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Abstract: We present three new proofs of the trace theorem of Lp Sobolev spaces, which

do not rely on the theory of interpolation spaces. The first method originates in Morrey’s proof

for the Sobolev embedding theorem concerning the Hölder-Zygmund space. The second method

is based on Muramatu’s integral formula and the third method is based on an integral operator

with Gauss kernel. These methods give unified viewpoints for the proofs of the trace theorem and

the Sobolev embedding theorem.
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Introduction. The trace theorem of Lp

Sobolev spaces H�
p ðRnÞ has an important role in

the boundary value problems of partial differential

equations. It is usually proved by the theory of

interpolation spaces (see [1,2,8]). There are also

elementary proofs which do not rely on the theory

of interpolation spaces (see [3,4,7]).

In this paper, we present three new proofs

of the trace theorem. The first method, for � ¼ 1, is

direct and originates in Morrey’s proof for the

Sobolev embedding theorem concerning the Hölder-

Zygmund space. The second method, for � ¼ m

with a positive integer m, is based on Muramatu’s

integral formula [6]. The third method, for general

�, is based on an integral operator with Gauss

kernel.

In any method, we adopt the characterization

by the difference operator as the definition of the

Besove space B�
ppðRnÞ with � > 0 and 1 < p < 1,

which is given below. Let � be written as

� ¼ jþ �; j 2 N0; 0 < � � 1;

and set

jujB�
ppðRnÞ ¼

Z
Rn

Z
Rn

j�1þ½� �
h uðxÞjp

jhj�pþn dx dh

 !1=p

;

jujB�
ppðRnÞ ¼

X
j�j¼j

juð�ÞjB�
ppðRnÞ;

where N0 is the set of non-negative integers, �h

is the difference operator given by �huðxÞ ¼
uðxþ hÞ � uðxÞ and ½� � denotes the largest integer

not exceeding � . Then the Besov space B�
ppðRnÞ is

defined by

B�
ppðRnÞ ¼ fu 2 Hj

pðRnÞ : jujB�
ppðRnÞ < 1g;

and the norm is given by

kukB�
ppðRnÞ ¼

X
j�j�j

kuð�ÞkLpðRnÞ þ jujB�
ppðRnÞ:

Usual modification for p ¼ 1 defines B�
11ðRnÞ,

which is written as C�ðRnÞ.
The trace theorem is stated as follows:

Theorem 1. Let n, k be integers with n � 2,
1 � k < n, and let 1 < p < 1 and � > k=p. Let x 2
Rn be written as x ¼ ðx0; x00Þ with x0 2 Rn�k and

x00 2 Rk.

Then the trace operator Tr : SðRnÞ ! SðRn�kÞ
defined by

ðTruÞðx0Þ ¼ uðx0; 0Þ; u 2 SðRnÞ

can be extended to a bounded linear operator

H�
p ðRnÞ ! B��k=p

pp ðRn�kÞ. Namely, there exists a

constant C depending only on n, k, p and � such that

kTruk
B

��k=p
pp ðRn�kÞ � CkukH�

p ðRnÞ:ð1Þ

In particular, if � ¼ m with an integer m > 0 then

jTruj
B

m�k=p
pp ðRnÞ � C

X
j�j¼m

kuð�ÞkLpðRnÞ:ð2Þ

Any of our methods to prove Theorem 1 also

works for the proof of Theorem 2 below, which

corresponds to the case k ¼ n in Theorem 1.

Theorem 2. Let n be an integer with n � 1,

and let 1 < p < 1 and � > n=p.
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Then H�
p ðRnÞ is continuously embedded in

C��n=pðRnÞ. Namely, there exists a constant C

depending only on n, p and � such that

kukC��n=pðRnÞ � CkukH�
p ðRnÞ:ð3Þ

In any method, the estimate of the Besov

seminorm is reduced to the following lemma, which

is a special case of boundedness theorem on integral

operators.

Lemma 0.1. Let k, l be positive integers, let

1 < p < 1, and let KðsÞ be a measurable function

of s 2 Rþ ¼ ð0;1Þ. Then the linear operator

f 7!
Z
Rk

K
jyj
jhj

� �
fðyÞ

dy

jyjk
ð4Þ

is bounded from LpðRk; jyj�kdyÞ to LpðRl; jhj�ldhÞ if
K is in L1ðRþ; ds=sÞ, and it is bounded from

LpðRk; jyj�kdyÞ to L1ðRlÞ if K is in LqðRþ; ds=sÞ
with p�1 þ q�1 ¼ 1.

In the following sections we denote by C

various constants depending only on n, k, p and �

which may differ from line to line.

1. Application of Morrey’s method. Let

� ¼ 1. In order to provide insight into the first

method, we review Morrey’s proof [5, pp.79–80] of

Theorem 2 briefly.

In the proof of Theorem 2 we have to obtain the

estimate

juðxþ 2hÞ � uðxÞj � Cjhj1�n=p; h 2 Rnð5Þ

for u 2 H1
pðRnÞ. To do so we consider the mean

value of uðxÞ on the ball of radius jhj centered at

xþ h:

mhðxÞ ¼
1

jBhj

Z
Bh

uðxþ hþ zÞ dz;

where Bh is the ball of radius jhj centered at the

origin and jBhj denotes the volume of Bh. Then we

get (5) by evaluating

mhðxÞ � uðxÞ

¼
1

jBhj

Z
Bh

dz

Z 1

0

ruðxþ shþ szÞ � ðhþ zÞ ds

and mhðxÞ � uðxþ 2hÞ.
If we note that the Sobolev embedding theorem

is concerned with the restriction of a function to a

point, 0-dimensional hyperplane, and that Bh is

an n-dimensional ball, we can translate the idea

of Morrey’s method for the proof of Theorem 1 as

follows:

‘‘In order to estimate the restriction of a

function to an ðn� kÞ-dimensional hyperplane,

consider the mean value of the function on a k-

dimensional ball.’’

Proof of Theorem 1 for � ¼ 1. It is suffi-

cient to show (1) and (2) for u 2 SðRnÞ, since SðRnÞ
is dense in H1

pðRnÞ. We write a point x 2 Rn as x ¼
ðx0; x00Þ 2 Rn�k �Rk. For h 2 Rn�k set Bh ¼ fz00 2
Rk : jz00j � jhjg and denote by jBhj the k-dimen-

sional volume of Bh.

To evaluate uðx0 þ 2h; 0Þ � uðx0; 0Þ we set

mhðx0Þ ¼
1

Bhj j

Z
Bh

uðx0 þ h; z00Þ dz00ð6Þ

and

Fhðx0Þ ¼ mhðx0Þ � uðx0; 0Þ

¼
1

jBhj

Z
Bh

dz00
Z 1

0

ruðx0 þ sh; sz00Þ � ðh; z00Þ ds:

Using Minkowski’s inequality, changing the

variables with y00 ¼ sz00, and writing vðx00Þ ¼
kruð � ; x00ÞkLpðRn�kÞ, we have

kFhkLpðRn�kÞ

jhj1�k=p
ð7Þ

� Cjhj�kþk=p

Z 1

0

ds

Z
Bh

kruð � ; sz00ÞkLpðRn�kÞ dz
00

¼ Cjhj�kþk=p

Z 1

0

s�kds

Z
jy00 j�sjhj

vðy00Þ dy00

¼ Cjhj�kþk=p

Z
jy00 j�jhj

�Z 1

jy00 j=jhj
s�kds

�
vðy00Þ dy00

¼ C

Z
Rk

�k

jy00j
jhj

� �
fjy00jk=pvðy00Þg

dy00

jy00jk
;

where �kðsÞ ¼ sk�k=pðs1�k � 1Þ=ðk� 1Þ for 0 < s � 1,

k > 1, �1ðsÞ ¼ s1�1=pð� log sÞ for 0 < s � 1, and

�kðsÞ ¼ 0 for s > 1, k � 1. Hence, Lemma 0.1

implies

kFhkLpðRn�kÞ

jhj1�k=p

�����
�����
LpðRn�k;jhjk�ndhÞ

� CkrukLpðRnÞ;

sup
h2Rn�k

kFhkLpðRn�kÞ

jhj1�k=p
� CkrukLpðRnÞ;

for �k 2 L1ðRþ; ds=sÞ \ L1ðRþÞ.
We get a similar estimate for

Ghðx0Þ :¼ mhðx0Þ � uðx0 þ 2h; 0Þ:

So (2) follows from uðx0 þ 2h; 0Þ � uðx0; 0Þ ¼
Fhðx0Þ �Ghðx0Þ.
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We now evaluate the Lp norm of uðx0; 0Þ.
We have already seen that kFhkLpðRn�kÞ �
Cjhj1�k=pkrukLpðRnÞ. On the other hand, we have

by (6) and Hölder’s inequality

kmhkLpðRn�kÞ � Cjhj�k

Z
Bh

kuð � ; y00ÞkLpðRn�kÞ dy
00

� Cjhj�k=pkukLpðRnÞ:

Thus uðx0; 0Þ ¼ mhðx0Þ � Fhðx0Þ with jhj ¼ 1 gives

kTr ukLpðRn�kÞ � CkukH1
p ðRnÞ:

This combined with (2) yields (1). �

Remark 1.1. In the proof we can replace Bh

by Bh \ ðRþÞk. Then we obtain

kTruk
B

1�k=p
pp ðRn�kÞ � CkukH1

p ðRn�k�ðRþÞkÞ:

Remark 1.2. Our first method is very sim-

ilar to that of DiBenedetto [4] who proved

Theorem 1 for � ¼ 1 and k ¼ 1. He derived (2) by

setting mhðx0Þ ¼ uðx0 þ h; jhjÞ instead of (6) and

using the inequality

kuð � þ h; jhjÞ � uð � ; 0ÞkLpðRn�1Þ

�
ffiffiffi
2

p
jhj
Z 1

0

kruð � ; sjhjÞkLpðRn�1Þ ds

and the identity

jhj1=pkruð � ; sjhjÞkLpðRn�1Þ

��� ���
LpðRn�1;jhj1�ndhÞ

¼ ð!n�1s
�1Þ1=pkrukLpðRn�1�RþÞ;

which is obtained by integration in polar coordi-

nates. Here !n�1 denotes the surface area of the

unit sphere in Rn�1. Whereas his method requires

another consideration to obtain uðx0; 0Þ 2 LpðRn�1Þ,
in our method this is an immediate consequence

of mh; Fh 2 LpðRn�1Þ.
2. Method of Muramatu’s formula. In

this section we assume that m is a positive integer.

Before giving the proof of Theorem 1 for � ¼ m we

briefly review Muramatu’s formula, which expresses

a function by its regularizations.

Choose a function � 2 C1
0 ðRnÞ satisfyingR

Rn �ðxÞ dx ¼ 1 and supp � � fx 2 Rn : jxj < 1g.
Let N be a positive integer and set

!ðxÞ ¼
X
j�j<N

1

�!
@�
x fx��ðxÞg;

MðxÞ ¼
X
j�j¼N

Mð�Þ
� ðxÞ; M�ðxÞ ¼

N

�!
x��ðxÞ:

For t > 0 we set !tðxÞ ¼ t�n!ðx=tÞ and MtðxÞ ¼
t�nMðx=tÞ. Using the relations @tf!tðxÞg ¼
�t�1MtðxÞ and limt!þ0 !t � fðxÞ ¼ fðxÞ, we have

fðxÞ ¼
Z R

0

Mt � fðxÞ
dt

t
þ !R � fðxÞ; R > 0ð8Þ

for f 2 SðRnÞ. Taking the limit as R ! 1, we also

have

fðxÞ ¼
Z 1

0

Mt � fðxÞ
dt

t
:ð9Þ

We note that the relation

ðMð�Þ
� Þt � fðxÞ ¼ tj�jðMð���Þ

� Þt � f ð�ÞðxÞ

holds for 0 < � � � by integration by parts.

In the argument below, it is convenient to

assume that �ðxÞ is written in the form

�ðxÞ ¼ �0ðx0Þ�1ðx00Þð10Þ

with �0 2 C1
0 ðRn�kÞ and �1 2 C1

0 ðRkÞ.
Proof of Theorem 1 for � ¼ m. Let u 2

SðRnÞ and let

m� k=p ¼ jþ �; j 2 N0; 0 < � � 1:ð11Þ

First we shall evaluate kuð�Þðx0; 0ÞkLpðRn�kÞ for

� ¼ ð�0; 0Þ 2 Nn�k
0 �Nk

0 with j�j � j. Applying (8)

with N ¼ m, R ¼ 1 and f ¼ uð�Þ (j�j � j) and using

integration by parts, we have

uð�ÞðxÞ ¼
X
j�j¼m

Z 1

0

tm�j�jðK��Þt � uð�ÞðxÞ
dt

t

þ !
ð�Þ
1 � uðxÞ

with some functions K�� 2 C1
0 ðRnÞ. It is easily seen

that

kKt � fðx0; 0ÞkLpðRn�kÞ � kKtkL1ðLqÞkfkLpðRnÞ

� t�k=pkKkL1ðLqÞkfkLpðRnÞ

for K 2 C1
0 ðRnÞ, where p�1 þ q�1 ¼ 1 and

kKkL1ðLqÞ ¼
R
Rn�k kKðx0; x00ÞkLqðRk

x00 Þ
dx0. Hence

kuð�Þð � ; 0ÞkLpðRn�kÞð12Þ

� C
X
j�j¼m

Z 1

0

tm�j�j�k=pkuð�ÞkLpðRnÞ
dt

t

þ k!ð�Þ
1 kL1ðLqÞkukLpðRnÞ

� CkukHm
p ðRnÞ;

where we used m� j�j � k=p ¼ ðj� j�jÞ þ � > 0.

Next we shall evaluate the Besov seminorm of
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uð�Þðx0; 0Þ, assuming � ¼ ð�0; 0Þ with j�j ¼ j. Apply-

ing (9) with f ¼ uð�Þ and using integration by parts,

we have

uð�ÞðxÞ ¼
X
j�j¼m

Z 1

0

tm�jðK��Þt � uð�ÞðxÞ
dt

t

with some functions K�� 2 C1
0 ðRnÞ. In view of (10)

we have

k�1þ½� �
h ðK��Þtð � ; x00ÞkL1ðRn�kÞ

� C�
jhj
t

� �1þ½� �
t�k�

jx00j
t

� �

for h 2 Rn�k, where �ðsÞ is a characteristic function

of the interval ½0; 1� and �ðsÞ ¼ minfs; 1g for s > 0.
Hence, writing v�ðx00Þ ¼ kuð�Þð � ; x00ÞkLpðRn�kÞ, we

have

k�1þ½� �
h uð�Þð � ; 0ÞkLpðRn�kÞ

jhj�

� C
X
j�j¼m

Z 1

0

t	

jhj�
�

jhj
t

� �1þ½� � dt

t

�
Z
Rk

�
jy00j
t

� �
v�ðy00Þ dy00

¼ C
X
j�j¼m

Z
Rk

K
jy00j
jhj

� �
fjy00jk=pv�ðy00Þg

dy00

jy00jk
;

where KðsÞ ¼ s�
R1
1 t	�ðs�1t�1Þ1þ½� �t�1 dt and 	 ¼

� � kþ k=p. Thus, inequality (2) follows from

Lemma 0.1, forZ 1

0

�
1

st

� �1þ½� �
s�

ds

s
¼

1þ ½� �
�ð1þ ½� � � �Þ t

�� :

Since SðRnÞ is dense in Hm
p ðRnÞ, (12) with (2)

yields Theorem 1 for � ¼ m. �

Remark 2.1. In [6] Muramatu proved

Theorem 1 for k ¼ 1 and general �, using the

second integral formula, which is derived by iterat-

ing (8), and the characterization of H�
p ðRnÞ by

LpðRn; L2ð½0; 1�; t�1dtÞÞ. If � is a positive integer,

the proof is simplified as above.

3. Method of Gauss kernel. Let hDi� with
� > 0 be the Fourier multiplier with symbol h
i�,
where h
i ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ j
j2

q
. As is well known, hDi�

defines isomorphisms H�
p ðRnÞ ! LpðRnÞ and

SðRnÞ ! SðRnÞ. So if we set f ¼ hDi�u for u 2
H�

p ðRnÞ then u ¼ hDi��f and f 2 LpðRnÞ with

kfkLpðRnÞ � CkukH�
p ðRnÞ. In particular, if u 2 SðRnÞ

then

uðxÞ ¼ ð2�Þ�n

Z
Rn

eix
h
i��Ffð
Þ d
ð13Þ

with f 2 SðRnÞ, where Ff stands for the Fourier

transform of f , i.e., Ffð
Þ ¼
R
Rn e�ix
fðxÞ dx.

For an integer l � 1 we set

GlðwÞ ¼ ð4�Þ�l=2e�jwj2=4; Gl;tðwÞ ¼ t�lGlðw=tÞ

for t > 0, w ¼ ðw1; . . . ; wlÞ 2 Rl. Then the third

method starts with formula (14) below.

Lemma 3.1. Let u 2 SðRnÞ and f 2 SðRnÞ
satisfy u ¼ hDi��f with � > 0. Then

uðxÞ ¼ c�

Z 1

0

t��1e�t2 dt

Z
Rn

Gn;tðx� yÞfðyÞ dyð14Þ

with c� ¼ 2�ð�=2Þ�1.

Proof. The lemma follows from substitution of

h
i�� ¼ c�

Z 1

0

t��1e�t2h
i2 dt

in (13), Fubini’s theorem and the formula of the

Fourier transform of e�jxj2 . �

Proof of Theorem 1 for general �. Let u 2
SðRnÞ and let

�� k=p ¼ jþ �; j 2 N0; 0 < � � 1:

First we shall evaluate kuð�Þðx0; 0ÞkLpðRn�kÞ for

� ¼ ð�0; 0Þ 2 Nn�k
0 �Nk

0 with j�j � j. Replacing u

and f by uð�Þ and f ð�Þ, respectively, in (14) and

integrating by parts, we have

uð�Þðx0; 0Þ ¼ c�

Z 1

0

t��1e�t2 dtð15Þ

�
Z
Rn

G
ð�0Þ
n�k;tðx0 � y0ÞGk;tðy00Þfðy0; y00Þ dy0 dy00:

Since kGð�0Þ
n�k;tkL1ðRn�kÞ � Ct�j�j and kGk;tkLqðRkÞ ¼

Ct�k=p with p�1 þ q�1 ¼ 1, we have

kuð�Þð � ; 0ÞkLpðRn�kÞð16Þ

� CkfkLpðRnÞ

Z 1

0

t��j�j�ðk=pÞ�1e�t2 dt

� CkfkLpðRnÞ;

where we used �� j�j � k=p ¼ ðj� j�jÞ þ � > 0.

Next we shall evaluate the Besov seminorm of

uð�Þðx0; 0Þ, assuming � ¼ ð�0; 0Þ with j�j ¼ j. Since

k�1þ½� �
h G

ð�0Þ
n�k;tkL1ðRn�kÞ � Ct�j�

jhj
t

� �1þ½� �

for h 2 Rn�k, (15) gives, with vðx00Þ ¼
kfð � ; x00ÞkLpðRn�kÞ, that
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k�1þ½� �
h uð�Þð � ; 0ÞkLpðRn�kÞ

jhj�

� C

Z 1

0

t	

jhj�
�

jhj
t

� �1þ½� � dt

t

�
Z
Rk

exp

�
�
jy00j2

4t2

�
vðy00Þ dy00

¼ C

Z
Rk

K
jy00j
jhj

� �
fjy00jk=pvðy00Þg

dy00

jy00jk
;

where 	 ¼ � � kþ k=p and KðsÞ ¼
s�
R1
0 t	e�1=ð4t2Þ�ðs�1t�1Þ1þ½� �t�1dt. Therefore, apply-

ing Lemma 0.1, we have

jTruj
B

��k=p
pp ðRn�kÞ � CkfkLpðRnÞ:ð17Þ

Since SðRnÞ is dense in H�
p ðRnÞ, (16) and (17)

yield Theorem 1. �

Remark 3.2. The method of Gauss kernel

is in the same line as Stein’s proof in [7], where he

used the formula

uðxÞ ¼
Z
Rn

Kðx� yÞfðyÞ dy

with KðxÞ ¼ ð2�Þ�n R
Rn eix
h
i�� d
, which is associ-

ated with Bessel functions. In our method we can

avoid the difficulty of handling the singularity of

the kernel KðxÞ.
As stated in the Introduction, our methods

also work for the proof of Theorem 2. Here we

give it by the method of Gauss kernel.

Proof of Theorem 2. We have only to show

(3) for u 2 SðRnÞ. Let � be written as

�� n=p ¼ jþ �; j 2 N0; 0 < � � 1:

First let j�j � j. Then a formula similar to (15)

and kGð�Þ
n;t kLqðRnÞ � Ct�j�j�n=p with p�1 þ q�1 ¼ 1

give

juð�ÞðxÞjð18Þ

� CkfkLpðRnÞ

Z 1

0

t��j�j�ðn=pÞ�1e�t2 dt

� CkfkLpðRnÞ;

since �� j�j � n=p ¼ ðj� j�jÞ þ � > 0.
Next let j�j ¼ j. Then a formula similar to

(15) and

k�1þ½� �
h G

ð�Þ
n;t kLqðRnÞ � Ct�j�n=p�

jhj
t

� �1þ½� �

give

j�1þ½� �
h uð�ÞðxÞj

jhj�
ð19Þ

� CkfkLpðRnÞ

Z 1

0

t

jhj

� ��

�
jhj
t

� �1þ½� � dt

t

� CkfkLpðRnÞ:

Thus (3) follows from (18) and (19). �
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particularly simplified the proofs of Theorem 1 by

regarding an integral operatorZ 1

0

H0
t

jhj

� �
dt

t

Z
Rk

H1
jy00j
t

� �
V ðy00Þ

dy00

jy00jk

with H0, H1 2 L1ðRþ; ds=sÞ not as a composition of

two bounded linear operators

LpðRk; dx00

jx00 jkÞ ! LpðRþ;
dt
t
Þ ! LpðRn�k; dh

jhjn�kÞ

but as a bounded linear operator

V 7!
Z
Rk

K
jy00j
jhj

� �
V ðy00Þ

dy00

jy00jk

with KðsÞ ¼
R1
0 H0ðstÞH1ðt�1Þt�1dt.
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