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Approximation of an Irrational Number by
Rational Numbers.

expansion into the simple continued fraction, and

By Kwan SrtBxTx,
Sendai Higher Technical School.

(Rec. Dec. 24, 1925. Comm. by M. FtJIWArtA, M.I.A., Jan. 12, 1926.)

Let to be a positive irrational number, [a0, al, a,

Prof. FUJIWAR/t,(1) proved that the minimum of

is less than

and Q

when Q... Q... and Qn. satisfy MARZOFF’S equation

x +y+ z 3 xyz

its

and m- n, l-m are odd.
By his suggestion, I have determined the numbers m, for any

MARKOFF’S period.
2. Adopting MtlrZoF’s notations(’’), let Q {a, al, a.,, a, 2} and

(2, a,a, ,,2) be MARKOFF’S number and the period of the
continued fraction corresponding to the period {a, a, az, a, 2}
respectively. Then from the relation

{a + 1, a, a, 2} {a, a, a, a, 2} + {a- 1,a.,, a,2} (k=odd),
or {a 1. a.---, a. 2} + {a.a.a. a.. 2} (k--even).

(1) These Proceedings 2, 1-3.
(2) A. MAttKOFF, Sur les formes quadraiques binaires, Math. Ann., 17 (1880), or

Bachmann, Die Arithmeik der quadratischen Formen II, 106-129.
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we have, as the period of the continued fraction corresponding to the
period

{a / 1, al, a,, 2},
(2, 1, 1, a, a, a, a, 1, 1, 2, 2, a, a,-..

., a, a, 2, 2, 1, 1, a, a, a, a, 2) (k--odd),

or (2, 1, 1, a, a, a, a, 2, 2, 1, 1, a, a,.--

-., a, a, 1, 1, 2, 2, a, a, a, a, 2)/ (k=even),

where the number of the elements are even.
Now take the case k odd, and put

,/q,, [, , , , , , , , , 2, 2, , , , , 2],
P,/q, [, :t, , , , , , ],
P,/q.,= [2, , ,, , , ,,,,,, ,...

--, a, a, 2, 2, 1, 1, a, a, a, a, 2],
then

QI’ Q [a, al, a,, 2} K(11 a a.--

--aal122 aa aa2)
Q2’ Q [al-1, a., a,, 2} K(11 a a a a 2),
Q.,= Q{a+l, a, ,a,,2} K(llaa...

..aal122aa aa2211aa aa2).
Again put

P,,,/ q,, [, , , , ,, , , , ],
P,,/q.,,, [2, 2, , , , , 2, 2, , , , , , , 2],
/,/q,, .P.,/

in which the number of the elements are odd, except the last, then

Qt K(11 a a a a 11) K(11 a a a a 2) Q,t,
Q.,,._, K(2aa aa2211aa aa2)

K(llaa aa2211aa aa2)’-- Q.

As MA:oF already shew-,
so we have

For the case k even, we take

(1) Using K {b b, b,,) for MtIR’s symbol <b
(2) MaARKOF, LOC. cir.



48 K. SHmATA. [Vol. 2,

QI" K(11aa aa2211aa aa 11),
QJ’ K(2 a a a a 2),
O."--K(llaa aa2211aa aa1122aa aa2)= Q3’,

then again we get ,,+ q,,+ ,, 3 ,,, ,, ,,.
In the trivial cases 9 (1), $ (2) and 9 (2, 1, 1, ,1, 1, 2), it is

sufficient to take

QI" K(0)= 1,
QI" K(0)= 1,

and QI" K(11 11),

respectively.
Therefore, if

and

Q./, K(0)= 1,
Q" K(0)= 1,
q,, K(0)= ,

Q" K(1) 1;
Q" K(2) 2;
Qa" K(11 112)

(+I) n+2) /Zl) (1--n even)

be one of IARKOF"S periods, then we can determine m such that
l-m, m-n are odd and

Q,+Q+@. 3, . ,.,
consequently the minimum of

is less than
1

9- Q,--
Special cases where 6a+l, a,) (2, 1, 1, 2), (2, 1, 1, 1, 1, 2),

(2, 1, 1, 2, 2, 2) are treated in Prof. FuzwxlX’s lote.


