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our country by Y. Mut,I S. SId and the print author
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Riemamfim ,spaces in the ht of W(TI’s work which established a geometry in

which the covariant derivative of tlm fundenl temmr is prortion to tim

fundamental tenmr itlf. The present authoru) gave its application and (s-

cuad coormal Frenet formulae.
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commotion in a Riemannian space and if we use the relre mobile introduced for

the tlrs time by O. Veblen’1).

To study the generalized oonformal geometry, we may to the projective

method. J. A. Schouten and J. Haantjes) tried to construct the generalized con-

formal geometry with the use of D. van Dantzig’s curvilinear homogeneous

coordinates. Y. Mut8 and the present author-) tried also this study in the light

of O. Veblen’s work on the generalized projective geometry. But, it seems to the

auttmr that these studies are not yet complete to develop wholb" the theory.

It may be very interesting to study the relationslfip between the theory of

E. Cartan, that of the American School and that of the School of Delft. But it

will be difficult enough to try this study for the goneralized conformal geometry

h the stage of development of the theory.

In the series of the following papers, we shall try this study for the flat con-

formal differential geometry. We shall begin with the study of the fundamental

diffcrential equations of flat oonformal geometry.
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1. Fundamental diarential euatians of fiat coolly’real geomet.ry.
1. Fundamvntal euationz.
Let us onsider an n-dimensional eonformal space C and suppose that a

point A of On is represented by n-J-2 homogeneous .ooordinaCes (a, a1, ..., an,
a), not vanishing simultaneously, and satisfying the relation

(1.1) A. A----ata +a"a’- + +ana’*-aa’---O.
If A-A0, A represents an (n-- 1)-dimensional sphere or hyrsphere of the

space. Consuenfly, if A.A=O, A may be oalled point-hypersphere of the

space. The inner produ of two twperspheres A and B being defined by

(1.2) A.B-b +a*b + +anbn--ab’-a’b,
the angle 8 under which two hyperspheres A and B out mutually is give by

O.a) cos A. B/V’A.A" v’B. B.
The oondition that A be a point is represented by A. A--0, the condition

that a p0in A be on a hypersphere B by A. A-O, A. B--O, the condition that
two hyperspheres A and B be orthogonal by A-B--0.

Moreover, A and aA represent the same hypersphere, and a+BB repre-

sents a penoil of hyperspheres involving A and B, a and being arbitrary real
numbers.

Now, we shall incroduoe a curvilinear coordinates system ($, , ..., )
,’rod pu

where we suppose that a’s satisfy the coodition (1.1) and the rank of e matrix

da da da" da
ae.’ "’" av’

da do da
"oe" Oe,’""

(22) ]. A. Schouten and ]. Haantjes" Uber allgemeine konforme C,eometrie in Pro-
jektiven Behandlang, I. Proc. Akad. Amsterdam, 38 (1935), 706-708; II, Ibid. 39 (1936),
27 Beitrge zur allgemeinen (gekrihnmten) konformen Differentialgeometrie, I. Math. Ann.
112 (1986), 594-629; II, Ibid. llS (1986), 568-583.

(23) K. Yano and Y. Mut6: A projective treatment of a conformally connected mani-
fold, loc. cir. See (19).
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be n+l.

If we differentiate the relation A-A--0 with respect to x (a t, % ..., 2, p,

v, 1, 2, ..., n), we find

(1.s) . A -o.

Then, we see that n hyperspheres

(1.7) A,-- OA

thus defined all pass through the point-hypersphere A. If we put

(1.8) g,--A.A,,
g are functions of x who determinant is different from zero. The function

a in (1.4) being arbitrary, the functions g are only defined except a common

factor.

The hyperspheres A, A, ..., A,. passing through all the same point A A0,
they mlxt pass through also another same point A. If we choose suitably the

factor of Aoo, we may put

(1.9) Ao.: -1, A;,. A:O, A,. A,=O.
Now, it will be easily seen that the n+2 llyperspheres .that we have defined

are linearly independent, anda hypersphere P of the space C., may be repre-

sented as a linear combination of n + 2 hyperspheres Ao, Ax, Aoo, thus

P=p"Ao+p’A
Consequently the n+2 hyperspheres A0 A, Aoo defined at every point of the

space C. may be considered as forming a moving (n +2)-spherical reference

system or a relre mobile at a point Ao.
Let us differentiate n+2 hyperheres A0, A, A with respect to $, obtai-

ning n(n+2) hyperspheres

dAo dA and

These hyperspheres must be represented as linear combinations of Ao,
and Aoo. Thus we have

(ii) OA -II,,Ao + II,Ax+ II%Aoo,

(iii) OAo,, --Hoo,,Ao +IILA+

(I.I0)

From the equations (1.7) and (1.10) (i), we see that
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(1.11) H:=o, o-t,, 0=o.
Differentiating the relations Av.. Av:gv and A0.A --0 with respeot to

an, substituting tle equations (1.10) (i) and (ii) in the resulting eqtutions, we
find

x xH,gH,,g,,, +

g HT, =0,

respectively, from which we have

(1.12) II= {}, II.%=g
H in (1.) l.ing symmetric Mth rct to aM v, where {#} denotes the

Chrk)ffel synlls.

])iffcrentiatig filb" the relatiol

A,,.A:=-I, A’2Lo=0, Aoo’Aoo=0
witl respect Ix.) ’, and sulstituting (1.10)(i), (ii)and (iii)in the resulting

(quat.iols we can si ol)tain

H--O, HL, g;H:, H:=0.(1.13)
Substitution (1.11), (1.1)an, (1.13) in (1.1o), we obdn finalb"

(1.14)

Tiros, homogeneous coordinates of a point A, defined as functions of curvi-

linear coordinates Sx must satisfy the above equations. New homogeneous

Coordinates obtained from old ones by a linear homogeneous transformation must

satisfy Mso the same differential equation,s, Colksequent]y we call (1.14) the

fundalnental equations of flat conformal geometry.

2. T’ansfcn’,matioq law of coefficients of the flandamental equat,ion,.

The point A0 being definM by homogeneous coordinates,

ret)rcse.gs the same point as A0. By this ctmnge of Nctr the hyperspheres A
are transformed into A. following the formulae

where
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d log 4,

To obtain the transformation law of Aoo, we put

then, from the conditions

AoAoo-- --1,
we obt:dn

AAoo--O, AooAoo=0,

1 ,. 1 1

contucnt we have

Thus we have, for a change of factor,

Ao=,
Ao +
1

which ve the transformation law of an (n+ )-herical reference system

A,, ] under a de d faor :A0.
We shaft now oomider the ,rsfoation law of the ,ffioien of the

ftmdamental uations under this ohe of faor. Suitufing (1.16) in

dAr "-o

fundamental equations

we find, ter some calculations,

II, H +----d--4’t’d* 4,.IIX, --4,,4, +-2--g ,,rbg

11:-.H+$s +,b--4,(1.17)
|
l,. . r_- o4, , 1 ..

wlc.re --’. These [ormae give the t,ramfortion law of the

of ghe fundamentN euatio.
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Next, we shall consider transformation of curvilinear coordinates

(1.18) }=}($’, ,..., ).
The analytical point A0 being sUp to be invarian, it will be easi seen

that the transformation of A, A, A] under the change of coordinates (1,18)
is given by

A(1.19) =, A,.=--_, =A.

Substituting these equations in the fundamental equations written with barred

quantities we tlnd after some calculations.

d d II.,

(1.20)

which give the transformon law of the coeicients o[ the fundamental equations

under coordinates transformations. The equations showy that, II., 1I and

are components of tensors of second order, and//v are components of an afiine

connection under a coordinate transformation.

3% ltegrabiliy conditio of the fundamental eqcations.

We shall consider in this Paragraph, the integrability condi$ions of the

fundamental equations of fiat conformal geometry.

From (1.15), we observe first that

Next we differentiate the second equation of (1.14) with respect to and

substitum (1.14) in the resulting equations. The right hand member of the

equations thus obtained must be symmetri0 with respect to and , thus we

have
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by virtue of the linear independence of A0, A and A. The third equation is

an identity and does not give any condition.

If we apply the same method as above o the third eqation of (1.15, we

shall find

} {} =o.

But, if we remark that//--v , we can easily show that

then, the above condition is a consequence of the condition .. 0.

Thus, we obtain

(1.22) o-H;=0,

(1.23) x o . o , //’. .
as integrability onditions of the furdamental equations, where a semicoloa

denof the covariant derivative with respect, f {} and R.. the curvature

tensor formed with Christoffel symbols {}.
Contracting in (1.23) with respect to l and , we find

(1.24) *9., R+(-2)/z, +g,g// o,
where R, is Rici tensor R *=R.,x. Multiplying this equation by g and

summing up, we obtain

from which

gII R
2(-)’

where R is the scalar curvature
Substituting this equation in (1.2), we find

(n--2)II,,,-- --R+ g,,R

and consequently

2(n--1)(n--2)

(1.26) II, R. + $R

Substituthg (1.25) and (1.26) in the equations (1.22)and (1.23), we
obtain

n--2 2(n--1)(n--2) n--2
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and

+ (q-(,,-2) g8-g8 =o

respectively. The equation (1.28) shows that the Weyl curvature nsor Ivrm
with our g mt vash.

By variant differentiation and ntraetion, we ve, from (1.28),

.Q, _R, 1 (R,; --R; +gR.;z--gR.;

+ 1 (gR;--gR;,).
(. )0 )

Substituting, in the above equation, the relations

2R.:--RR. R 0 and

d(lueible from Bianc’s ideniCy we obin

from whizh

(1_.29) 2..;zz
Thus when n>3, the condition Q .0 is a consuence of 2x.,0.

When n=3 it Z well known tt the Weyl’s conform curvature vmfish

identically. Tha we have bhe

Theorem" In qrde" that H;,, }. g, a lli, g’tl, be coec.iets oj"

]undamenl diffe’entl eqti oft cfo’mal geomey, it s wcesry
aul su.cient that"

whe n-- 3,

w, lJen n>3,

.H. being uece.a’ily given by

R
(n--1)(--)
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These corlditions being stated ia tensor form, it is evident that they are

invariant under change of eootdh_ates. If we effect a change of factor, it is easily

shown that the tensors ,w and .(2., are transformed into/J. and ..2.
raspectively by the formulae

h the above eordiions ar also imariant under ehang of

I is obrvl ht h so-eall projeotivly fla tee do not

eoinoide with te elasioal projective Sloe, but here the m-oall oordormally

flat lee coincideh the classical ordormal

In the next Clpter, wo s inruoe a oanoni om o he funda-

men uaion d raormaion lws o heir oins and

inegrabiliy n.m.

24) K. Yano: On the fiat projective differential geometry. Jap. ]ourn. Math. (in
press).


