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Getzler’s relation by localization
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Abstract: We obtain the Getzler’s relation in H*(Msz) by the localization theorem,
which will give a constructive proof of Getzler’s conjecture, that is, the relation is actually

algebraic.
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1. Introduction. Let M, be the moduli of
genus ¢ smooth curves with n distinct marked
points defined over the complex numbers. There is a
compactification of M, denoted by M,, which is
the moduli of genus g stable curves with n marked
points. A genus g stable curve with n marked points
is an arithmetic genus g complete connected nodal
curve with distinct smooth n marked points and
finite automorphisms. Mg,n has a stratification
according to topological types, which are organized
by the dual graphs. The vertices of a dual graph
correspond to irreducible components, the edges
correspond to intersections of irreducible compo-
nents, and the half-edges correspond to marked
points. In the case of genus 2, the irreducible
components all have genus at most 2. Following
Getzler [4], we will represent a genus 0 component
by a point, a genus 1 component by a circle, a genus
2 component by a circled 2.

There are several natural vector bundles on
Mg_,n. The v-classes and A-classes are defined using
Chern classes of these vector bundles.

Consider the forgetting map m, that forgets the
last marked point,
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The M, is the universal curve of M, and there
are n-sections si,---,s,. The 1-classes are defined

as follows:

wi =C (8; (wﬁgmﬂ/ﬂﬂ-" ))
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where N /T is the relative dualizing sheaf.
The Hodge bundle E is defined by

E:= TW, /T,
It is a rank g bundle on Mg,n such that
El¢ = H’(wc)
for C' € Mg,n,. The A-classes are defined as follows,
Ai = (E).
Getzler proved that
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in H*(M32) by computing all the betti numbers and
intersection matrix of H*(Mss), and conjectured
his relation is actually a rational equivalence
relation [4]. We prove this is the case.

One theoretical proof of the Geztler’s conjec-
ture was given by T. Graber and R. Vakil [6].

2. Background.

2.1. Dimension formula. In this section, we
list dimensions for the stacks which we will deal
with.

Let M,,(X,3) be the moduli of genus g, n-

pointed stable maps to a projective variety X with


http://dx.doi.org/10.2183/pjaa/83.144

No. 8]

0 class. A genus g, n-pointed stable map to X with g
class is a map from a genus g nodal curve with
n smooth distinct points to X whose image has
class § € A;(X) [3]. By deformation theory and the
Riemann-Roch formula,

vir. dim M, (X, B)
= (1-g)(dimX — 3) f/wX +n.
5]

The special cases which we will use frequently
in this paper are:

vir. dim. M,, = dim. M,, =3g—3+n
vir. dim. M, (P',d) = 2g — 2+ 2d +n.

Remark 1. If X = point, then M,,(X,[3) is
Just My,.

2.2. Virtual localization. The higher genus
Kontsevich-Manin spaces Mg,n(Pm,d) are in gen-
eral non-reduced, reducible, singular, so we can
not apply the localization formula. The answer to
overcome this difficulty is the virtual localization
theorem by Graber and Pandharipande [5].

Theorem 2 (The virtual localization theorem
5]). Suppose f: X — X' is a T = (C*)""-equiv-
ariant map of proper Deligne—Mumford quotient
stacks with a T-equivariant perfect obstruction
theory. If i :F — X' is a fired substack and
ce AN(X), let fr : F; — F' be the restriction of f
to each of the fized substacks F; C f~*(F'). Then

S g e _ e
F; N
2 * €T(F’ivzr)

GT(FW”)

where i : F; — X and ep(F"") is the wvirtual

equivariant Euler class of “virtual” normal bundle

Fr,

Remark 3.

(a) If X and X' are nonsingular with the trivial
perfect obstruction theories [1], then the virtual
localization formula reduces to the standard
localization formula.

(b) The conditions in the theorem are satisfied for
the Kontsevich—-Manin spaces M,,,,(P™,d), and
er(F"") can be explicitly computed in terms
of ¥ and A-classes [5].

2.3. C*-action on P'. We define a T = C*-
action on P! for a € T and (zy : ;) € P by

a-(xo:x) = (xo: azy).
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Fig. 2. Three Types of Degeneration.

There are two fixed points co=(0:1) and 0=
(1:0).
This T-action induces T-actions on M, (P',d).
3. Pushforward of 1/:’;+1. Consider the fol-
lowing map

I Mg,n(Pl, 1) — Mgm x P

(g H(Cipryeoipa) = X) - <(C;p1, oF ,pn)“7g(p1)>

where (C;p1,---,pn)” is the “stabilized” curve

obtained by contracting all the rational components
which have at most two special points.

We know that fi.(1) = ¢y by dimension count-
ing. If we choose the fixed locus F' = M, x
0(= My,,) in the target space, then er(F') =t so

(1) > fr.

Now, we have to write up all the components of
fixed loci in the domain which maps to F’. The
general fixed loci are as in Figure 1 (these are
boundary divisors). There are three types of degen-
eration (Figure 2). The first one is the case all
the points are on the genus 2 curve over 0, which is
isomorphic to Ms,,1. The second and third ones
have only one point on a rational tail. These are
isomorphic to Mzn.

By the virtual localization theorem [5], we get
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Ay — Mt + t2 1
+ *
161%2; (t(t — Pr41) (—t)(—t— wmﬂ))
1 Ao + A\t + 2
+ 16%22 Ly (t(t - ZZ)\IHl) (=t)(—-t — 7/’](+1)>

n Z A1+t A —t _ 0
=T t(t — Y1) (=) (=t = Yyreg1) ¢
wlh T My — Moy, L Mimy X

Ms_ipn—ms1 — Ma, which corresponds to a general

fixed locus in Figure 1 and I C {1,2,---,n}.

To compute m()\gzbnﬂ )\11/1”“ + ¢,L+1) cal-
culate the coefficient of t*. We know that
m(NYrh) = Nmapkl, so we can compute oy
inductively.

Example 4.

(a) If we take the coefficient of t°, only the first
term will contribute, so 7,1 = 0.

(b) If we take the coefficient of 71, the last three
summations will not contribute. We will
obtain m.(—=A +¢¥p41) —(n—1)+1=¢ and
this will imply that w11 =n—2+¢. We
know, however . (¢n1+1) =n+2 [7], so ¢g = 4.
(In fact, we can prove the statement by
the localization theorem. [8]).

(c) If we take the coefficient of t=2, we will obtain
77*()\2 - )\1¢7L+1 + ¢727,+1) = ZZL:l(_/\l + %) +A
where +A is the all the boundary divisors with
appropriate signs.

4. Getzler’s relation by localization. In
this section, we will obtain Getzler’s relations by
the localization calculation, that implies Getzler’s
relation is actually a rational equivalence relation
not only a homological equivalence.

Consider the following map

My 3(P',2) — Myz x P x P! x P

(g: (C;p1,pa,p3) — Pl)

where

3) H((c;pl,pz,pgfﬂg(pn,g(pg),g<p3>).

Take MZS X0 xooxoo as a fixed locus in the
target space. There are 20 fixed loci in the domain
which map to M3 x 0 x 0o x co (Figure 3).

By the localization theorem with ¢ =1 and by
taking the coefficient of t=°, we can obtain a relation
in A%(Myz), ie. 32, (the coefficitent of ¢ of
contribution of i-th fixed locus in Figure 3) = 0.
Multiply this relation by w3 and pushforward to
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0 indicates a rational component which maps to P! by degree 2

Fig. 3. 20 Fixed Loci.

Mgﬁg to obtain 6x Getzler’s relation.
Contribution of the first fixed locus is following

(4) The 1st term = 7. ((¢3 + 3(—\1 + 19)
+ X2 = Authy + 3) - 1hs)
= T (V] — M5 4 Aags)
+ T (Y21 — Aithaths) + . (Y5e)3)
= —Athy + U5 + Aitpy — U7
+ 2 (=N A ) 2 (=N )
U (A N — ) — 2004 + ¢
+ P1ahy + (811 + b12) + 43
= —3\hy + 6¢5 + Aiehy —
+Piihs + (=M + )
+ D2 (=N A+ + 4sT)
+ 0 (=M 1+ A

where

]

1 2 1 2

01,1 = 01,2 =

and ¢ indicates pushforward from § to Mys.

Remark 5. We use computation in §3 re-
peatedly to compute 71'*(]7(/\77#)077[15;“) and well-
known relations on the smaller genus moduli to
simplify.

Other terms can be calculated by the same
way.
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