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Abstract: The aim of the present note is to discuss the explicit determination of the

deformation space of the action of a discontinuous subgroup for a homogeneous space in the

setting where the basis group is the Heisenberg group.
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1. Introduction. Let H be an arbitrary

closed connected subgroup of a connected, simply

connected exponential Lie group G. The main

subject of this note is the description of the

deformation space T ð�; G;HÞ of a discontinuous

subgroup � of G for the homogeneous space G=H.

The problem of describing deformations for Clifford-

Klein forms in general settings was initiated by T.

Kobayashi in [7] and was formalized as Problem C in

[4]. The deformation space which is introduced by

the same author in ([4], (5.3.1)) for general settings,

is an interesting object when the rigidity fails. For

the Riemannnian case, this is very rare because of

the rigidity theorem by Selberg, Weil, Mostow, and

Margulis. We notice that the Teichmuller theory

may be interpreted as the study of the deformation

of complex structures on the Riemann surface, or as

the study of the space T ð�; G;HÞ of discontinuous

groups � for ðG;HÞ ¼ ðSLð2; RÞ; SOð2ÞÞ. The point

of Kobayashi’s problem [4] is that the deformation

space could be a very rich object for the non-

Riemannian case because there are families of

homogeneous spaces G=H of arbitrary high dimen-

sion for which the rigidity does not hold, such as

certain symmetric spaces of high dimension [4], and

many nilpotent homogeneous spaces [1,2,5,9].

On the other hand, not many explicit results

have been known for the deformation space

T ð�; G;HÞ. The purpose of this note is to discuss

very recent development in Kobayashi’s problem in

the context where the basis group G is the Heisen-

berg group. In this setting, when the discontinuous

subgroup � is abelian, the author of the present

note, with I. Kédim and T. Yoshino obtained an

accurate description of the space T ð�; G;HÞ, with-
out any restriction on the subgroup H. Our study

makes use of Grassmannians and carries out a

precise information of the related objects in terms

of matrix-like forms. It is also shown that in the

situation where the Clifford-Klein form in question

is compact, these spaces are cutely obtained to be

some classical product of set matrices. In this note,

we tackle the case where � is not abelian and we

show that the deformation space in question

systematically splits up to a homeomorphism, into

a finite union of open sets, each of them is precisely

determined and lies in a Euclidian space. The

topological features of these deformations are

studied as well. Detailed proofs of our main results

will be published elsewhere.

2. Backgrounds. We begin this section

with fixing some notation and terminology and

recording some basic facts about deformations.

Concerning the entire subject, we strongly recom-

mend the papers [5,6].

2.1. Proper and fixed point actions. Let M
be a locally compact space and K a locally compact

topological group. The action of the group K on M
is said to be:

(1) Proper (in the sense of Palais [11]) if, for

each compact subset S � M the set KS ¼ fk 2 K :

k � S \ S 6¼ ;g is compact.

(2) Fixed point free (or merely free) if, for each

m 2 M, the isotropy group Km ¼ fk 2 K : k �m ¼
mg is trivial.
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(3) Properly discontinuous if, K is discrete and

for each compact subset S � M the set KS is finite.

In the case where M ¼ G=H is a homogeneous

space and K a subgroup of G, then it is well known

that the action of K on M is proper if SHS�1 \K is

compact for any compact set S in G. Here, for two

sets A and B of the locally compact topological

group G, the product AB is the subset fab : a 2
A; b 2 Bg. Likewise the action of K on M is free if

for every g 2 G, K \ gHg�1 ¼ feg. In this context,

the subgroup K is said to be a discontinuous group

for the homogeneous space M, if K is a discrete

subgroup of G and K acts properly and fixed point

freely on M.

2.2. Clifford-Klein forms. For any given

discontinuous subgroup � for the homogeneous

space G=H, the quotient space �nG=H is said to

be a Clifford-Klein form for the homogeneous space

G=H. It is then well-known that any Clifford-Klein

form is endowed through the action of � with a

manifold structure for which the quotient canonical

surjection

� : G=H ! �nG=Hð1Þ

turns out to be an open covering and particularly

a local diffeomorphism. On the other hand, any

Clifford-Klein form �nG=H inherits any G-invari-

ant geometric structure (e.g. complex structure,

pseudo-Riemanian structure, conformal structure,

symplectic structure,. . .) on the homogeneous space

G=H through the covering map � defined as in

equation (1) below.

2.3. Parameters and deformation spaces.

The material dealt with in this subsection comes

from [5]. The reader could consult that reference

and some references therein for more detailed

information. We designate by Homð�; GÞ the set

of groups homomorphisms from � to G endowed

with the point wise convergence topology. The same

topology is obtained by taking generators �1; . . . ; �k
of �, then using the injective map:

Homð�; GÞ ! G� � � � �G; ’ 7! ð’ð�1Þ; . . . ; ’ð�kÞÞ

to equip Homð�; GÞ with the relative topology

induced from the direct product G� � � � �G. We

consider then the parameter space Rð�; G;HÞ of

Homð�; GÞ defined as the set of all injective ’ 2
Homð�; GÞ for which ’ð�Þ acts properly discontin-

uously and freely on G=H. According to this

definition, for each ’ 2 Rð�; G;HÞ, the space

’ð�ÞnG=H is a Clifford-Klein form which is a

Hausdorff topological space and even equipped with

a structure of a manifold for which, the quotient

canonical map is an open covering. Let now ’ 2
Rð�; G;HÞ and g 2 G, we consider the element

’g :¼ g�1 � ’ � g of Homð�; GÞ defined by:

’gð�Þ ¼ g�1’ð�Þg; � 2 �:

It is then clear that the element ’g 2 Rð�; G;HÞ and
that the map:

’ð�ÞnG=H �! ’gð�ÞnG=H;
’ð�ÞxH 7! ’gð�Þg�1xH

is a natural diffeomorphism. We consider then the

orbits space:

T ð�; G;HÞ ¼ Rð�; G;HÞ=G

instead of Rð�; G;HÞ in order to avoid the unessen-

tial part of deformations arising inner automor-

phisms and to be quite precise on parameters. We

call the set T ð�; G;HÞ as the space of the deforma-

tion of the action of � on the homogeneous space

G=H.

2.4. Topological features of deformations.

We keep the same notation and hypotheses. A. Weil

[12] introduced the notion of local rigidity of

homomorphisms. T. Kobayashi [7] generalized it

as the local rigidity of discontinuous groups for

G=H where H is not necessarily compact. The

distinguishing feature for non-compact setting is

that the local rigidity does not hold in general in

the non-Riemannian case and has been studied in

[1,2,5,6,9]. We briefly recall here some details. For

a comprehensible information, we refer the readers

to the references [1–10] and some references therein.

For ’ 2 Rð�; G;HÞ, the discontinuous subgroup

’ð�Þ for the homogeneous space G=H is said to

be locally rigid in the sense of Kobayashi [7] as

a discontinuous group of G=H if the orbit of

’ through the inner conjugation is open in

Homð�; GÞ(respectively in the set Rð�; G;HÞ). This
means equivalently that any point sufficiently close

to ’ should be conjugate to ’ under an inner

automorphism of G. When every point in

Rð�; G;HÞ is locally rigid, the deformation space

turns out to be discrete and then we say that the

Clifford-Klein form �nG=H can not deform contin-

uously through the deformation of � in G. If a given

’ 2 Rð�; G;HÞ is not locally rigid, we say that it

admits a continuous deformation and that the
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related Clifford-Klein form is continuously deform-

able.

The homomorphism ’ is said to be topologically

stable or merely stable in the sense of Kobayashi-

Nasrin [9], if there is an open set in Homð�; GÞ
which contains ’ and is contained in Rð�; G;HÞ.
When the set Rð�; G;HÞ is an open subset of

Homð�; GÞ, then obviously each of its elements is

stable, which is the case for irreducible Riemannian

symmetric spaces. Furthermore, we point out in

this setting that the concept of stability may be one

fundamental genesis in understanding the local

structure of the deformation space.

3. The main results.

3.1. Algebraic interpretation of deforma-

tions. We keep our hypotheses and notation. We

first prove the following preliminary algebraic

interpretation of the parameter and deformation

spaces. Let G be a connected simply connected

completely solvable Lie group, H ¼ expðhÞ a con-

nected subgroup of G and � a discrete subgroup

of G acting properly discontinuously on G=H. We

designate by L ¼ expðlÞ the syndetic hull of � and

let Rðl; g; hÞ be the set of all ’ 2 Homðl; gÞ such that

dim’ðlÞ ¼ dim l and exp’ðlÞ acts properly on G=H.

The group G acts on the spaces Homð�; GÞ;
HomðL;GÞ and Homðl; gÞ respectively through the

following laws. For � 2 � (or L), ’ 2 Homð�; GÞ (or
HomðL;GÞÞ and g 2 G:

ðg � ’Þð�Þ ¼ g’ð�Þg�1

g �  ¼ Adg �  ;  2 Homðl; gÞ; g 2 G:

Generalizing the idea of [9], we now obtain the

following

Theorem 1. Let G be a connected simply

connected completely solvable Lie group, H a

connected subgroup of G and � a discrete subgroup

of G acting properly discontinuously on G=H. Then

up to a homeomorphism we have,

Rð�; G;HÞ ¼ Rðl; g; hÞ:

In particular if � and �0 have the same syndetic hull,

then Rð�; G;HÞ and Rð�0; G;HÞ are homeomorphic.

Furthermore, up to a homeomorphism, the defor-

mation space T ð�; G;HÞ coincides with Rðl; g; hÞ=G.
3.2. On Grassmannians. Let k ¼ dim l, s ¼

dim h and n ¼ dim g. We fix a basis fX1; . . . ; Xng of

g passing through h. We identify the vector spaces g

to Rn, l to Rk, h to the s dimensional subspace Rs �
0Rn�s of Rn, Lðl; gÞ to Mn;kðRÞ the real vector space

of n� kmatrices with real entries and Homðl; gÞ to a
closed subset of Mn;kðRÞ. Let M�

n;kðRÞ be the open

set of Mn;kðRÞ consisting of rank k matrices in

Mn;kðRÞ, which is also identified to the set

f’ 2 Lðl; gÞ; ’ injectiveg. We define the set

Iðn; kÞ ¼ fði1; . . . ; ikÞ 2 Nk; 1 � i1 < � � � < ik � ng:

For

M ¼

L1

..

.

Ln

0
BB@

1
CCA 2Mn;kðRÞ

and

� ¼ ði1; . . . ; ikÞ 2 Iðn; kÞ;

we denote by M� the k� k relative minor

Li1

..

.

Lik

0
B@

1
CA.

Let

U� ¼ fM 2M�
n;kðRÞ : M� ¼ Ikg ¼� Mn�k;kðRÞ;

where Ik designates the identity element of MkðRÞ.
The group GLkðRÞ, acting on Mn;kðRÞ through a

right multiplication and the Grassmannian Gn;kðRÞ
of the k-dimensional subspaces of Rn is identified to

the quotient topological space M�
n;kðRÞ=GLkðRÞ.

Let

� :M�
n;kðRÞ ! Gn;kðRÞ

M 7!MðRkÞ
be the canonical surjection. It is easy to see that the

restriction �� of � to the set U� is an homeo-

morphism between U� and its image. We get then

quite easily that

Gn;kðRÞ ¼
[

�2Iðn;kÞ
��ðU�Þ:

It is well known that these bijections define a

compatible affine charts on Gn;kðRÞ which endow

this space with a structure of a manifold of

dimension kðn� kÞ.
4. On abelian discontinuous sub-

groups. Throughout the rest of the note, g :¼
h2nþ1 designates the Heisenberg Lie algebra of

dimension 2nþ 1 and G :¼ H2nþ1 the corresponding

Heisenberg Lie group. g can be defined as a real

vector space endowed with a skew-symmetric bi-

linear form b of rank 2n and a fixed generator Z

belonging to the kernel of b. The center z of g is then

the kernel of b and it is the one dimensional
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subspace ½g; g�. For any X; Y 2 g, the Lie bracket is

given by

½X; Y � ¼ bðX; Y ÞZ:

The following result is proved in ([2],

Proposition 3.1) and provides a method to con-

struct a symplectic basis of g starting from a given

subalgebra l of g and referred to be adapted to l.

Theorem 2. Let l be a Lie subalgebra of g.

Then there exists a basis

Bl ¼ fZ;X1 . . . ; Xn; Y1; . . . ; Yng

of g with the Lie commutation relations

½Xi; Yj� ¼ �i;jZ; i; j ¼ 1; . . . ; n

and satisfying:

1) If z � l, then there exist two integers p; q 	 0 such

that the family

fZ;X1; . . . ; Xpþq; Y1; . . . ; Ypg

constitutes a basis of l.

2) If z 6� l, then dim l � n and l is generated by

X1; . . . ; Xs, where s ¼ dim l. The symbol �i;j here

designates the Kronecker symbol. The basis Bl is

said to be a symplectic basis of g adapted to l.

Take now any � 2 Isðn; kÞ ¼ fði1; . . . ikÞ 2
Iðn; kÞ; i1 > sg, and consider the set V� of all

M ¼ 0
A

� �
, A 2M2n;kðRÞ for which M� ¼ Ik and

tMJbM ¼ 0, where Jb is the matrix of b in Bh. Let

also

I1s ð2nþ 1; kÞ ¼ fði1; . . . ; ikÞ; i1 ¼ 1 and i2 > sþ 1g:

The following upshot is proved in [2] and provides a

description of the deformation space in this context.

Theorem 3. Let G be the Heisenberg Lie

group of dimension 2nþ 1, H a connected Lie

subgroup of dimension s and � a rank k discontin-

uous subgroup for G=H. Then

1) If H contains the center of G, then

T ð�; G;HÞ ¼
[

�2Isð2nþ1;kÞ
T � and

where for every � 2 Isð2nþ 1; kÞ, the set T � is an

open subset of T ð�; G;HÞ homeomorphic to the

product GLkðRÞ � V�.

2) If H does not meet the center of G, then

T ð�; G;HÞ ¼
[

�2Isþ1ð2nþ1;kÞ
T �

[
�2I1s ð2nþ1;kÞ

T �;

where for every � 2 Isþ1ð2nþ 1; kÞ, the set T � is

open in T ð�; G;HÞ and homeomorphic to the

product GLkðRÞ � V�. On the other hand, for any

� 2 I1s ð2nþ 1; kÞ, the set T � is open in T ð�; G;HÞ
and is homeomorphic to the product Ok �Rk �
Nk � V�, Nk designates here the set of all upper

triangular unipotent matrices.

We now describe the deformation space for

compact Clifford-Klein forms. We have the follow-

ing

Theorem 4. Let G be the Heisenberg Lie

group of dimension 2nþ 1, H a connected Lie

subgroup of dimension s and � a rank k discontin-

uous subgroup for G=H. Assume in addition that the

Clifford-Klein form �nG=H is compact. Then

1) If H contains the center of G, then k < s and

T ð�; G;HÞ ’ GLkðRÞ �Mp;qðRÞ2 � SymðRqÞ
� Spðp;RÞ=Spðp� r;RÞ;

where q þ 1 ¼ dimðker bjhÞ, 2pþ q þ 1 ¼ dim h and

pþ q þ r ¼ n.

2) If H does not contain the center of G then,

T ð�; G;HÞ ’ Onþ1 �Rnþ1 �Nn � SymðRnÞ:

5. On non-abelian discontinuous sub-

groups. We keep the same notation and hypoth-

eses and we now assume that � is not abelian. The

group AutðlÞ of automorphisms of l is a closed

subgroup of GLkðRÞ, then the homogeneous space

GLkðRÞ=AutðlÞ is endowed with a manifold struc-

ture for which the quotient map p : GLkðRÞ !
GLkðRÞ=AutðlÞ admits local sections. Consider an

open covering fV�g�2I of GLkðRÞ=AutðlÞ such that

for any � 2 I, there is a section s� : V� ! GLkðRÞ
satisfying p � s� ¼ IdjV� .

Let us denote by I1s ð2nþ 1; kÞ the set of all

element � 2 Isð2nþ 1; kÞ of the form � ¼ ðsþ 1;

i2; . . . ; ikÞ. The following result describes the struc-

ture of the deformation space in this context.

Theorem 5. Let G be the 2nþ 1-dimension-

al Heisenberg group, H a connected Lie subgroup of

G and � a non-abelian discontinuous subgroup of G

for G=H. Let L ¼ expðlÞ be the syndetic hull of �.

There exists a finite set of a local sections ðs�Þ�2I for
the canonical surjection GLkðRÞ ! GLkðRÞ=AutðlÞ
such that, the deformation space of � acting on G=H

reads

T ð�; G;HÞ ¼
[
�2I

�2I1s ð2nþ1;kÞ

T��;
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where for � 2 I and � 2 I1s ð2nþ 1; kÞ, the set T�� is

open in T ð�; G;HÞ and homeomorphic to the set

R� �R2pq � Spð2p;RÞ �GLqðRÞ � A�;�;

where A�;� is a closed subset of s�ðV�Þ � U� for any

� 2 I1s ð2nþ 1; kÞ and � 2 I. Here q þ 1 ¼ dim zðlÞ
and 1þ 2pþ q ¼ k.

As a direct consequence, we get the following

Corollary 6. Let H be a connected subgroup

of the Heisenberg group G ¼ H2nþ1 and � a dis-

continuous subgroup for the homogeneous space

G=H. Then Rð�; G;HÞ is an open set in Homð�; GÞ.
That is, every element of Rð�; G;HÞ is stable.

Moreover, the local rigidity propriety fails to hold

globally on Rð�; G;HÞ.
It is worth remarking up to this step that

though � is not cocompact for G=H, the stability

still holds.
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