No. 10.] 386

PAPERS COMMUNICATED
116. On the Convergency of the Series Summable (C, r).

By Chitose YAMASHITA.
Mathematical Institute, Tohoku Imperial University, Sendai.
(Comm. by M. FUJIWARA, M.LA., Dec. 12, 1930.)

1. In the Toéhoku Mathematical Journal, 33 (1930) Mr. Izumi
treated of the condition for the convergency of the series summable
(C, r), and gave a simple proof for Hardy-Landau’s theorem in the
following generalized form :

A. If the series is summable (C, r) (r>=>0), and

lim inf (8,—8,)=>0, for m>n, n—o0w, T 1,
n

where s, denotes the sum of the first n+1 terms of the series, then the
series s convergent.

In the proof for the case r=2, he started from
V,..,.=SSZ’—SS?’—(m—n)Sf."—%(m—n)(m—M 1HSY,

Wm=S£f’—Sf.”—(m—n)Sf.f’+%(m—n)(m—n—l)Sff”.
If we take instead of V.., W...
— Q@ _ 2) 2 _ m-—n \? 2) =m4"n
Un= 89 - 250+ S0 —(" " 59, (n=E2)

where m—n is an even number, the proof will be much simpler.

For the general case, where r denotes any positive integer, we
have to put

Ui =80m— OS8R -1it QSR gy — +(-1y8P-1"SY,
(m=n+7rl).

2. In the following lines I wish to give the proof of the
theorem in more general form.

Suppose that the series >)a, is summable (C, ) to the sum s,
where r denotes any positive integer. Then it is well known that

lim SP/("7")=s,
n-> oo

where SP=SPV+SFP+SP V... +8¢ P (p=1,2, ...... , 1),
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and SP¥=s, is the sum of the first n+1 terms of the series.
Let us now put S — (") s=f(n),
dfm)=4fm)=fn+1)—f(n),
&fn)=4""f(n+1)—4"f(n) (r=2);
then we get ’}il?of(n)/n’=0

and Lfn)=STP— (1) s (=12, ...... , ),
A'f(n)=sn+r—s ’

so that the theorem A is nothing but a special case M=0 of the

following theorem :

B. If Sm)y=o(n"

and  liminf (Ifim) —Lfn))=> —M, for m>n, n—o, M1,
n

where M denotes any constant =0, then
limsup |4f(n) | <M.
3. To prove the theorem B we need the following lemma :
LEMMA. Let Bppeyf(X)=f(x + &) —f(x),

Bea xS () = Biza-yf (& + €) — Bizi-r () (r=2),
then for a positive integer 1 we have

r(I-1)
Liseeiof @)= 3 iisars 32 W
where the coefficients k.. are positive integers depending on I, and
r(-1)
kr)‘= l' . (2)

=0

Putting £=1, we will prove this lemma by the mathematical
induction.
For the case r=1, we have

das-pf(@)=flx +1) —flx)
=df(x) +4f(x +1) +------ +d4f(x+1-1).

Thus %,=1 and (2) holds good.
Now suppose that (1) and (2) hold good for a positive integer
r, then we have

=1
Aipemp fl2) = 12-0 kadflx+ 1),

r(l-1)
d{u-;,f(w + l) = }‘EEO k,;A’ﬂx + l+ l) ,
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r(1—-1)
so that A3 fl) = ;0 T (A +1+ 1) — @+ 1))
r(I—1) A+l-1
=5 e 2 AV, ®
. (r+1(-1)
that is A3, flx)= ;.:':, kainud ™ Sz + 1), 4)

where k¢.p. is the sum of k,. for some values of 2 and hence a
positive integer ; putting 4" f(x+#)=1 in (3) and (4) we get

(r+DA-D =D .
kginpp= 2 kn-1=0"""
r=0 A=0

Hence (1) and (2) hold good for r+1. The lemma is thus proved.
4. Proof of Theorem B. By the lemma we have

Bgnn ) ~E ) =53 (0 1) = () )

and UARm) ~ By fln) = 32 o dflm) — &+ 2),2 m=ntrl,

By the hypothesis  lim inf (47f(m)—4f(n)) = — M

we can find an integer N and a positive number 3, for any assigned
positive number ¢, such that

Ifn+2)—4fn)> —(M+e),
Ifm)—df(n+2)> - (M+e),
m-n=>A>0, n>N, mnh<1+9,
Therefore, as k..=>0, we get
r(l-1)
Lian=p () =V f(0) > — (M +e) g kn,
so that Af(m) <(M+ )+ 1" dipn-r f(1) ,
and similarly  47f(m) > — (M+¢) +1 " dpp—p f(n) ,
m=n+1rl, n>N, (m—n)n<3.

Now let us take I=(m—n)/r=[nd/r] (integral part of ud/r),
then by the hypethesis we have

fout =0+ pY)=0)  (0=0,1,2, erery 7),
so that AzA,,,,,,f(n)=§ (= 1" Q)ftn+ )=o) .

1) 2) Compare the left-hand sides with U and (—1)"*UY) in §1.
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Thus we get lilri sup £f(n) < M+e,
lim inf 47(m) = —(M+¢),
that is lim*sup |dfn) | < M+e.

Since ¢ may be as small as we please, we have
limsup | 47 f(n) | < M.

Thus the proof is completed.
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