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57. A note on generalized convex functions.

By Sitiro HANAI,
Nagaoka Technical College.
(Comm. by S. KAKEYA, M.LA., July 12, 1945.)

§1. We are concerned with real finite functions f(z) defined on a closed
interval a<x<<b. E. F. Beckenbach® has given a generalization of the notion
of a convex function as follows.

Let F(z;a, 8 be a two-parameter family of real finite functions defined
on ¢ <2=b and satisfying the follwing conditions:

(1) each F(2;a,B) is a continuous function of =;

(2) there is a unique member of the family which, at arbitrary i, 22
satistying a <z <x.=b, takes on arbitrary values ¥, 7.

The members of the family F(x; a, 8) are denoted simply by F(z), in-
dividual members being distinguished by subscripts. In particular, F;(x) de-
notes the member satisfying Fi;(2:) =f(x:), Fii(2:)=f(2;), (a=z:<;=b).

We call e function f(x) to be convex in Beckenbach’s sense if

f(2)=Z Fi(®)
for all 2, 22, %, with e <y << 2:<b.

Now let the family F(z;a, B) satisfy the following condition (3) in ad-
dition to (1) and (2):

(3) 1let F(z), F'(x) be the members of the family passing through ar-
bitrary points (i, %), (22, 42); (21, y1), (@2, %5) respectively, then, the
member F,(x)(2>0) which passes through (i, dy,), (2, 4y:) is not less
than AF( ) for a <z, < x<2,<b, and the member passing through (i, % + ),
(%2, 2 +3:) is not less than F(z)+ F'(x) for a <z <a<z.=<D.

Definition. A function f(z) s called a generalized convex function if
the family F(x; a, B) satisfies the condition (1), (2), and (3), and f(2)<
Fio() for all =, 2, x, with o<z, <x<20:b.

For instance, (a) when F(z;a, 8)=as+ 8, then F(x;a, B) satisfies the
conditions (1), (2), and (3) and therefore the convex function in the usual sense
is a generalized convex function, (h) when F(z; a, 8)=a sin px + B cospx where

p is a constant and b—a< -"-, then F(x; o, B) satisfies (1), (2), and (3) and
P

1) E. F. Beckenbach; Generalized convex functions, Bull. Amer. Math. Soc. Vol. 43
(1937), 363-371.
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therefore the Lindeldf-Phragmén’s function® h(2) is a generalized convex func-
tion.

The purpose of the present paper is to show that the set of all generalized
convex functions is a semi-vector lattice® and the set of all convex functions in
Beckenbach’s sense is not always a semi-vector lattice.

§2. It was shown by E. F, Beckenbach® that the family I(z;a, B) satis-
fying the conditions (1), (2) and the convex functions in Beckenbach’s sense
have several properties analogous to those of the family F(%;a, 8)=ax+ 8 and
the convex functions in the usual sense. These properties will be used to es-
tablish the following theorem.

Theovem 1. The set of all generalized convex functions is a semi-vector
lattice.

Proof. Let F denote the set of all generalized convex functions and let
f(z)e F, g(x)€ F. Then there exist two members Fio(%), Fio(x) of the
family F(2;a, B) such that

A2)=Fi(x), 9(2)= Fie(%)
for all =, %, %, with <z <z <220
Then we have

f(2) + g(2) < Fio() + Fio()
for all %, %, %, with et <x<2: 0.
On the other hand, it follows from (3) that there is a unique member Fi(2)
of the family F(2%;a, 8) such that Fi(z)+ Fi(2)=<Fi:(z) for all z:, 22, @,
with e<2 <2< 2,<b and Fi(2)=f(z)+g(2), Fia(2:) =f(2:) + g(:).
Therefore J(&)+g(z)e F.
From (3), it is easy to see that Af(z) € F for 1>0.
Conequently, the set F' is a semi-linear space.

In order to prove that the set F forms a lattice, it is sufficient to show
that an arbitrary bounded subset E of elements of the set F' has the supremum.

U(z)= l’gE b. f(=).

Let Pi(21,41), Po(22, 4:) be arbitrary two points on the curve y=U(%) such
that <2, and let Py(%, %) be any point on the arc of y=U(z) between the
points Py, Ps

We need only consider the following two cases, on account of being able to prove

2) stEX; bR (Gbarib), 20 H.

3) G. Birkhoff; Lattice Theory, P. 107, there it is shown that the set of all convex
functions in the usual sense forms a semi-vector lattice.

4) E. F. Beckenbach; loc. cit.
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similarly in the other cases.

Case 1. All the points Py, P:, P: lie on the curves of elements of I, T.et
D, 95) be the point of intersection of an element of E passing through the
point P, with the line z=x:. Then 1<y,

Thercfore we have
Fr(2) S Fou( ) for all z with 2,<r<w,”
where Fip(x), Fp(2) donote the members of the' family F(z;a, 8) which pass
through the points P,, P;; P,, P: respectively.
On the other hand, since Fp.(2:)<%® and Fio(x:) = Fp(2:), we have
Fp(x)< Fe(x) for all x with 2, <213,
where Fio(2) denotes the member of the family F(x;a, 8) passing through the
points Py, P.
Therefore we have
Fo(x)< Fio(2) for all x with 2,21,
Consequently we get
U(z0) = Fe(20) < Fro( ).
Since P, is an arbitrary point on the arc of y=U(x) between the points Py, P,
we have
U(2) < Fio(2) for all & with 2 <z =<x..
Hence we have U(x) € F.

Case 2. Both of the points Py, P, do not lie on the curves of elements of
E.

Let {P.}, {P:.} be monotone increasing sequences of points of intersection of
the lines ¥=x,, v==, with elements of K rcspectively such that Pp,— I,
Psy—> P2y a3 > o0,
Then we have
Fi(2)—> Fio(2) as n—> 0 ,?

where Fy», (%) denote the members of F(;«, @) passing through the points
Py Pos
Therefore, in virtue of the monotone increase of {P,}, { P:x}, and by the same
argument as in Case 1, we have

U(z)< Fio(2) for all x with &<z,
Therefore in this care we have U(z) € F.

From the proofs of the above two cases ansl the fact that F is a semi-lincar
space, we get the theorem.

Concerning the conlition (3), we h'we the following theorem.

5), 6) 7) E. F. Beckenbach; loc. cit.
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Theorem 2. The set of all convex functions in Beckenhacl’s sense is not
always a semi-vector lattice.

Proof. For the proof, we consider an example which is not a semi-vector
Iattice.
Let F(z;a, 8)= —2'+ax+ B defined on the closed interval —1 <=1, then
it is easy to see that the family F(z;a, 8) satisfies (1), (2), but does not satisfy
(3).
1t is evident that the member Fy:(x) of the family F(x;a, 8) passing through
the points P,(—1, 0), Px(1, 0) is —2*+1 and F.(z) is itself a convex funec-
tion in Beckenbach’s sense.
Since AF(x) where 4>1 is greater than F.(2) which is the member of the
family F(z;a, 8) passing through P,, P, so that 2F,,(2) is not a eonvex fune-
tion in Beckendach’s sense.
Therefore the set of all convex functions in Bekenbach’s sense corresponding to
F(x;a, B)= —2"+azx+ B is not a semi-linear space.
Thus the proof of the theorem is completed.

Remark. From the proof of Theorem 1, we see that the set of all convex

functions-in Beckenbach’s sense is a conditionally complete lattice.



