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48. On the Notion of Measurability.

By Shizu ENomoTo.
(Comm. by K. KuNuGI, M.J.A,, May 16, 1951.)

Our main purpose of this paper is to give another definition
of ‘“ Measurability ”’ with respect to Carathéodory’s outer measure
than that which is given by Carathéodory himself.

Let X be a metric space. In this paper we shall consider
Carathéodory’s outer measure” p defined for all sub-sets of X
which satisfies the following condition :

(1) w(A) <+ for every bounded set A,

and call it conditionally finite outer measure. The clags of sets that
are measurable (with respect to u) in the sense of Carathéodory
is denoted by G(w).

Consider a class & of sets which congists of the elements of
C(p) and in which there exists a sequence {K,} of bounded sub-
sets such that UIL,K,=X and K,C K,., for every n. Let
R(R, {K.}, u) be the class of sets A satisfying u(4.) = r(K.)
—u(K,~CA,)? for every n, where A, is the common part A and
K,. For instance, for & and {K,} we can take the class of circles
S,(p) of n-radius with a fixed point p. We can see at once that
the class R(R, {K.}, u) is independent on & and {K.} and there-
fore we denote it by R(u) and call p-modular set the element of
R(p). When I is a completely additive class and x is completely
additive on M, we say that M is u-completely additive class. Given
classes of sets M and N, we denote by [M, N] the smallest com-
pletely additive class containing I and N.

Definition. Let x be conditionally finite outer measure given
in a metric space X. Let m be an arbitrary regular®? outer
measure satisfying the property such that m(K.) = w(K.) for every
K, and that m(A) = u(A) for the other sets A. Then, m is termed
dominant measure of p and any set A of R(m) is said to be m-
dominant measurable set of w. Particularly, consider the set funec-
tion w(A) = inf m.(A4), where the infimum is taken over all dom-
inant measure m., of u. In this case, if u, is a regular outer
measure and therefore a dominant measure of u, the outer measure
w is called relatively reqular and any um,-dominant measurable set
of w is called p-measurable set.

1) C. Carathéodory: Vorlesungen iiber reelle Funktion (1927), § 285.
2) CA is complement of A.
8) C. Carathdodory: Loc. cit. § 253.
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Let us begin with the following three lemmas.

Lemma 1. Given a sequence of sets E, such that E, is measura-
ble with respect to an outer measure p and that K, E,,, (n=1,
..), we have for an arbitrary set A

Since this proof is easy, we shall omit here.

Lemma. 2. In order that the class R(p) of w-modular sets be
p-completely additive class, where p is a conditionally finite outer
measure defined in X, it is necessary and sufficient that the following
equality should hold

(2) WA~B)+uw(A~CB) = W(A) whenever A, Be R(u) .

Proof. It is evident that the condition (2) is necessary. We
shall prove the sufficiency of the condition.

i) Evidently, if A€ R(uw), then C(4)e R(w).

ii) If 4, BeR(p), then A~B, A~vBeR(u). By the definition,
it is enough to show the case when A and B are sub-sets of some
K,. Using A, BeR(p);

K.} = M(E,~C(A~B)) = w{A) +m(K,~CA)—u(K,~C(A~B))

= (A~ B)+uwA~CB)+uK,~CA)— u(K,~C(A~B))

= w(ArB)+m(ArCB)+ (K, ~CA)—p(A~CB)— u(K,~CA)

= (A~ B).
On the other hand, w(K,)—m(K,~C(A~B)) < u(A~B). Therefore
A~ B) = u(K,)—u(K,~C(A~B)), whence A~nBeR(x). From i)
and A~BeR(p), AvBeR(p) follows.

iii) If A, BeJR(x) and A~B =0, then p(AwB) = p(A)+u(B).
It is evident from AvwBeR(r) and (2).

iv) If A;eR{w) and A;~ A4;=0 (i==j), then g (\/«-;Az)

cam(A). If we put A =\2,4;, since AD Ui
,u(A) = (U1 A) and therefore lim 3., u(4) = 32, w(4d) < p(A)

On the other hand, since  is the outer measure, S m(A) = p(A)
and therefore 372, 1(A4) = p(U2, A).

v) If 4,eR(p) (=1,2,...), then U A, € R(r). Itis enough
to show the case when 4,~4; =0 (iZj) and 4, C K, (=1, 2, . ..)
for some K,. Now by iv),

#'(qu)—'}‘/(\./?;l Ai) = #(K) ZQ.=1 #A,) = hzn (/“(K»)‘E‘LI /"(A«z))
= IJI_’IE (.“'(Ko) - ,“'( \/J=‘A:))=J1.lm I‘(Kz’“c (U'Ll Ai)):zlu‘(Knr\C(U:ilAi))y

whence \/, A, e R(w) follows.
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Lemma 3. Let p» be a conditionally finite outer measure defined
in X and M the class of sets which belongs to at least one of classes
M, which are p-completely additive class of sub-sets of X and contains
€(u). Then WM coincides with the class R(n) of p-modular sets.

Proof. It is easy to see M C R(w). Let us prove WD R(u) .
Firstly, let us show that [€(u), 4] for any set A which belongs to
R(p), is p-completely additive class. We see easily that, if
Me[€(p), A], M is given by the form such that

(3) M= (BnA)\J (B~CA), where B, B'e€(y).
And moreover the following equality holds
(4) w(M) = p(B~A)+u(B'~CA) .
In order to show the equation, by Lemma 1, it is enough to prove
the case when A, B and B' are sub-sets of some K,. Now, for
any set Fe€(x) such that E C K,,
wK.,) = (E)+m(K,~CE)
< MEAA)+u(E~CA)+p(K,~CE~A)+ p(K,~CE~CA)
= wAnE)+u(A~CE)+u(K,~nCA~E)+p(K,~CA~CE)
= #(A)+p(K,~CA) = (K.).
Thus, wp(E)+m(K.~CE) = p(EnA)+{E~CA)+p(K,~nCEAA)
+u(K,~CE~CA). Therefore,
(5) WE) = (En~A)+u(E~CA).
Using 5,
KB B) = p(BwB)~A)+(BwB)~CA)
= w(BAA)+pu(B'ACBAA)+p{B'~CA)+p(B~CB' ~CA)
= p((BAA)\J (B'~CA))+p((B'ACB~A)\J (BACB' ~CA)
= mBvB).
whence u((BAA)\J (B'ACA)) = p(B~A)+u(B'~CA).
Let M;e[C(w), A}, M;~nM; =0 (i==7), then they are given by
M; = (B;~nA) \J (Bi~nCA), B.~nB;=0(1==3) and B,~B, =0 (i=j).
Using (4), () and that u((\/2:B)~A) =32, u(B;~A) by Lemma
1, it follows that
(UL M) = p(\J2((B:~A) \J (Bi~CA)))
= p((UZ1 B)~A) + (U B) ~CA)
== '?:l/"(BihA) +2§11/"(B§’“CA)
= 3 p(B:nA) U (BinCA))
=T (M) .
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Congequently, [€(»), A] is p-completely additive clags. The class
of sets belonging to [€(x), A], where A is taken over all elements
of R(x), containg R(x) and therefore M D R(w) .

Corollary 1. In order that ihe class R(x) of p-modular sets of
a conditionally finite outer measure p defined in X be wm-completely
additive class, it is mecessary and sufficient that SR be pu-completely
additive class.

Theorem 1. The class R(m) of the m-dominant measurable sets
of a conditionally outer measure p defined in X, is p-completely ad-
ditive class.

Proof. By Lemma 1, it is enough to show that u(4) = m(4)
for any set A which is an element of R(m) and A < K, for some
K.. Then m(K,) = m(A) + m(K,~CA), mK,) < p(A) + p(K,~CA)
and m(K,) = #(K,) hold. Consequently m(A)+m(K,~CA) < x(A)
+u(K,~CA). On the other hand, since p(A) < m(A4) and #(K,~CA)
< (K, ~CA), m(A)+m(K,~CA) > u(A)+uw(K,~CA). Thus, m(4)
+m(K,~CA) = (A)+m(K,~CA) and therefore u(A4) = m(4).

Corollary 2. w#(A) = m(A) holds for any set A of the class
R(m) of m-dominant measurable sets of a conditionally finite outer
measure p defined in X.

Theorem 2. In order that a conditionally finite outer measure
# defined in X be relatively regular, it is necessary and sufficient that
the class R(p) of p-modular sets be p-completely additive class.

Proof. i) when g is relatively regular: There exists the
regular outer measure g, such that p(4) < m.(4) for every
dominant measure m, of x and u is completely additive on R(w)
by Theorem 1. We shall show R(x) = R(x). By Lemma 3,
R(o) S R(p) and therefore it is enough te see R(u) D R(w). Sup-
pose that there exists a set A such that A&R(x) and 4 c R(w).
Then, by the definition, we can suppose that A is a sub-set of some
K.. Since wy(K,) < m(A) + poK.~nCA), w(K,) = p(A4) + w(K,~CA)
and py(K.,) = w(K.), then w(A)+p(K,~CA) < p(A)+ (K, ~CA) and
at least one of w(A)< u(A4) and p(K,~CA)<poK,~CA) holds. On
the other hand, there exists I, which satisfies A€M, and
K.~CAed, by the Lemma 8. Let my(A) = inf #(B), where the
infimum is taken over all the sets B such that BDE and Be M,
then m, is the dominant measure of # by the extension theorem®
and 9N, 2 C(«). Moreover, at least one of my(A4)< w(4) and
my(K,~CA) < p(K,~CA) holds. This is contradict to the defini-
tion of w,. Therefore R(u) < R(x). i) When R() is p-complete-
ly additive class: If we put m(A4) = inf ©(B), where the infimum

4) E. Hopf: Ergodentheorie (1937), p. 2.
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is taken over all sets B such that B2 A and Be R(p), by the ex-
tension theorem and R(x) D €(r), m is the dominant measure of
w. Let my(A) be an arbitrary dominant measure of x. By Coro-
llary 2, for any set A of R(my) such that A C K, for some K,,
#w(A) = my(A) and p(K,~CA) = my(K,~CA) and therefore, since
my(K,) = my(A)+my(K.~CA), p(K,) = p(A)+ pu(K,~CA) holds. Thus,
AeR(w) and also R(my) & R(p). Using that m, is regular and
Corollary 2, my(A) = inf my(B) = inf w(B), where the infimum is
taken over all sets B such that B> A and Be R(m,), holds and
moreover, since R(my) C R(w) and the definition of m, we find
that m(4) < my(A) and this completes the proof.

Corollary 3. When a conditionally finite outer measure p de-
fined in X is regular, it is relatively regular”.

Remark 1. There exist conditionally finite outer measures which
are relatively regular, but non-reqular measures. Example 1: Let
v be the Lebesgue outer measure in the 2-dimensional Euclidean
space and 2 a non-measurable set such that the inner measure is
zero with CQ. When we put

(6) #(A) = v(A)+v(An2),"

#(A) is non-regular outer measure’. For the sub-set A of some
K., we shall put

(7) ps(A) = 1(K,)—pn(K,~CA),

(8) V*(A) = U(K,)"",(Kq,f\CA) .

Now, p(A) = w(K,)—p(K,~CA)

= yK,)+v(K,~C2)—v(K,~CA)—(K,~CA~L)

= v4(A) +v(K,)—v(K,~CA~ Q)

= vy (A) + v (K,~AC(K,~"CAA Q) = vy(A) +1.(AvCO) .
Thus,

(9) by(A) = v (A) + 1, (A CQ)
Moreover, H{An2)—v (AvCO) = v(AN2)—v (A~ 2)vCQ)
AN —{(AnQ)+1,(CA} = — (CO =0,

whence
(10) (ANE) =1, (A CR).

Using (6), (9) and (10), in order that m(A4) = p.(4), it is necessary
and sufficient that v(A) = v (4) and (A~ Q) = 1 (A CQ).

5) C. Carathéodory: Loc. cit. § 260.
6) C. Carathéodory: Loec. cit. § 389.
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Let A be an element of R() = €(v) such that A C K, for
some K,. Since (A) =1 (A) and v(A~2) = (4), vx(AvCQ)
=y, (A (C2ACA)) = 14 (A) +14 (CQ2 ~ CA) = vu(A) = v(A) = (A~ Q)
and therefore by (10), v.(AvCQ) = (A~ Q) follows. Consequently
R(e) =€) C R(). On the other hand, since v(A) = v, (A4) if
H(A) = py(A), R(p) < R() and also

1y R(p) = Re) = C) .

Let A be an element of €(») and W an arbitrary set. Then
p(WrnA)+p(WACA) = v (WARA)+o(WAAAL) +o(WACA)+p(WA
ACARD = (W) +o(WA2)~A)+u((WAL)~CA) = o(W)+u(WAQ)

= p(W). Therefore §{) < €(#) and namely, by (11),

(12) Cx) = R(p) = R) = 6.

From the above consideration and Theorem 2, p is relatively
regular.

Remark 2. There exist outer measures p which are not rela-
tively regular. Example 2: Let » and », be the notation used in
Example 1. Let us put”

(13) w(A) = .;.(V(A) F ().

Then R(w) consists of every sub-sets of X. Because, for an
arbitrary sub-set 4 of some K, ,

(K= p(A) = _;_(uac,,) 4 (K)) =0 A) +2(A)
=1 —y +1 v -y
= 2 CE)=»(A) + 2 GE) = 4)

= _%_(L'*(K,ACAHV(K,ACA)) = u(K,~CA).

But there exist sets 4,, A.€ X such that
/-"(Ag) <P(A3hA1)+(Agf\CA1)7) -

Remark 3. There exist outer measures p for which there exists
u-completely additive class N such that N D E(r) and N Cp).
Example 3: Let » be the outer measure given in Example 2.
Then for the set A, given in Example 2, 4, € R(x), A €€(r) and
[€(n), A;]1==€(x). Moreover, it is already shown in the proof of
Lemma 38 that [€(w), A.] is p-completely additive class.

7) C. Carathéodory: Loc. cit. § 606.



