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61. On the Relation between M(r) and the Coefficients
of a Power Series.

By Matsusaburé FUJIWARA, M.LA.
Mathematical Institute, Tohoku Imperial University, Sendai.
(Comm. June 13, 1932.)

The relations between the maximum modulus M('r)=1\|/Ilax If(2)| of

a power series
JR)=ap+az+ap?+ -

and the order of |a,| are investigated by many authors, in the case of
integral transcendental functions, and some analogous results are obtained
in the case of a power series with the convergence radius 1. Dr.
Beuermann” has recently treated the latter case and given the
following result.

If we denote
]imsupM:#, limSupiglog—‘a’"lza (0<¢1<1)’
r>1-0 ] 1 n->0 log n
og ——
1—7r
then there exists the relation
p=o/(1—a).
I will here add the following remark.
Theorem. Let
lim sup E%M(_r) =%, limsup Jogla.] =8,
r>1-0 (1—"') ® n->o ne
¢>0, %, B finites:0, 0<a<<l),
then p:a/(]_-—a) R u:ﬁﬁ(l_a)a% .

The method is not essentially new; it is only an application of
Laplace’s method concerning the functions of large numbers.

Let timsup &%l g 0 <u<1) &)

n->00

be finite. Then for any €>>0, we can determine m such that
log | a.| <B+e=y
n* ’

ie. la,| < e for n=m,
1) Beuermann, Math. Zeits. 33 (1931).
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consequently there exists a constant A such that
|a.| <Ae™  for all .

Then we have
M(,r) g%la”‘rﬂ < A ie‘fn“r»’

or putting log 1. ,
r

Mr)<A 2: exp (yn*—nt).
The infinite series on the right hand side has the same order as
J(7)= (7 exp (rz* —v2)dw,
when r—1—0, 7—0. The order of J(r) can be determined by
Laplace’s method in the following way.”

Putting x=17%¢, l-——Tlv, we have

J(e)=7*[" exp (— =Nt —7t))dt .
Since the function f(f)=t—7t* takes minimum value —7*(1—@)** at
the point z=%=(ra)*, and f*(&)=(1—a)(ra)~*, we have
J(r) ~ 77/ 2% exp (—77(8)) (&)}
~ /27 Kir73e- exp (c=} (1 —a)a?),
where K=(0U@e)).
If we notice that t=log ;1‘— ~1—7r, we have
log M(r)
(1—r)
Therefore we get
lim sup M(r)(1—r)* < 7°(1 — @)™,

<7A-a)a** +0(1).

consequently, letting e— 0, we have
lim sup M(r)(1-7)** < f*(1—a)e™. ()]

Next let f—e=8. Then from the assumption (1), there exists a
sequence of integers

1) The case ~(=% is treated in Polyi-Szegd, Aufgaben und Lehrsitze aus der
Analysis, 2, p. 7, Aufgabe 45.
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n<my<n<.... , m,—o0,
such that la,|>e™"  for m=mny, ny ..... .
Denoting now t,=dani*=log rl’ 1=1,2,38, ......
s
so that n,=(8a)*t;?, we get for n=n;, =1, r=7ry t=1,2, ceeert

M(r) = a.|r"=|a.| e > exp (n° — ™)
> exp (8(0a)*t=** — (8a)’*r - t7%)
=exp (r7*(3(8a)** - (3)) ) .
Whence follows that

(1;)‘1—15@ >o*1—a)a** for t=r1y, Ty, ...... y T=Ty, Ty cennen
or, letting ¢—0,
lim sup log M(r) - 1 —7)* = (1 —a)a** . 3

From (2) and (3) it results
lim sup log M(r)(1—7)* =1 —a)a*?,
r>1-
whence follows the theorem immediately.

By the similar method, we can prove the following
Theorem. If

lim sup MT—)— =w, lim sup oglaa| _ 2
r>1-0 (1-7)7* n>o  logn
be both finite, then prlo p+1.,

If limM exists and s equal to p, then p+i<o<p+1.

n>x  logmn
Suppose lim sup —l%l—aiau, then for any ¢ >0 we can determine
n>% ogn
m such that log |a,| <(¢#+e€)logn,
ie. la,| <mn**e for n=m.

Therefore there exists a constant A such that
|a,| << An**® for all n.

Then — M() <3 |a.|r" <A SIn " ~ AT (pe+1)(1—r) =
0 0
Whence follows immediately

limsupM(—f)—g,u+e+1,
r>1-0 (1-7)"
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log M(7)

consequently limsup - ="V < pu+1.
r>1-00 (1—7)7?
Next, there exists a sequence of integers m,, M., % -.... —»
such that  logla.|>(r—¢)logn for n=n, Ny N, -.....
If we denote 'r,;=1—i, Nni= 1 , then r,—>1—-0 as n;,—> oo,
N 1—7;
so that M(r)=la,|r> (1 —-l)”'n“'s > —1—(1 —p)THtE
n 4
for n=mn, r=r, 1=1,2,3,......
Therefore lim sup log M(T) =M
r>1-0 —r)t

If lim l—olglﬂw exists, instead of limsup., then for any >0
ogn

7n-»0

we can determine m such that
log |a,|> (—¢) log n for n=m.

Therefore M@y = i |, [rs = i la, ['r™,
. _ 1 1
and by putting r=1-—, m= ,
m 1-7r

M(?,)z > ,mz(u—s)(,rzm Rt )= a- r)—z(u—s)rzm(l —9)7!

ey 1\ L1 ey
—(1 — 2p—e)-1f 1 _ 1 _ An—8)—1
a-7 (1 m) A+ > L) .

Whence follows lim sup M = p+ 1 +e for any >0,
r>1-0  (1—7)7! 2

ie. lim sup log M(r) =>p+ 1 , g.e.d.

10 (1—7r)y?* 2



