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12. An Evaluation in the Theory of Multivalent
Functions.

By Akira KoOBORI
Mathematical Institute, Kyoto Imperial University.
(Comm. by S. KAKEYA, M.1. A, Apr. 12, 1946.)

1. In a previous paper we hayve considered a family §: .of analytic func-
tions which are regular and p-valent in the unit-circle | z | <1 and have the
expansion of the type
¢)) w(2) = 20 + apr128t1 4+ ... ;

and proved that
1 V4 |z|?
| w2 | 2 (13057 TF 2]
for | z | =x and

1 lz|?
| w(2) | %( 10604... / "I+ Tz])%

for 1y =< | z| =1, where x, = 0.7389 ......

2. Heré we want to ameliorate this result, and our new evaluation is
as follows:

For|z|=x

1 V. b4
) | w(z) | g( 1.00755... ) (14|-z| L D24
and for xy <1z | =1 1 lz]
r4
® | w) | —2—(‘1._03142...){) T+ Tz’

where %, = 0.80458...
We will give here an outline of the-demonstration of this result, and the
detailed proof shall be given in another journal.
3. Our evaluation is based on the following theorems:
(I) |apstl 3§21>2’
< T z g
) |we)|?= 1+3|z|+2¢.§|'z|"/,z[,; —
2 %1z
The sketch of the proof of the inequality (II) shall be given in the fol-
lowing lines.

If we write

for |z <1.

1) A. Kobori, Zur Theorie der mehrwertigen Funktionen. Japanese Journ. of Math.
Vol. 19, 1947.

2) A. Kobori, loc. cit.
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20
{—’1—;(;’—)—} =14 bz+ b2+ . g2+,
then we have, by the theorem of the previous paper,?
@ 22(2v —3) | b |2=12,
v=

and observing that

b;'—‘-——*% ap+1
we have

() S|

§¢zu~ 31bul. ,/'2%%
3> ¥
< Bl 5 422)

By (4) and by an easy calculation? we obtain, for |z | <1,

_3
3 —
‘{ wz(:)} ’, 23}) a,+1z—1‘§2s/3 |z|~/i 2' log }HZ

from which, taking in consideration the inequality (I), we can derive the in-
equality (II).

4. To attain our main object, therefore, it is sufficient to evaluate the
real function

® o= %

] X 1+x
1+3x+2v 32y 5 log =%

and we have proved the following:

(UD) The veal function (5) has, in the interval 0 < x < 1, the greatest value
for x = x = 0.80458...

(V) In the interval 0 =< x = x;, we have

14 3%+ 2J3x‘/— log 1+ 1“ <7 (+28,
where x, = 1.02913...

1) A. Kobori, loc. cit.
2) For|z| <1 we have

ilzw__lzls
y=2211—-3

1+ ]z
1-1z|

log
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On use of these results there now follows:

2
lw@) | ={P (@)} ®, for si=|z|=1,

and

2
=P
0@ | 2(£)Y o for 2] Ss=a

From the former we can easily derive the second part of our theorem enun
ciated in the paragraph 2, and the latter is nothing but the first part of the
same theorem.




