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44. On the Singularities of Analytic Functions
with a General Domain of Existence.

By Kiyoshi NosHiro.
Mathematical Institute, Nagoya Imperial University, Nagoya.
(Comm. by S. KAKEYA, M. A., Sept. 12, 1946.)

1. Recently S. Kametani and M. Tsuji have investigated the behaviour
of a meromorphic function with the set of capacity zero of essential singu-
larities.) Let E be a bounded closed set of capacity zero. Suppose that w=
w (2) is uniform and meromorphic outside £ and has a transcendental singu-
larity at every point of E. Tsuji has found that a theorem of Evans® plays
an important réle in such an investigation and obtained systematically some
interesting theorems concerning the behaviour of w=w (z). Evans’ theorem
states that there exists a distribution of positive mass du (@) entirely on E
such that

@ (@) = fE log , Zia 'd;z @), j; dp(a) =1

tends to + o, when z tends to any point of E. Let v(2) be its conjugate har-
monic function and put

(2) ¢ = z (2) = ev@+iv@) = P (2) e,
Let C, be the niveau curve: p(2) = const.= 7, then C, consists of a finite
number of simple closed curves surrounding £ and moreover there holds

ou

3 C’dv (@ = o o 4s = 27,
where ds is the arc length of C, and # is the inner normal of C,. Sug-
gested from Tsuji’'s proof for the extension of Grozs’® theorem concerning
the principal star-region of an inverse element of w=uw (2), the present author
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has obtained some results which contribute to such a study, with the aid of
the brilliant research of Ahlfors®) on covering surfaces. Denote by "4, the
domain exterior to the niveau curve C,: p (2) = # and by F, its Riemannian
image by w = w(2) on the Riemann sphere X, with unit diameter, which
touches the w-plane at w = 0. We denote by A (») and L(7) the area of F,
and the length of the image of C, respectively. Let Dj, D, -+, D, (q=3)
be ¢ closed circular discs, no two of which have any point in common. Fur-
ther, we define the defect ¢ (D; ) and the ramification index 6(D;) of Djin

the same way as Ahlfors and put & = lim —gﬁ(% where » (#) denotes the num-

r—o0
ber of the closed curves of the niveau curve C,. Then we, first, obtain the

following.

Theorem 1. Let E be a bounded closed set of capacity zero and w = w (2)
be uniform and meromorphic outside E. Suppose that w = w(2) has an essen-
tial singularity at every point of E. If we define, by the aid of Evans theo-
vem, the defect 8 (D;), the ramification index 0 (D; ) and a quantity § depend-
ing on the number of the closed curves of the miveau curve Cy, then there
exists

@ ;313 D)+ éio Dj)s2+&
j= i=

Next we shall consider the inverse function z = z(w) of w = w(2) in
the neighbourhood of its transcendental singularity Q. In this case another
application of Ahlfors’ theory of covering surfaces gives an extension of a
theorem of the present author.®

Theorem 2. Let w = w(2) be a uniform meromorphic function outside a
bounded closed set of capacity zero of essential singularities and suppose that
the inverse function z = z(w) has a transcendental singularity, say Q, with the
Drojection w. Denote by dp the set of values taken by the branch z =@, (w) of
z = z(w) which will define the p-neighbourhood ® of an accessible boundary
point Q of the Riemann surface ® associated with z = z(w). We suppose fur-
ther that &, is simply connected. Tl:wn, d, covers every point infinitely often
inside (¢) with one possible exception in the same as the case where w =w(z) is
a transcendental meromorphic function for |z]| < + .

By using theorem 2, it is possible to state a theorem on conformal re-
presentation. We have
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Theorem 3. Let e be a closed set of capacity zevo, lying completely inside
the unit-civcle (c) : |w| < 1 and denote by D the vemaining domain obtained by
excluding the set e from the disc (c). Let w = f(2) be a mapping function which
transforms the unit-circle |2 | < 1 into the universal covering surface 13 of D in
a one-one conformal manner. Further suppose that e contains at least two
points. Then the perfect set E of its essential singularities will be of linear
measure zero but the capacity of E must be positive.

Remark. In the case where e consists of a single point, the above theo-
rem does nozii lhold good. To see this fact, we have only to consider a func-

tion w = e ©! which represents |z|< 1 conformally into the pricked ( punk-
tiert) tircular domain 0 < |w|<1.

2. Let w = f(2) be regular and bounded in the unit-circle [z]| < 1. Fatou’s
theorem shows that f(2) has a radial limit lirri f(re®?) = f(e®) at any point z
= ¢ excluding a possible set of f-values o?measure zero. If the set of e®
such that [f(e®)] = 1 be of measure 2z, then after W. Seidel® w = f(2) will
be called a function of class (U). In the similar way, we can define a func-
tion of class (U, ), by using the circle |w| = p instead of the unit-circle |w]|
=1. We give the following

Lemma Given a closed set E, of measure zero on the unit-circle |z| =1,
we can find a non-constant bounded regular function inside 2| < 1 which has
a boundary value zevo af any point belonging to E; .

By the above lemma, we have

Theorem 4. Let w=5(2) be a function of class (U) and z=¢, (w) be any
branch® defined in the circle |w| < p, p being an arbitrary positive number less
than unity, of the inverse function z = ¢ (w). Denote by 4y the set of all va-
lues taken by zZ=¢p (w) and map the simply connected domain 4, upon the
unit-circle |£| < 1 in q one-one conformal manner by a fundamental theorem
of conformal representation, then the function

®) F() = f[=z¢)]
where z=2({) denotes the mapping function, will be a function of class (U, );

that is, the set of e® such that | F(e®) | =p must be of measure 2r, F(e®) de-
noting a radial limit of F(¢) at ¢®

Applying Theorem 4, we can state
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Theorem 5. (An extension of Iversen’s theorem®). Let w = f(2) be a func-
tion of class (U) and 2z = ¢ (w) be its inverse function defined in the unit-circle
{w| < 1. Thenfor any circle(c): ‘ Iw___‘_:';), <p{<1) and for any element P w;
a) of 2= (w) whose centre « lies inside (c), we can find a suitable path joining
w=a and w= w inside (¢) along which the element P (w; «) can be continued except
possibly at w=w (in other words, 2= ¢ (w) has Iversen's property within | w | <I).

As an immediate corollary, we get

Theorem 6. (Seidel)? Let w = f(2) be a function of class (U) and  be
an exceptional value of w = f(2). Then there exists at least one radius along
which w = f(2) lends to w when 2z tends to its end-point on|z| =1. Moreov-
er, in the case where w = f(2) takes w only a finite number of times inside the
unit-civcle, the assertion is also true, provided that w = f(2) has at least one
singularity on.| 2z | = 1.

Remark. As an application of Theorem 4, it is possible to give a sim-
ple proof for Seidel-Frostman’s theorem :® Let w=7(2) be a function of class
(U) with at least one singularity on the unit-circle 2| =1. Then w=f(2)
takes any value, lying inside | w | < 1, infinitely often, with a possible excep*
tion of w-values of capacity zero, in the interior of the unit-circle | z | <1.

3. Here we will give some extensions of Kametani-Tsuji’s theorems. Let
E be a bounded closed set of capacity zero, contained entirely inside a do-
main D and w=w (2) be k-valued algebroidal in the domain N-E such that
w=w (2) has at least one transcendental singularity at any point 2o belonging
to E. We can prove the following theorems.

Theorem 7. (An extension of Nevanlinna’s theorem).® The cluster set
of w=w @) at z=2y coincides with the whole w-plane.

Theorem 8. (An extension of Kametani’s theorem).® In any neighbour-
hood of every point zy belonging to E, w=w-2) takes any value infinitely often
except a possible set of w-values of capacity zero.

Theorem 9. (An extension of Tsuji's theorem).® Let &, be p-neighbour-
hood of the accessible boundary point . of the Riemann covering surface &
associated with the inverse function z=z(w), supposing that z=z(w) has a
transcendental singularity ) with the projection w. Then &, is a covering sur-
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face of the basic surface (c): | w—w | <p and covers every point inside (c) infi-
nitely often with a possible exception of a set of capacity zero.

In this case we can also apply Ahlfors’ theory of covering surfaces and
extend Treorem 2 in the following way:

Theorem 10. Let E be a bounded closed set of capacity zero and w=w (2)
be k-valued algebroidal outside E such that w=w (2) has at least one essential
singularity at any point z, belonging to E. Suppose that the inverse function
z=2(w) has a transcendental singularity ) with the projection w. Let & be
the p-neighbourhood of the accessible boundary point ) of the Riemann cov-
eving surface @ associated with z=z(w). Suppose, in addition, that & is simply
connected, then ® covers every point inside (c): | w—w |,<p infinitely often except
one possible point inside (c).

The details of the proofs for these theorems will be published in anoth-
er place.



