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Abstract: The resultant of two tropical polynomials satisfies the similar properties to the

resultant of two polynomials over a field.
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1. Preliminaries. We introduce some gen-

eral theory on tropical geometry. For further de-

tails, please refer to [2–4].

Let T denote the set R [ f�1g. � and � are

the tropical operators defined over T by a� b :¼
maxða; bÞ; a� b :¼ aþ b. ðT;�;�Þ is a semifield

called the tropical semifield.

By T½x� :¼ T½x1; . . . ; xn� we mean the set of

tropical polynomials in n variables over the tropical

semifield. For instance, x2 � 0 ¼ x2 � ð�1Þx� 0.

We denote the set of tropical polynomial functions

in n variables over the tropical semifield as

PolyðTnÞ*Þ; PolyðTnÞ :¼ T½x�= �, where

F � G () F ðpÞ ¼ GðpÞ for every p 2 Tn:

Theorem 1.1 [3,5]. Every nonconstant ele-

ment of PolyðTÞ can be decomposed into the product

of linear functions.

In particular, T is ‘‘algebraically closed’’.

For a polynomial

F ¼
X
I2Zn

�0

aIx
I 2 T½x�;

we define the tropical hypersurface V ðF Þ as
V ðF Þ ¼ fp ¼ ðp1; . . . ; pnÞ 2 Tn j

F ðpÞ ¼ aJp
J ¼ aJ 0pJ

0
; 9J; J 0; J 6¼ J 0g:

Note that V ðF Þ � fp 2 Tn j F ðpÞ ¼ �1g.
If both F;G 2 T½x� are the representatives

of f 2 PolyðTnÞ, then V ðF Þ ¼ V ðGÞ holds. So we

define V ðfÞ to be V ðF Þ.
We call a point in V ðF Þ a zero of F . Following

[1], we say that F 2 T½x� (resp. f 2 PolyðTnÞ) is

tropically singular at p 2 Tn if p is a zero of F (resp.

f).

Let the determinant of a matrix A 2 Mðn;TÞ
to be defined as the permanent under tropical

operators;

detðAÞ :¼
X
�2Sn

Yn
i¼1

ai;�ðiÞ:

2. Results. First, we define the tropical

Sylvester matrix and the tropical resultant to a

tropical polynomial as a natural analogy of ordinary

ones.

For positive integers n;m, the tropical Syl-

vester matrix in ðnþmþ 2Þ indeterminants

Mðð�0; . . . ; �nÞ; ð�0; . . . ; �mÞÞ is defined as

M((ζ0, . . . , ζn), (η0, . . . , ηm)) :=
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n

:

We define the tropical resultant Rðð�0; . . . ; �nÞ;
ð�0; . . . ; �mÞÞ as the determinant of the tropical

Sylvester matrix;

Rðð�0; . . . ; �nÞ; ð�0; . . . ; �mÞÞ :¼
detMðð�0; . . . ; �nÞ; ð�0; . . . ; �mÞÞ:

Note that Rðð�0; . . . ; �nÞ; ð�0; . . . ; �mÞÞ is an

element of T½�0; . . . ; �n; �0; . . . ; �m�.
For tropical polynomials F ¼ a0x

n � � � � � an,
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G ¼ b0x
m � � � � � bm ðn;m � 1Þ, we denote

Mðða0; . . . ; anÞ; ðb0; . . . ; bmÞÞ as MðF;GÞ and

Rðða0; . . . ; anÞ; ðb0; . . . ; bmÞÞ as RðF;GÞ.
Put � 2 T½x1; . . . ; xn; y1; . . . ; ym� as

� :¼
Y

1	i	n
1	j	m

ðxi � yjÞ:

Theorem 2.1. For two nonconstant tropical

polynomials

F � a0ðx� �1Þ . . . ðx� �nÞ
G � b0ðx� �1Þ . . . ðx� �mÞ

the following holds:

. RðF;GÞ ¼ am0 b
n
0�ð�; �Þ, where � ¼ ð�1 . . . ; �nÞ,

� ¼ ð�1; . . . ; �mÞ.
. Rð ; Þ is tropically singular at ðF;GÞ if and

only if �ð ; Þ is tropically singular at ð�; �Þ.
Remark 1. �ð ; Þ is tropically singular at

ð�; �Þ if and only if �p ¼ �q holds for some p; q.

Corollary 2.2. If F � F 0 and G � G0 then

RðF;GÞ ¼ RðF 0; G0Þ holds and Rð ; Þ is tropically

singular at ðF;GÞ if and only if it is tropically

singular at ðF 0; G0Þ.
This corollary shows that the tropical resultant

can be naturally defined over tropical polynomial

functions even though it is determined by the

coefficients of tropical polynomials.

Definition 2. For two tropical polynomial

functions f; g 2 PolyðTÞ with the representatives

being F;G 2 T½x�, we define Rðf; gÞ as RðF;GÞ.
We say that Rð ; Þ is tropically singular at ðf; gÞ if
it is tropically singular at ðF;GÞ.

Main Theorem. For two nonconstant trop-

ical polynomial functions

f ¼ a0ðx� �1Þ . . . ðx� �nÞ
g ¼ b0ðx� �1Þ . . . ðx� �mÞ

the following holds:

. Rðf; gÞ ¼ am0 b
n
0�ð�; �Þ, where � ¼ ð�1 . . . ; �nÞ,

� ¼ ð�1; . . . ; �mÞ.
. Rð ; Þ is tropically singular at ðf; gÞ if and only

if �ð ; Þ is tropically singular at ð�; �Þ.
Thus, in this sense, RðF;GÞ equals �ð�; �Þ

including the singularity. In particular two tropical

polynomial functions f; g have the same ‘‘zero’’ if

and only if the resultant is tropically singular at

ðf; gÞ.
3. Proof of Theorem 2.1. In the rest of this

paper, we shall prove Theorem 2.1.

Put F ¼ a0x
n � � � � � an; G ¼ b0x

m � � � � � bm.

Without loss of generality, we assume

. a0 ¼ b0 ¼ 0,

. �1 ¼ �2 ¼ � � � ¼ �s > �sþ1 � � � � � �n,

. �1 � �2 � � � � � �m,

. �1 � �1.

Lemma 3.1. If RðF;GÞ ¼ �1, then �ð�,
�Þ ¼ �1. The inverse also holds.

Proof. Since RðF;GÞ � �m
n � �n

m, RðF;GÞ ¼
�1 yields �n ¼ �m ¼ �1. Then we have �ð�,
�Þ ¼ �1.

On the other hand, if �n ¼ �m ¼ �1 then

every element of the ðmþ nÞ-th column of MðF;GÞ
is �1. So we have RðF;GÞ ¼ �1. �

We assume RðF;GÞ 6¼ �1 from here on (and

�ð�; �Þ 6¼ �1 also). Then �1 > �1.

Put M1ðF;GÞ (resp. M2ðF;GÞ) to be the

submatrix obtained by deleting the first row (resp.

ðmþ 1Þ-th row) and the first column of MðF;GÞ.
Then RðF;GÞ ¼ a0 detM1ðF;GÞ � b0 detM2ðF;GÞ.

Set the degree of ðF;GÞ as

degðF;GÞ ¼
1; if n or m ¼ 1,

nþm; otherwise.

�

We will show the theorem inductively over

degðF;GÞ.
The following lemma is obvious from the direct

calculation.

Lemma 3.2. If n or m ¼ 1, then the theorem

holds.

We assume both n;m � 2 from here on.

3.1. The equality. Put eaiai :¼ �1 . . .�i, ebjbj ¼
�1 . . .�j ð1 	 i 	 n; 1 	 j 	 mÞ. Then

F � eFF :¼ xn � ea1a1xn�1 � � � � � eanan;
G � eGG :¼ xm � eb1b1xm�1 � � � � � fbmbm:

degðF;GÞ ¼ degð eFF; eGGÞ holds.
The following lemma holds since �1 � �i holds

for every i.

Lemma 3.3. eaiai 	 ea1a1gai�1ai�1 holds for every i.

Denote the ði; jÞ-th element of a matrix A by

Aij.

Lemma 3.4. There exists � 2 Snþm�1 such

that detM2ð eFF; eGGÞ ¼
Q

i M2ð eFF; eGGÞi;�ðiÞ and i� �ðiÞ 6¼
1 for every i 	 m.

Proof. For an arbitary �, put Nð�Þ ¼
#fi 	 m j i� �ðiÞ ¼ 1g. Put S to be the subset

of Snþm�1 defined by S ¼ f� j detM2ð eFF; eGGÞ ¼Q
i M2ð eFF; eGGÞi;�ðiÞg.

Suppose �0 2 S satisfies Nð�0Þ 	 Nð�Þ for ev-

ery � 2 S. If Nð�0Þ 6¼ 0, then put t ¼ minfi 	 m j
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i� �ðiÞ ¼ 1g and set �1 ¼ � 
 ðt; t� 1Þ. Then �1 is

an element of S satisfying Nð�1Þ < Nð�0Þ from

Lemma 3.3. �

Similary, we have the following lemma.

Lemma 3.5. There exists � 2 Snþm�1 such

that detM1ð eFF; eGGÞ ¼
Q

i M1ð eFF; eGGÞi;�ðiÞ and i�
�ðiÞ 6¼ m.

Proposition 3.6. Rð eFF; eGGÞ ¼ �ð�; �Þ.
Proof. From Lemma 3.4, we have

detM2ð eFF; eGGÞ ¼ Rð eF 0F 0; eGGÞ, where
eF 0F 0 ¼ ea1a1xn�1 � � � � � eanan ¼ �1ðx� �2Þ . . . ðx� �nÞ:

Since degðeF 0F 0; eGGÞ< degðeFF; eGGÞ, we have detM2ðeFF; eGGÞ ¼
�m
1

Q
i6¼1ð�i � �jÞ by the assumption of the induction.

Similarly, we have detM1ð eFF; eGGÞ ¼
�n
1

Q
j 6¼1ð�i � �jÞ and thus

Rð eFF; eGGÞ ¼ �n
1

Y
j 6¼1

ð�i � �jÞ � �m
1

Y
i6¼1

ð�i � �jÞ

¼ �ð�; �Þ:

�

We will now show that Rð eFF; eGGÞ ¼ RðF;GÞ.
Lemma 3.7. ai 	 eaiai; bj 	 ebjbj for every i; j.

Proof. Suppose ap > eapap for some p. Then

eFF ð�pÞ ¼ �n
p � �1�

n�1
p � � � � � �1 . . .�n

¼ �1 . . .�p�1�
n�pþ1
p

¼ eapap�n�p
p

< ap�
n�i
p 	 F ð�pÞ:

�

Remark 3. This lemma can also be shown

from the general theory of tropical geometry since

their extended Newton polytopes coincide.

Corollary 3.8. RðF;GÞ 	 Rð eFF; eGGÞ.
If a1 ¼ �1, we have RðF;GÞ ¼ Rðxn � �xn�1 �

a2x
n�2 � � � � � an;GÞ for sufficiently small � > �1

since RðF;GÞ 6¼ �1. So we assume a1 6¼ �1 from

here on.

Let the integers �0
2 � � � � � �0

n satisfy

a1x
n�1 � � � � � an � a1ðx� �0

2Þ . . . ðx� �0
nÞ:

Lemma 3.9. �0
2; . . . ; �

0
n satisfies the follow-

ings

�i 	 �0
i; if 2 	 i 	 s,

�i ¼ �0
i; if i > s,

�
�1 . . .�s ¼ a1�

0
2 . . .�

0
s:

Proof. Since xn � a1x
n�1 � � � � � an � ðx�

�1Þ . . . ðx� �nÞ, we have

xn � a1x
n�1 � � � � � anjx	�1

¼ a1x
n�1 � � � � � anjx	�1

as the tropical polynomial functions. Hence the first

part follows.

Then since

�n
1 ¼ a1�

n�1
1 � � � � � an

¼ a1ð�1 � �0
2Þ . . . ð�1 � �0

nÞ
¼ a1�

0
2 . . .�

0
s�

n�s
1

and �1 ¼ � � � ¼ �s 6¼ �1 holds, we have

�1 . . .�s ¼ a1�
0
2 . . .�

0
s:

�

Proposition 3.10. RðF;GÞ � Rð eFF; eGGÞ.
Proof. Since detM2ðF;GÞ � Rða1xn�1 � � � � �

an;GÞ holds,
RðF;GÞ � detM2ðF;GÞ

� Rða1xn�1 � � � � � an;GÞ
¼ am1

Y
i6¼1

ð�0
i � �jÞ

¼ am1 �
0m
2 . . .�0m

s

Y
i>s

ð�0
i � �jÞ

¼ �m
1 . . .�m

s

Y
i>s

ð�i � �jÞ

¼
Y

ð�i � �jÞ ¼ Rð eFF; eGGÞ:

�

So we have Rð eFF; eGGÞ � RðF;GÞ � Rð eFF; eGGÞ.
3.2. Tropical singularity.

Lemma 3.11. If �1 ¼ �1, then Rð ; Þ is

tropically singular at ðF;GÞ if and only if �ð ; Þ is

tropically singular at ð�; �Þ.
Proof. Obvious from calculation. If an ¼ �1,

then F ¼ xða0xn�1 � � � � � an�1Þ so �n ¼ �1. �

We assume �1 (and �1 also) not to be �1 from

here on.

Note that detM1ð ; Þ and detM2ð ; Þ are the

elements of T½�0; . . . ; �n; �0; . . . ; �m�.
From Proposition 3.10, we have RðF;GÞ ¼

detM2ðF;GÞ ð� detM1ðF;GÞÞ. Thus Rð ; Þ is tropi-
cally singular at ðF;GÞ if and only if either

detM1ðF;GÞ ¼ detM2ðF;GÞ or detM2ð ; Þ is tropi-
cally singular at ðF;GÞ. Suppose detM1ðF;GÞ ¼
detM2ðF;GÞ holds. Then since detM1ðF;GÞ 	
detM1ð eFF; eGGÞ ¼ �n

1

Q
j 6¼1ð�i � �jÞ, we have �1 ¼ �1.

On the other hand, if �1 ¼ �1 holds, then we have

detM1ðF;GÞ ¼ detM2ðF;GÞ and thus Rð ; Þ is

tropically singular at ðF;GÞ.
Suppose detM2ðF;GÞ > detM1ðF;GÞ, or
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equivalently, �1 > �1. The following lemma is a

stronger version of Lemma 3.4.

Lemma 3.12. If � 2 Snþm�1 satisfies

detM2ð eFF; eGGÞ ¼
Q

i M2ð eFF; eGGÞi;�ðiÞ, then �ðiÞ � i �
s� 1 holds for every i 	 m.

Proof. As before, let S be the subset of

Snþm�1 defined by S ¼ f� j detM2ð eFF; eGGÞ ¼Q
i M2ð eFF; eGGÞi;�ðiÞg. For an arbitary �, put N 0ð�Þ ¼

#fi 	 m j �ðiÞ � i < s� 1g.
Suppose �0 2 S satisfies N 0ð�0Þ � 1 and

N 0ð�0Þ ¼ minfN 0ð�Þ j � 2 Sg. Put r ¼ maxf�0ðiÞ j
�0ðiÞ � i < s� 1; i 	 mg. Then either ��1

0 ðrþ 1Þ <
��1
0 ðrÞ or mþ 1 	 ��1

0 ðrþ 1Þ 	 mþ rþ 1 holds.

We define �1 as follows:

. Case 1: ��1
0 ðrþ 1Þ < ��1

0 ðrÞ;
Put �1 ¼ �0 
 ð��1

0 ðrÞ; ��1
0 ðrþ 1ÞÞ.

. Case 2: mþ 1 	 ��1
0 ðrþ 1Þ < mþ rþ 1;

Put �1 ¼ �0 
 ð��1
0 ðrÞ; ��1

0 ðrþ 1ÞÞ.
. Case 3: ��1

0 ðrþ 1Þ ¼ mþ rþ 1;

Put �1 ¼ �0 
 ð��1
0 ðrÞ; ��1

0 ðrþ 1Þ � 1; ��1
0 ðrþ 1ÞÞ.

Then �1 satisfies
Q

i M2ð eFF; eGGÞi;�1ðiÞ >
Q

i M2ð eFF;eGGÞi;�0ðiÞ. A contradiction. �

Corollary 3.13. detM2ð ; Þ is tropically

singular at ð eFF; eGGÞ if and only if Rð ; Þ is tropically

singular at ð ea1a1xn�1 � � � � � eanan; eGGÞ.
Proof. ( is obvious since detM2ð eFF; eGGÞ ¼

Rð ea1a1xn�1 � � � � � eanan; eGGÞ. ) is a consequence of the

previous lemma. �

Thus we have

Rð ; Þ is tropically singular at ðF;GÞ
+ (by assumption)

detM2ð ; Þ is tropically singular at ðF;GÞ
+ ðai 	 eaiai; bj 	 ebjbjÞ
detM2ð ; Þ is tropically singular at ð eFF; eGGÞ
+ (Corollary 3.13)

Rð ; Þ is tropically singular at

ð ea1a1xn�1 � � � � � eananxn�1; eGGÞ
+ (assmption of induction)

�ð ; Þ is tropically singular at ð�; �Þ

and

�ð ; Þ is tropically singular at ð�; �Þ
+ ð�1 > �1Þ
�p ¼ �q;

9p � 2; 9q

+ (Lemma 3.9)

�0
p ¼ �q;

9p � 2; 9q

+
�ð ; Þ is tropically singular at

ðð�0
2; . . . ; �

0
nÞ; ð�1; . . . ; �mÞÞ

+ (assmption of induction)

Rð ; Þ is tropically singular at

ða1xn�1 � � � � � anx
n�1; GÞ

+ ðRða1xn�1 � � � � � an;GÞ ¼ detM2ðF;GÞÞ
detM2ð ; Þ is tropically singular at ðF;GÞ
+
Rð ; Þ is tropically singular at ðF;GÞ:
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