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156. On the Singularity of the Functions Defined
by Dirichlet’s Series.
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Mathematical Institute, Tohoku Imperial University, Sendai.
(Comm. by M.FUJIWARA, M.1.A., Nov. 2, 1928.)

The object of this paper is to extend Vivanti’s theorem and its
generalizations to functions defined by Dirichlet’s series.
1. Letry, 7, 73,.... be a sequence of real numbers such that

0<rm<re<rs<..... , — oo,

Then the integral function
_ o . ZZ 2
(L1 G=11 (1 2)

rv

is of order 1 and of minimal type. Let us next consider the Dirichlet’s
series :
=) Y s — .
1.2 D(s)= v o, =, + i, )
L2 DE=30,e <o;zl<12<z;< ST
Then we have
Lemma 1. The Dirichlet’s series

1.9 HE= 3 0,G0)e ™*
and (1.2) have the same convergence abscisset, when
1.9 li_m(zv A1), li_m("'u —4,) >0.

After Dr. Cramér? (1.3) converges at least in the domain, where
(1.2) is convergent. So it suffices to prove the converse. To this
purpose we will first caleulate the order of G(4,).

Let n be an integer such that 7, <1,<7».1. By (1.4) we have then

ry —"v-1>h, r»—2, >h for all vand x. In general we can suppose that
h=1.

2

1 » 1 o ( i
<< I ————— I (1+ >
Now? G@,) = v-1 ( Ay _1)2V=n+1 (ry +4.)(ry —lu))
Tv
/1? . ( Le \V y )
I 1+ fe>v , = — 2
= n))? v-n+1 Y v—n)> (e 7 <€

1) Cramér, Arkiv for Math. 13 (1919).
2) See Carlson u. Landau, Gottinger Nachrichten, 1921,
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(1+( )
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sinw7gd, e 26) ——lo e 3y
= ( ce o <Ce
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Suppose that (1.3) is convergent for >, then

A= Ev] 0, G) = O(elv (m)) .

And zc;y .EC)VGU )G(M EA“(G(A ) G(zlm)) +Gj(1i)
< Max| 4, |- | G(}l ) G(zlm) It (%Zl)’
where 3| s = S e
<& 5160 —60) | <o [:I G e,
so that 316,=0 (‘;% (W)) :

That is, (1.2) is convergent for 6 >1. q.e.d.
2. Consider the Dirichlet’s series with real coefficients :

@.1) =3, e,

whose convergence abscissa is finite, for example 6=0. From? the
sequence (4,) select a subsequence (r,) such that
':” —~o and lim(r,—7-1), lim(r,—2)>0.
PEY %,V=00

Let (,) be the complementary sequence of (r,), then we have

-Tvs

Sflo)= PILN
We will now distinguish two cases. First let the convergence abscissa
of h(s) be greater than 0, then that of g(s) is 0. In this case the point

s=0 is a singular point of g¢g(s), as the Carlson-Landau-Szisz’s
theorem?® shows us, so that s=0 is also a singular point of f(s). Next

+ \,2:“% ¢’ = 9(s) +h(s) say.

1) Cf. Cramér, loc. cit.
2) Carlson u. Landau, loc. cit. ; Sz4sz, Math. Ann. 85 (1922).
3) Landau, Math. Ann. 61 (1905).
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let the convergence abscissa of 4(s) be 6=0. By Lemma 1 the conver-
gence abscissa of

2.2) StanGlm)e " =§1 a, GR)e

is 6=0. If we suppose that ap, >0 for all », that is
(2.3) a4, =0

with the exception of ar,, which is arbitrary, then we have
(2.9 @, G(A,) =0

for all v. So by the Landau’s theorem? s=0 is a singular point of (2.2).
On the other hand Dr. Cramér® proved that (2.2) has no singularities
other than those of (2.1). It follows that s=0 is a singular point of
(2.1). Thus we have established the following

Lemma 2. Let the Dirichlet’s series with real coefficients (2.1) have
the finite convergence abscissa o=a, and @), =0 except (ar,) which are
real or complex, and

T, Tim b —r, Jim () > 0.

Then f(s) is singular at s=a.

This is a generalization of the Landau’s theorem.?

3. Let us now proceed to our principal theorem. Take a general
Dirichlet’s series (1.2), whose convergence abscissa is finite 6=a, and
consider

oo -8 sl -

3.1) Zia;.ve and vE_lb;,\,e

vS

Then at least one of (8.1) has the same convergence abscissa as (1.2).
Let us suppose that aw,, bu, == 0. Then o6=a is a singular point of at
least one of (8.1), so that this point is also singular for (1.2)9. Thus
we get the following

Theorem 1. Suppose that the Dirichlet’s series (1.2) has the finite
convergence abscissa, o=a, and 0 < arg ¢,
such that
% - 0, li_m("'v —7v-1), ll_l‘n (ry —ln) >0.

V=00 %,v=c0

< % with the exception of cr,

Then s=a is a singular point of the function defined by (1.2).

1) Cramér, loc. cit.

2) Landau, loc. cit.

3) Sazasz, loc. cit.

4) Kojima, Tohoku Math. Journ. 17 (1918).
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4. Suppose that the conditions in the theorem are satisfied and that

. omi o L .
lim & ?=¢"" for some irrational number ¢. Let us consider the

Nn=o00

series

@y  3o,60)

2ripn®P - Un S

2nidn®p  —In S ad
e e = cun G(tm)e e )
n=0

where p is a positive integer. Multiplying a constant we get
L il —in S 1
4.2) —an_% cnGt)e e (¢n=/lnpso—p¢+ g) .
At least one of the series
2nipnD? —Bn 8 2niypnpe o Un 8

4.3) ; au, Gn)e e and gobpn G(t) e

must have the same convergence abscissa as (4.1). For definiteness
suppose the first to be true. Then, as easily to be seen from the
Kojima’s theorem,?
) . 2n iy, —pn 8
ER —icun, G(ty)e ) e

has the same convergence abscissa as (4.3). By Theorem 1 s=a is a
singular point of (4.2). That is, the points

4.4 s=a+@o+2nn)i (p=p'(mod27); » n=12, ...... )

are singular points of (4.1) and then of (1.2). Since the point set (4.4) is
everywhere dense on the convergence line s=«, this line is the singular
line. So we have

Theorem 2. Suppose that the Dirichlet’s series (1.2) has the finite
convergence abscissa s=a, and 0 < arg e, < % with the exception of cry
such that

v w0, lim (@ —r-)), lim@,—4)>0,

v V=00 V, k=00

suppose further that lim P
V=00

exists for some irrational number ¢ and
Jor the complementary set (&) of (ry). Then the series (1.2) has the con-
vergence line as the singular line.

This is a generalization of Gergen-Widder’s theorem.

1) Gergen- Widder, Am. Journ. of Math. 50 (1928).



