Þ is given by

the formula

IðfÞð�Þ ¼ h��; T �1f i

where �� stands for the lift of � onto R̂. (See,
De�nition 2.)

Notice that the measure � may have both

atomic and continuous parts.
The �rst motivation of the present paper was to

simplify the Fock space arguments applied to the

study of the scattering length in [T1-3].
It turns out that the operator T has some un-

expected applications, such as an explicit formula
between correlation functions and (local) density

functions in Gibbs random �eld theory, simpli�ca-

tion of the arguments for fermion (or determinantal)
and other processes in [SrT1-4] (also, cf. [So]), etc.

These results will be published elsewhere.

2. Locally �nite con�guration space and

�nite con�guration space. We denote the space

of continuous functions on R with compact support

by CcðRÞ. Its dual space is the space of Radon mea-
sures on R. We denote by QðRÞ the set of non-

negative integer-valued Radon measures on R. An

element � of QðRÞ is called a locally �nite con-
�guration over R and is expressed as a �nite or
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in�nite sum of �-measures (cf. [SgT]). Also, we de-
note by R̂ its subset of �nite con�gurations and for a

subset � of R we write

�̂ ¼ fX 2 R̂ : Xð�Þ ¼ XðRÞg:
An element X 2 R̂ is expressed as a �nite sum of

�-measures and its total mass is denoted by jXj. The

subset Rn ¼ fX 2 R̂ : jXj ¼ ng will be identi�ed
with the n-fold symmetric product of the space R

and R̂ with their union.

We write X � � if XðxÞ � �ðxÞ for each x 2 R
and then set

cð�;XÞ ¼
Y

x:XðxÞ>0

�ðxÞ
XðxÞ

� �

where the product over empty set is de�ned to be 1,
as usual: cð�; 0Þ ¼ 1.

Notice that if X; Y 2 R̂ and Y � X, then

cðX; Y Þ ¼ cðX;X � Y Þ.
De�nition 2. For � 2 QðRÞ de�ne the con�g-

uration �� lifted onto R̂ by

�� ¼
X

X2R̂; X� �

cð�;XÞ�X

and write

h��; f i ¼
X

X2R̂; X� �

cð�;XÞfðXÞ

for a function f on R̂ whenever the right hand side is

summable.

3. Convolution on F0 and invariant mea-

sure l̂. We need a space of test functions on R̂.

De�nition 3. Let F0 be the set of continuous

functions f on R̂ which satisfy the following condi-

tions:

(a) (compact support) fðXÞ ¼ 0 if Xð�cÞ > 0 for

some compact subset � of R.

(b) (exponential growth) jfðXÞj � C jX j for some posi-

tive constant C.

For a � 2 CcðRÞ de�ne �̂ 2 F0 by

�̂ðXÞ ¼
Yn
i¼1

�ðxiÞ if X ¼
Xn
i¼1

�xi :

Such functions �̂ are multiplicative on the semi-
group R̂:

�̂ðX þ Y Þ ¼ �̂ðXÞ�̂ðY Þ X; Y 2 R̂:
De�nition 4. We de�ne the convolution on

F0 by

f � gðXÞ ¼
X
Y�X

cðX; Y ÞfðY ÞgðX � Y Þ ¼ g � fðXÞ:

Then, the binomial theorem shows that �̂ �  ̂ ¼
ð�þ  Þ^ :

Lemma 5. (i) Let � 2 CcðRÞ. Then,R
R̂ �̂ðdXÞ�̂ðXÞ ¼ �ð�Þ :¼ exp

R
R �ðdxÞ�ðxÞ:

(ii) If f ;g 2 F0, then,
R

R̂ �̂ðdXÞðf � gÞðXÞ ¼� R
R̂ �̂ðdXÞfðXÞ

�� R
R̂ �̂ðdXÞgðXÞ

�
:

Proof. (i) is immediate. (ii) follows from the
following: for �;  2 C 0cðRÞ,

Z
R̂

�̂ðdXÞð�̂ �  ̂ÞðXÞ ¼
Z
R̂

�̂ðdXÞð�þ  Þ^ðXÞ

¼ �ð�þ  Þ ¼ �ð�Þ�ð Þ:
r

4. Operators S and S�1. For a function f on

R̂ de�ne

SfðXÞ ¼
X
Y�X

cðX; Y ÞfðY Þ:

For instance, S�̂ðXÞ=ð�þ 1Þ^ðXÞ; S�1�̂ðXÞ ¼
ð�� 1Þ^ðXÞ:

Lemma 6. The operator S is invertible and

S�1fðXÞ ¼
X
Y�X
ð�1ÞjXj�jY jcðX; Y ÞfðY Þ:

Proof. This is a version of the inclusion-exclu-

sion formula for �nite sets. r
Notice that for an X 2 R̂ and an f 2 F0, we

have hX�; fi ¼ SfðXÞ:
Furthermore, if we introduce an involution

operator J (i.e., J2 ¼ I) by

JfðXÞ ¼ ð�1ÞjXjfðXÞ X 2 R̂

then, S�1 ¼ JSJ:
5. Operators T and T �1. From now on we

�x a nonnegative Radon measure � on R and denote

H ¼ L2ðR; �Þ;H ¼ L2ðR̂; �̂Þ and H ¼ L2ðQðRÞ; ��Þ:
Notice that the space F0 is dense in H and that the

space H is an L2-realization of the symmetric (or
boson) Fock space over H.

Lemma 7. For a function f 2 F0 de�ne

T fðXÞ ¼
Z
R̂

fðX þ Y Þ�̂ðdY Þ:
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Then, T de�nes an invertible operator from F0 to

itself and

T �1fðXÞ ¼
Z
R̂

ð�1ÞjY jfðX þ Y Þ�̂ðdY Þ:

Moreover, T and T �1 are formally adjoint operators

of S and S�1 in H, respectively.

Proof. The point of the proof is the following ob-

servation: for � 2 CcðRÞ

T�̂ðXÞ ¼ �ð�Þ�̂ðXÞ and �ð�Þ ¼ T�̂ð0Þ:
It then follows that for �;  2 CcðRÞ

hT�̂;  ̂iH ¼ �ð�Þ�ð� Þ ¼ �ð�ð þ 1ÞÞ
¼ h�̂; S ̂iH:

Thus, formally, T ¼ S� in H. It then follows that
T is invertible and T �1 ¼ JTJ takes the desired

form. r
6. Exponential function ef . For a given

f 2 CcðRÞ denote

ef ¼ �̂ with �ðxÞ ¼ e�fðxÞ � 1:

We call such functions exponential.
Lemma 8. (i) There holds the identity

h��; ef i ¼ e�h�; f i for any f 2 CcðRÞ.
(ii) For �;  2 CcðRÞ; h��; �̂ih��;  ̂i ¼ h��; ð� þ

�þ  Þ ^ i.
Proof. The assertion (i) is nothing but the ex-

pansion formula for the product
Qn

i¼1 ai ¼
Qn

i¼1ð1 þ
ðai � 1ÞÞ: Then (ii) follows for � ¼ e�f � 1 and  ¼
e�g � 1 since efþg ¼ ð� þ �þ  Þ^. The rest is a

routine work. r
7. Isomorphism I and proof of Main

Theorem. Let us rewrite the de�nition of the

Poisson measure �� by using our notations.
Lemma 9. The Poisson measure with inten-

sity � is the (unique) probability Borel measure ��
on the locally �nite con�guration space QðRÞ such

that
R

QðRÞ ��ðd�Þh��; fi ¼
R

R̂ �̂ðdXÞfðXÞ for any f 2
F0.

Proof. Obvious. r
Now we de�ne the isomorphism I on F0.

De�nition 10. For an f 2 F0 de�ne a func-

tion IðfÞð�Þ on QðRÞ by

IðfÞð�Þ ¼ h��; T �1fi:
Lemma 11. Let �;  2 CcðRÞ. Then,

hIð�̂Þ; Ið ̂ÞiH ¼ �ð� Þ ¼ exph�;  iH ¼ h�̂;  ̂iH:
Proof. It follows from the preceeding lemmas

that

hIð�̂Þ; Ið ̂ÞiH ¼ �ð� Þ ¼ exph�;  iH ¼ h�̂;  ̂iH;
noting 1=�ð�Þ ¼ �ð��Þ. r

Hence we obtain the following since the func-

tions �̂; � 2 CcðRÞ are dense in F0 with respect to
the norm k � kH.

Lemma 12. (i) If f 2 F0, then, IðfÞ 2 H.

(ii) If f ;g 2 F0, then,

hIðfÞ; IðgÞiH ¼ hf ;giH:

In particular,
kIðfÞkH ¼ kfkH:

Now we can prove the main theorem.

Theorem 13. The operator I is extended to

the unitary operator from H onto H.

Proof. From the preceeding lemmas we can

extend I to the norm preserving operator from
H ¼ L2ðR̂; �̂Þ to H ¼ L2ðQðRÞ; ��Þ. It remains to

prove that I is onto. But it is obvious because the

functions

�ðe�f � 1ÞIðefÞ ¼ e�h�; f i; f 2 CcðRÞ
span the Hilbert space H ¼ L2ðQðRÞ; ��Þ. r

8. Remark: a characterization of the opera-

tor T. Let CbðRÞ be the Banach space of bounded
continuous functions on R with supremum norm.

De�nition 14. For an f 2 F0 de�ne the func-

tional �f on CbðRÞ by

�f ð�Þ ¼
Z
R̂

�̂ðdXÞfðXÞ�̂ðXÞ; � 2 CbðRÞ:

Lemma 15. �f ð�Þ is an analytic functional in

� 2 CbðRÞ and its Taylor expansion at � ¼ 1 is given

by

�f ð1þ  Þ ¼
Z
R̂

�̂ðdXÞT fðXÞ ̂ðXÞ

¼ �f ð1Þ þ
X1
n¼1

1

n!

Z
Rn

��nðdXÞT fðXÞ ̂ðXÞ;

 2 CbðRÞ:

Proof. The analyticity is obvious since f 2 F0.

Now

�f ð1þ  Þ ¼
Z
R̂

�̂ðdXÞfðXÞð þ 1Þ^ðXÞ

¼
Z
R̂

�̂ðdXÞfðXÞS ̂ðXÞ

¼
Z
R̂

�̂ðdXÞT fðXÞ ̂ðXÞ:

r
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The above lemma shows that the functional �f

have the derivative of order n (which is a symmetric

multilinear functional) for each n and it admits the
density T f with respect to the product measure

�ðdx1Þ . . .�ðdxnÞ on Rn.
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