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52. The Characterisations of the Fundamental Operations
by Means of the Operational Equations.

By Tosio KITAGAWA.
Mathematical Institute, Osaka Imperial University.
(Comm. by S. KAKEYA, M.LA., June 13, 1938.)

The problem of determinating the various classes of the funda-
mental functional operations by means of the operational equations
was already discussed by S. Pincherle,” but the validity of his results
is at least directly limited for the operations whose domains are
consisted of analytic functions. We shall extend the results of S.
Pincherle to those which are concerned with the linear operations
whose domains belong to the function-space £2(— o ,0), abbreviated
€, which is consisted of all the real or complex-valued functions which
are defined over (—o0, ) and squarely Lebesgue-integrable in any
finite range.

The method is that which we used in our previous paper.? In
stead of normalizing the space 22, we shall introduce the family of the
section-functions to each element of €%, by means of which the notion
of the boundedness of the linear operations will be defined. In this
sense any multiplication is bounded. This fact makes the application
of the functional derivations and the calculus of the generatrix func-
tions easy. In this note we shall communicate our general formulation
and the principal results, whose accurate discussion and proofs will be
given in another occasion.

§$1. In what follows we shall denote by E a bounded measurable
set of real numbers, with a positive measure, and by X the system
consisted of all such E. A section-function of f(x) belonging to 22
denoted by fix(x), is meant the one which is defined merely on E and
which coincides with f(x) at each point of E, except perhaps for an
xz-set of zero measure on E. For each assigned E, the function space
[fe;fe ¥ constitutes a normalised Banach space with the norm

| fele= {SE | fx) lzdx}%, that is to say, LA(E) space. We shall write

(f, 9= S Ef () g(w)dw and || fzlz=Iflz Any two functions f; and f; are

said to be equivalent to each other: denoted by AA==f; if fi(x)=Ffx)
in (—oo, ®), except perhaps an x-set of measure zero. We mean by
a mapping o of ¥ a correspondence of each element E of ¥ to another

1) See S. Pincherle: Mémoire sur le calcul fonctionnel distributif. Math. Ann.
49 (1897), SS. 325-382.. See specially Chapter II, III. Exemples de détermination
d’'une classe d’operations fonctionnelles au moyen d’une équation symbolique, SS. 356-359.

2) See T. Kitagawa: A formulation of the operational calculus on the family of
mutually permutable operations. Japanese Journ. Math.,, 14 (1938), pp. 125-168. See
specially Introduction.

8) The set of all elements X with a certain property of e(X) will be denoted
by [X; e (X)].
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uniquely determined element oF with the following two properties:
(1°) Ey D E, implies oFEy; D oEy; (2°) For any given E from X we can
find E; such that ¢F; D E.

We shall introduce the fundamental

Definition I. A linear® operation A which transforms each
element of L into an element of L2 is said to be bounded, if the follow-
ing conditions are fulfilled :

(1°) There is a mapping a4 associated with A.

(2°) To each given E in %, there corresponds a positive constant
Cy such that the relation holds:

I Af@) Iz < Call f@) lom

for all f in &2, where C}‘}; may depend upon A and E, but is indepen-
dent of f.

(8°) To each given E in X and each given g(x) in L%, there
corresponds a function WMz) in L¥o.F) such that, for any f in &, the

relation holds:
(Af, 9)e=(f, B)or,

where h(x)=ha(x, E,g) may depend upon A, E and g, but is indepen-
dent of f.

The connections of our definition with the ordinary boundedness
in the L?space are worth while to be noted.? In the L?space there
is “one” norm, and any mapping is not needed. Further in that space
(3°) is an immediate consequence of (2°) by virtue of the well-known
Riesz’s theorem, while in our space £ this is not so. Since our notion
of boundedness of operations is, it seems, rare in the literatures, we
shall give here the concrete examples which illustrate our Definition.

Example 1. The linear operation M., defined by M, f(x) == ¢(x)
fx) with ¢(x) in *® for each f in & is bounded. To see this,
it suffices to define: () owm E=E; (i) Cp’=ess. b. |o(@)]; (i)
hu (%, E, ) ~ ¢(x) g(x) in E.

Example 2. The translation with parameter a, that is, the linear
operation T, defined by T,f(x) = f(x+a) for each f in €%, is bounded.
To see this, it suffices to define: putting ryE=[x+8; x € E], that is to
say, the set of all z+p as x ranges through E, or B is defined
orBE= 3 wE; @) Cz*=1; (iii) hr (o, E,g)=g(x—a) in r.E and it

-a<B<a

vanishes at each point of or E—<,F.

A linear operation which is not bounded in our sense is said to be
unbounded. Each of the following two operations is unbounded :

@ Af@=F@; @ Af@=|"_fa+is

1) A is said to be linear, if, whenever, fi(x), fi(x) belong to the domain of A,
D(A), then for any pair of two real or complex numbers a and B, af,(x)+Bfi(x) be-
longs to D(A), and Ale,f+Bf))=eAf,+BAf,

2) In my previous paper loc. cit., I did not assume the property (3°). But it has
been found that the employment of the property (3°) makes our arguments much easy.

3) 2**=[f; fe 82 and are essentially bounded in any finite range].
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§2. For any two linear operations A, B the commutator-product
of A and B, denoted by [A4, B], is defined by [4, Blf=ABf— BAf in case
when the right members have their meaning at all. After S. Pincherle”
the first functional derivation of a linear operation A, defined by
AV=[A, M], where M is an abbreviated notation of the multiplica-
tion M,. The functional derivations of the higher order are defined by
inductory way ; if we have defined A™ with n > 2, then A™ will be
defined by A™=[A"V, M].

Under an operational equation we shall mean an equation of the
form :

¢(2, Bf(@), Bef @), ..., Buf(®@), Af, AYS, ..., A™f)=0,

where the functional relation ¢ and the operations B are known and
the equality holds in —o0 <<z << o0, except perhaps an x-set of measure
zero, for any function f for which the left-hand side member has the
meaning at all. In the following lines we may and we shall omit f
in the above equation and write simply :

fo(x’ Bl: BZ’ sy Bm’ A(l)’ A(2)’ ccy A(”))=0-

§3. After this preparation we are now in a position to com-
municate the following theorems.

Theorem 12 A bounded linear operation A satisfies the operational
equation AY=0, if and only if there is a function o(x) in L* such
that AEM¢(,,).

Theorem II. A bounded linear operation A satisfies the opera-
tional equation AP=aA with an assigned real number a, if and only
of A=M,.,T, with o(x) in L%, that is, Af(x) =~ ¢(x) f(x+a) for each
fx) in &

A linear operation A is said to be translatable in ©(A) contained
in &, if, for each real number «, fe D(A) implies that T,f e D(A) and
T.Af ~ AT.f. In case when e** belongs to D(A) for each 1 belonging
to a set A, ga(4, ), which is defined by Ae*® =~ g4(2, x)e**, denotes a
function belonging to £ for each 2 in A. As a direct consequence of
this definition we see that to a translatable operation A there cor-
responds a function g.(1) such that g.(2, £)=g4() in —o0 <z << oo,
except perhaps an x-set of measure zero (depending on 2 in general),
for each A for which e** € D(A).

Theorem III. For a bounded linear operation A, the following
two conditions are equivalent to each other ; that s, each one of them
implies the other :

1) See Pincherle loc. cit., Chapter II, II. Derivation fonctionnelle. Dévelopement
fonctionnel de Taylor, SS. 352-359.

2) Cf. F.J. Murray and J.v. Neumann: On rings of operators. Annals Math.,
37 (1936), pp- 116-229. Theorem I is to be compared with Lemma 12. 2. 2 in pp. 196-
197. It is to be noted that, in our formulation, M, is a bounded operation and each
an belong to 22, while in the Hilbert space L3(— o, 00) M, is unbounded and none of
a7 belongs to the space when n > 0.

Further it i3 to be noted that our Theorem I is a special case of Theorem II.

It is rather for the sake of emphasizing the contrast between multiplications and
linear translatable operations.
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(i) A s translatable.

(ii) For each complex number 2, gs(2, x)=g4(2) 1n —o0 <gxg << o0,
except perhaps an x-set of measure zero, and ga(A) is an integral func-
tion of A.P

We can proceed to observe

Theorem IV. A linear operation A which 18 defined for every
Sx) in L is bounded and translatable, if and only if it satisfies the
Jollowing three conditions:

(1°) For each A in the complex A-plane, g%, x)=gs(2) in
— o0 < g << 0, except perhaps an x-set of measure zero (depending on
A in general), and gs(2) is an integral function of A.

(2°) There is a positive number N, independent of v, such that
|ga(iv) | S Ny in —o0 < »<< o0,

(8°) To each given E, there corresponds an interval (a, b) which
contains E and such that for any f in &%, we have

n eil §xd
>

lim 2 (b a) o

n >0

R0 =0,
B
where we put
Buf) == e 4 s dr— g0 e[ e fn) P

2 =2kr/(b—a). (=0, +£1, +2,...)

Further if E, D E,, the corresponding intervals (ai, b)) and (az, b)) are
subje(:t tO (a'l’ bl) - (ab b2)-

Corollary. With a bounded linear translatable operation A we can
associate a mapping o4 such that, for each f in &, | Af(x) e < Nalfls z
where Na=1. u. b. |ga(@)l.

§$4. For a bounded linear operation 4, Aw.,...,sp (#=1,2,3,...)

are defined by induction as follows: (i) for each real number a,
[T, Al=Aw; (i) when Agyq,....a, p has been already defined for

any set of n—1 real numbers (ay, a3, .., a,_y), then Ay ap....ap is de-

fined by Acwypay....ap=[Ts,» Awyay....a, p] for any real number a,. We
observe
Theorem V. A bounded linear operation A satisfies the equation

A‘ﬂx-az--na,.):'”'! a0z - @n Tojrap...+a, JOr amy set of n real numbers

(ay, gy -+, an), if and only if there is a system of the n bounded linear
translatable operations A; (k=0,1,2, ..., n—1) such that A=M"-+
A, M+ A, oM™ 24 AM.

1) It is by no means true that to any assigned integral function g(1) there cor-
responds a bounded linear translatable operation A such that Aeiz ~, g(x)edz, Cf., the
following Theorem IV.

2) The role of the operation R4 may be seen from the discussions developed in
my I;revious paper loc. cit., pp. 158-160, where the notation H% is adopted in stead
of R A
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A bounded linear operation A characterised by Theorem V may
be called to be of the Laplace type, in connection with the terminology
adopted in the theories of Laplace differential equation of infinite order.”
It forms a contrast with differential operation, as a bounded linear
translatable operation with a multiplication. The differentiation, how-
ever, cannot be bounded : indeed we can prove that a linear operation
A which satisfies the operational equation AP=1 cannot be bounded.
Therefore it is necessary to introduce

Definition II. B is the linear set of all the f(x) in L for
which there 18 a function f*(x) in £ such that, for each E,
lizrg | (Tof(x) — f(x)))a—f*(x) lz=0. The linear operation D is defined

by: Df(x) =f*(x), for fx) in B. B™ 4is the linear space of those
functions f(x) in L for which the (n-+1)-equivalence relations: (i)
Jo@) = flx); (i) fol) = Dfe); (i) felr) 2= Dfyx); -..; (n+1)
S (@) 2= Dfn-1(x), define fi5(x) which are absolutely comtinuous for
0 r<n and belongs to & for n. We define the linear operation
D" by: D"f(x) = fim(®) for f(x) in B™.

Definition III. A linear operation A is said to be bounded in the
depth m concerning the mapping o4 if the following conditions are
Julfilled :

1°) D(A)=B™ and there corresponds a mapping o4 to A.

(2°) To each given E, there corresponds o E such that, for any
f in B™,

| Af@) | < Co gl f@) oyt Cirg | £@) oyt - Co w1 F@) oy,

where the non-negative numbers C,': (k=0,1, 2, ..., n) may depend upon
E and A, but are independent of E.

(83°) To each given g(x) in E and each given g(x) in B™, we can
Jind a function h(x) such that

(Af, Pu=(, hYu,z

where Mx)=ha(z, E, g) may depend upon A, E and g, but is inde-
pendent of f in B™,

Then we observe

Theorem VI. A linear operation A which is bounded in the
depth n satisfies the equation A™=n! if and only if it is a linear
differential operation®of the exactly m-th order; that is, for each f(x)
in B®, Af(x) = gam)(x), where gu)(x) is defined by the following system
of equivalences; (i) goy(x) = po(@) f(x) ; (i) gu(®) = g-1(x) + u(x) D*f(2)
(k=1, 2, ..., n), where pi(x), 1), ..., pu(x) (=1) are all belonging to L**.

In a similar manner we can give a general form of the linear
operations which are bounded in the depth n and which satisfy the

1) See H.T. Davis: The theory of linear operations from the standpoint of
differential equation of infinite order. The Principia Press (1936). Specially see p. 338.

2) See M. Bicher: Legons sur les Méthodes de Sturm. Gauthier-Villars et cie,
Paris (1917). Also cf. Israel Halperin: Closures and adjoints of linear differential
operators. Annals Math. 38 (1937).
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equation A™+p, y(x) A" P+ -+ py(x) A=0, where pi(k) are given
functions belonging to £%*.

§5. The chief aim of our investigations lies in establishing a
formulation which is suitable for the researches of the associated func-
tional equations. We shall apply the results of this paper on our
research on the linear functional equations of the Laplace type, which
the author is now preparing to issue.?

1) In a characterisation of Schridinger’s operator in quantum mechanics, J.v.
Neumann appealed to the relation due to H. Weyl concerning the two classes of unitary
operators U(a)=exp (2rziaP/h) and V(B)=exp (2riBQ/h), in stead of the employment
of the classical relation PQ—QP=Fh1/2zi. Our present formulation may be recognised
to be an intermediate one between the two formulations.

See J.v. Neumann: Die Eindeutigkeit der Schridingeren Operatoren. Math.,
Ann. 104 (1929), SS. 570-578.



