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The Riemann hypothesis and functional equations for zeta functions over F1

By Sojung KIM,*) Shin-ya KOYAMA**) and Nobushige KUROKAWA***)

(Communicated by Shigefumi MORI, M.J.A., May 12, 2009)

Abstract: We prove functional equations for the absolute zeta functions. We also show that

the absolute zeta functions satisfy the tensor structure in the sense that their singularities possess

an additive property under the tensor product. Moreover those singularities satisfy the analog of
the Riemann hypothesis.
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1. Introduction. Let A be an F1-algebra

which by de�nition is a commutative monoid. In the
recent paper [1], we de�ned the absolute Hasse (or

Weil) zeta function of A by

�F1
ðs; AÞ ¼ exp

X1

m¼1

jHomðA; mmÞj
m

e�ms

 !
;ð1Þ

where mm is the multiplicative group of m-th roots of

1, and Hom means the group of homomorphisms for
F1-algebras. Here we replace the previous notation T

in [1] by e�s, and �W ðT;AÞ by �F1
ðs;AÞ.

If A satis�es that jHomðA; mmÞj ¼ OðemcÞ for
some constant c > 0, the sum in (1) is absolutely con-

vergent in Re s > c. In particular, when jHomðA; mmÞj
is bounded in m, it holds that (1) is valid for
ReðsÞ > 0.

In this paper we prove the functional equations

of �F1
ðs; AÞ for �nitely generated abelian groups A.

We also deduce an analog of the Riemann Hypothe-

sis, and establish the tensor structure of singularities

of such zeta functions. In the proof a determinant ex-
pression of �F1

ðs;AÞ is crucial. In Section 2 we start

with an elementary example of zeta functions having

a determinant expression.
2. Determinant expression. For a bijection

� 2 AutðXÞ from a given set X to itself, we de�ne its

zeta function as

��ðsÞ ¼ exp
X1

m¼1

jFixð�mÞj
m

e�ms

 !
:

When jXj ¼ n, we identify � as an element in

Sn ¼ Autðf1; 2; . . . ; ngÞ. The following proposition
belongs to a folklore. We are giving its proof, since

we cannot �nd a suitable reference.

Proposition 1. Let X and Y be �nite sets.

Put jX j ¼ n.

(i) ��ðsÞ has the determinant expression

��ðsÞ ¼ detð1�Mð�Þe�sÞ�1;

where Mð�Þ ¼ ð�i;�ðjÞÞi;j¼1;...;n is the matrix rep-

resentation M : Sn ! GLnðCÞ:
(ii) ��ðsÞ satis�es an analog of the Riemann hypoth-

esis: ��ðsÞ ¼ 1 implies ReðsÞ ¼ 0.

(iii) ��ðsÞ satis�es the functional equation

��ð�sÞ ¼ ��ðsÞð�1Þnsgnð�Þe�ns:

(iv) ��ðsÞ has the Euler product

��ðsÞ ¼
Y

P2Cycleð�Þ
ð1�NðP Þ�sÞ�1;

where NðPÞ ¼ elengthðPÞ:
(v) The singularities of ��ðsÞ satisfy an additive

structure under the tensor product. Namely, a

sum of a pole of ��ðsÞ for � 2 AutðXÞ and a

pole of ��ðsÞ for � 2 AutðY Þ is a pole of ���� ðsÞ,
and all poles of ���� ðsÞ are given by this way.

Here for � 2 AutðXÞ and � 2 AutðY Þ, we de-

note their tensor product by �� � 2AutðX�Y Þ:
(vi) The Laurent expansion of ��ðsÞ around s ¼ 0 is

given as follows:

��ðsÞ ¼ s�mcð�Þ�1 þOðs�mþ1Þ;

where m is the multiplicity of the eigenvalue 1 of

Mð�Þ and cð�Þ ¼
Q

P2Cycleð�Þ lengthðPÞ:
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Proof. (i) Let

U�1Mð�ÞU ¼

�1 � � � � �
0 �2

. .
.

�
0 0 . .

.
�

0 0 � � � �n

0
BBB@

1
CCCA

be an upper triangularization. Then

detð1�Mð�ÞuÞ ¼ detð1� U�1Mð�ÞUuÞ
¼ ð1� �1uÞ � � � ð1� �nuÞ:

Hence

detð1�Mð�ÞuÞ�1 ¼ ð1� �1uÞ�1 � � � ð1� �nuÞ�1

¼
Yn

j¼1

exp
X1

m¼1

�mj u
m

m

 !

¼ exp
X1

m¼1

�m1 þ � � � þ �mn
m

um

 !
:

Then it is suf�cient to show that

jFixð�mÞj ¼ �m1 þ � � � þ �mn :
We compute

�m1 þ � � � þ �mn ¼ trððU�1Mð�ÞUÞmÞ
¼ trðU�1Mð�ÞmUÞ
¼ trðU�1Mð�mÞUÞ
¼ trðMð�mÞÞ

¼
Xn

i¼1

�i;�mðiÞ

¼ jFixð�mÞj:

(ii) By (i), if s is a pole of ��ðsÞ, we have es ¼ �j for

some j. Then

eReðsÞ ¼ jesj ¼ j�jj ¼ 1:

Hence ReðsÞ ¼ 0.

(iii)

��ð�sÞ
¼ detð1�Mð�ÞesÞ�1

¼ detðð�Mð�ÞesÞð1�Mð�Þ�1e�sÞÞ�1

¼ ð�1ÞnðdetMð�ÞÞ�1e�ns detð1�Mð�Þ�1e�sÞ�1

¼ ð�1Þnsgnð�Þe�ns��ðsÞ:

(iv) We put the decomposition into cyclic permuta-
tions as

� ¼ �1 � � ��r
¼ ði1; . . . ; ilð1ÞÞðilð1Þþ1; :::; ilð1Þþlð2ÞÞ
� � � ðilð1Þþ���þlðr�1Þþ1; :::; inÞ:

Let � 2 Sn be the permutation such that �ðkÞ ¼ ik
for k ¼ 1; 2; 3; . . .n. Then

��1�� ¼ ð1 � � � lð1ÞÞðlð1Þ þ 1 � � � lð1Þ þ lð2ÞÞ
� � � ðlð1Þ þ � � � þ lðr� 1Þ þ 1 � � �nÞ:

Hence

Mð�Þ�1Mð�ÞMð�Þ ¼ diagðClð1Þ; Clð2Þ; � � � ; ClðrÞÞ
with

tCl ¼

0 1
. .

. . .
.

. .
.

1
1 0

0
BBB@

1
CCCA

of size l. Then

detð1�Mð�Þe�sÞ ¼ detð1�Mð�Þ�1Mð�ÞMð�Þe�sÞ

¼
Yn

j¼1

ð1� e�lðjÞsÞ

¼
Y

P2Cycleð�Þ
ð1�NðP Þ�sÞ:

(v) By (i) we have

����ðsÞ ¼ detð1�Mð�� �Þe�sÞ�1

¼ detð1�Mð�Þ �Mð�Þe�sÞ�1;

where � denotes the Kronecker tensor product of

matrices. We put the eigenvalues of Mð�Þ and Mð�Þ
as �j ðj ¼ 1; . . . ; jXjÞ and �k ðk ¼ 1; 2; . . . ; jY jÞ, re-

spectively, We see from (i) that the poles of ��ðsÞ
and �� ðsÞ are given by s � log�j and s � log �k
mod 2�iZ. Thus the set of poles of ����ðsÞ is given by

flog�j�k mod 2�iZ j 1 � j � jXj; 1 � k � jY jg:
The result follows from

log�j�k � log�j þ log �k mod 2�iZ:

(vi) By (i), we have

��ðsÞ ¼ detð1�Mð�Þe�sÞ�1

¼
�
ð1� e�sÞm

Y

� 6¼1

ð1� �e�sÞ
��1

:

Hence ��ðsÞ has a pole of order m at s ¼ 0. The lead-

ing coef�cient is calculated from (iv):
Y

P2Cycleð�Þ
ð1�NðP Þ�sÞ�1

¼
Y

P2Cycleð�Þ
ðlðP ÞsþOðs2ÞÞ�1

¼ s�m
Y

P2Cycleð�Þ
ðlðP ÞÞ�1 þOðs�mþ1Þ: r
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Remark 1. Under mild modi�cations Propo-

sition 1 can be extended for a non-bijective map �,
since the most crucial fact

jFixð�mÞj ¼ trðMð�ÞmÞ
remains true.

We apply Proposition 1 to our absolute Hasse

zeta function. For a �nite abelian group

A ffi mn1
� mn2

� � � � � mnl

of order n ¼
Ql

j¼1 nj with n1jn2j � � � jnl, we de�ne the

absolute Frobenius operator �A on the group

Að2Þ ¼ mn2
1
� mn2

2
� � � � � mn2

l

as

�Að�1; . . . ; �lÞ ¼ ð�n1þ1
1 ; . . . ; �nlþ1

l Þ:
Lemma 1. Assume that A is a �nite abelian

group of order n. If

A ffi mn1
� mn2

� � � � � mnl

with n1jn2j � � � jnl, then it holds that

jHomðA; 	mÞj ¼
jFixð�m

A Þj
jAj :

Proof. First

jHomðA; 	mÞj ¼ jHomð	m;AÞj ¼ jXj;
where

X ¼ f� 2 A j �m ¼ 1g:

Look at the canonical homomorphism

Að2Þ ! A

de�ned by

ð�1; . . . ; �lÞ 7! ð�n1

1 ; . . . ; �nll Þ;

which is a surjective n : 1 map. Since Fixð�m
A Þ is the in-

verse image of X, we see that jFixð�m
A Þj ¼ njXj. r

Theorem 1. Assume that A is a �nite abelian

group of order n. If

A ffi mn1
� mn2

� � � � � mnl

with n1jn2j � � � jnl, then the absolute Hasse zeta func-

tion has the following determinant expression:

�F1
ðs; AÞ ¼ det 1� �Ae

�sð Þ�1=jAj:ð2Þ
Proof. If we identify the operator �A with the

square matrix of size n2, it holds by Lemma 1 that

�F1
ðs; AÞ ¼ ��A

ðsÞ
1
jAj:

Thus Proposition 1 leads to the result. r

3. Functional equations. For 1 � r 2 Z, we

denote by grðT Þ 2 Z½T 
 the Euler polynomials which
are de�ned recursively by

g1ðT Þ ¼ T
and

grþ1ðT Þ ¼
Xr

k¼1

r
k�1

� �
ðT � 1Þr�kgkðT Þ:ð3Þ

We �nd inductively that deg grþ1 ¼ r for r � 1. By

[1, Lemma 2.2], we have

X1


¼1


r�1T 
 ¼ grðT Þ
ð1� T Þr :ð4Þ

Example 1 (Euler polynomials).

g1ðT Þ ¼ T;
g2ðT Þ ¼ T;
g3ðT Þ ¼ T 2 þ T;
g4ðT Þ ¼ T 3 þ 4T 2 þ T :

Lemma 2 (Another expression of Euler polyno-
mials). For 1 � r 2 Z, we de�ne hrðTÞ 2 Z½T 
 re-

cursively by

h1ðT Þ ¼ T
and

hrþ1ðT Þð5Þ

¼
Xr

k¼2

r
k�1

� �
ð1� T Þr�kThkðT Þ þ ð1� T Þr�1T

ðr � 2Þ:

Then for r � 1,

grðT Þ ¼ hrðT Þ:

Proof. We show that hrðT Þ satis�es

X1


¼1


r�1T 
 ¼ hrðT Þ
ð1� T Þr :ð6Þ

Then the lemma follows from (4)

Put

Sr ¼
X1


¼1


r�1T
:

Since

TSrþ1 ¼
X1


¼1


rT 
þ1;
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We compute

ð1� T ÞSrþ1 ¼
X1


¼1


rðT
 � T 
þ1Þð7Þ

¼
X1


¼0

ðð
 þ 1Þr � 
rÞT 
þ1

¼
X1


¼0

Xr�1

k¼0

r
k

� �

kT 
þ1

¼ T
Xr�1

k¼0

r
k

� �X1


¼0


kT 


¼ T
Xr

k¼1

r
k�1

� �X1


¼0


k�1T 


¼ T
Xr

k¼2

r
k�1

� �
Sk þ

X1


¼0

T 


 !

¼ T
Xr

k¼2

r
k�1

� �
Sk þ

1

1� T

 !
:

If we put

Sr ¼
frðT Þ
ð1� T Þr

and substitute it to (7), we �nd that frðT Þ is a poly-

nomial in T with frðT Þ ¼ hrðT Þ, because frðT Þ also

satis�es (5). r
Lemma 3 (Transformation formula for Euler

polynomials). For r � 2 the Euler polynomials grðTÞ
satisfy

grðT�1Þ ¼ T�rgrðT Þ:ð8Þ
Proof. We prove by induction on r. When r ¼ 2,

the result follows from T�1 ¼ T�2 � T . Assume that
(8) is true for any k with 2 � k � r. Then

grþ1ðT�1Þ ¼
Xr

k¼1

r
k�1

� �
ðT�1 � 1Þr�kgkðT�1Þ

¼
Xr

k¼2

r
k�1

� �
ðT�1 � 1Þr�kT�kgkðT Þ

þ ðT�1 � 1Þr�1T�1

¼ T�r�1

 
Xr

k¼2

r
k�1

� �
ð1� T Þr�kTgkðT Þ

þ ð1� T Þr�1T

!

¼ T�r�1grþ1ðT Þ;

where the last identity follows from Lemma 2. r
For proving the functional equations, we recall

the following fact.

Proposition 2 ([1], Proposition 2.1). Assume

A is a �nitely generated free abelian group of rank r.

Put

A ffi Zr � mn1
� mn2

� � � � � mnk

with n1jn2j � � � jnk. Then

�F1
ðs; AÞ ¼

Y

djn
1� e�jdjs
� ��’ðdÞdk�2

1 ���d�1
k

for r ¼ 0;

Y

djn
exp

grðe�jdjsÞ’ðdÞdrþk�1
1 � � � dr�1

k

ð1� e�jdjsÞr
� �

;

for r � 1;

8
>>>>>>>>><

>>>>>>>>>:

where the notation djn means that the product is over

all tuples

d ¼ ðd1; . . . ; dkÞ 2 Nk

such that d1jn1, d2j n2

d1
,..., dk j nk

d1���dk�1
. Further, we put

jdj ¼ d1 � � � dk
and

’ðdÞ ¼ ’ðd1Þ � � �’ðdkÞ:

Theorem 2 (Functional equations).
(i) If A is a �nite abelian group, the following func-

tional equation holds:

�F1
ð�s; AÞ ¼ wðAÞe�jAjs�F1

ðs; AÞ;

where wðAÞ is a complex number of modulus 1

satisfying

wðAÞ ¼ ð�1ÞjAj detð�AÞ
1
jAj:

(ii) Assume A is a �nitely generated free abelian

group of rank 1. Put

A ffi Z� mn1
� mn2

� � � � � mnk

with n1jn2j � � � jnk. Then the following functional

equation holds:

�F1
ð�s; AÞ ¼ �F1

ðs;AÞ�1
Y

djn
e�’ðdÞd

k�1
1 ���dk :

(iii) If A is a �nitely generated abelian group of rank

r � 2, the following functional equation holds:

�F1
ð�s; AÞ ¼ �F1

ðs;AÞð�1Þr :

Proof. (i): Let jAj ¼ n. By Proposition 1(iii),
identifying �A with a square matrix of size n2, we

compute
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�F1
ð�s; AÞ ¼ ��A

ð�sÞ
1
jAj

¼ ��A
ðsÞð�1Þn

2

sgnð�AÞe�n
2s

� � 1
jAj

¼ �F1
ðs;AÞð�1Þn detð�AÞ

1
jAje�ns

¼ wðAÞe�ns�F1
ðs; AÞ:

(ii): We have g1ðT Þ ¼ T: Thus by Proposition 2,

�F1
ð�s; AÞ ¼

Y

djn
exp

ejdjs’ðdÞdk�1
1 � � � dk

1� ejdjs

� �

¼
Y

djn
exp �’ðdÞd

k�1
1 � � � dk

1� e�jdjs

� �
:

This gives

�F1
ðs; AÞ�F1

ð�s;AÞ ¼
Y

djn
e�’ðdÞd

k�1
1 ���dk :

(iii): By Lemma 3, it follows for r � 2 that

�F1
ð�s; AÞ ¼

Y

djn
exp

grðejdjsÞ’ðdÞdrþk�1
1 � � � dr�1

k

ð1� ejdjsÞr
� �

¼
Y

djn
exp

grðe�jdjsÞ’ðdÞdrþk�1
1 � � � dr�1

k

e�rjdjsð1� ejdjsÞr
� �

¼
Y

djn
exp

grðe�jdjsÞ’ðdÞdrþk�1
1 � � � dr�1

k

ð�1Þrð1� e�jdjsÞr
� �

¼ �F1
ðs; AÞð�1Þr : r

4. The Riemann Hypothesis and tensor

structure. According to the functional equations
obtained in the previous section, the Riemann Hy-

pothesis for �F1
ðs; AÞ asserts that

Reð�Þ ¼ 0

for any singularity �, which is a zero or a pole of

log �F1
ðs; AÞ.

Theorem 3 (The Riemann Hypothesis and ten-

sor structure).

(i) When A is a �nitely generated abelian group,

any singularity � of �F1
ðs;AÞ satis�es that

Reð�Þ ¼ 0.

(ii) The singularities of �F1
ðs;AÞ are equipped with a

tensor structure, which means the following: For

�nitely generated abelian groups Aj ðj ¼ 1; 2Þ
and singularities �j for �F1

ðs;AjÞ, the sum

�1 þ �2 is a singularity of �F1
ðs;A1 � A2Þ. Con-

versely, all singularities of �F1
ðs;A1 � A2Þ have

such an expression.

Proof. (i): Proposition 2 tells that any singular-

ity � of �F1
ðs; AÞ satisfy e�jdj� ¼ 1 for some d. Thus

� 2 2�ijdj�1Z:

(ii): Since

jHomðA; mmÞj ¼ mrjHomðAtor; mmÞj;
we have for ReðsÞ > 0 and a �nitely generated group
A that

�F1
ðs;AÞ ¼ exp

1

n

X1

m¼1

mr�1trð�Ator
Þe�ms

 !
ð9Þ

¼ exp
1

n

X1

m¼1

X

�

mr�1�me�ms

 !

¼ exp
1

n

X

�

grð�e�sÞ
ð1� �e�sÞr

 !
;

where the sum is taken over n2 eigenvalues of the

matrix �Ator
with n ¼ jAtorj.

If we put n ¼ jðA1Þtorj and k ¼ jðA2Þtorj, then
jðA1 � A2Þtorj ¼ nk and

�ðA1�A2Þtor
¼ �ðA1Þtor

� �ðA2Þtor
;ð10Þ

where � denotes the tensor product of matrices. By
the expression (9) any singularities �j ðj ¼ 1; 2Þ of

�F1
ðs; AjÞ satisfy e�j ¼ �j with �j an eigenvalue of

�ðAjÞtor
. From (10), the eigenvalues of �ðA1�A2Þtor

are

given by the form �1�2. Thus for any singularity �

of �F1
ðs; A1 � A2Þ, there exist �1 and �2 such that

e� ¼ �1�2 ¼ e�1e�2 ¼ e�1þ�2 :

This shows the tensor structure of singularities. r
Remark 2. The direct product group is con-

sidered to be equal to the tensor product over F1.

Namely,

A1 � A2 ¼ A1 �
F1

A2:

This is an analogous situation to the absolute tensor
product (or Kurokawa tensor product) in [4{6]. In

other words, �F1
ðs; A1 � A2Þ is analogous to

�F1
ðs;A1Þ � �F1

ðs;A2Þ
under the notation in [2] and [3].

Remark 3. Concerning the Euler product ex-

pression of the absolute zeta functions, we refer to

[5], where weighted Euler products of the form
Y

P

ð1�NðP Þ�sÞ�wðP Þ

is crucial.
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