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Introduction.
The present paper is concerned with an algebra of a class o pseudo-

differential operators and a sharp form of Grding’s inequality (see [3],
[4], [5], and [7]), which are important for the study of the Cauchy
problem or pseudo-differential equations of parabolic type. Let R($)
be a basic weight function which means that () is a real valued C-function satisfying 2()>__1 and (see [5]).

Then we say p(x, ) e S0 when p(x, )2() e (R,)). ’)

For p(x, )e So, the pseudo-differential operator P is defined by

Pu(x) p(X, D)u(x) =.[d’p(x, )()d$
where d=(2)-d and ()=.[e-’u(x)dx.

From Theorem 1.1, we have
(1) Le$ p(x, ) e So. Then there exists p*(x, ) e So such $hat

(p(X, D)u, v)- (u, p*(X, D)v) for any u, v
.1+(2) Le p(x, ) e So, (]= 1 2). Then there exists p,(x, ) e o,

such $ha$

p,(X,D)u=p(X,D).p(X,D)u for any ue
These properties mean that the operator class corresponding to S,
U-<< S0 forms an algebra.
Recently CalderSn and Vaillancourt [1] proved the L-boundedness

PuCu{for p(x, ) e S,-(R,). Using this estimate
essentially, we obtain the inequality

lPuClu+ for p(x,

where 1lull-Ilull,=[($)2l()l (see Corollary 1.2).

From this inequality and the Friedrichs’ approximation we can
derive a sharp form o Grding’s inequality

(p(X, D)u, u) C
when p(x, )0 and 8p(x, ) eS’ or lal2 (Theorem 2.3 (2)).

The proofs of our results are based on the method in Kumano-go
[4].

1) .(RN) {u e C(RN) IOu(x)l <=C for any a).
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1. The properties of pseudo.differential operators.
Lemma 1.1 (CalderSn and Vaillancourt [1]). If p(x, ) .(R,)),

then PuI1<= C u] hold for u e .
Lemma 1.2 (Kumano-go [5]). Let () be a basic weight function.

Then we have,
(1.1) 2( +) C2()() )

(1.2) C-1() (+()l/2a)C() for
Theorem 1.1. Let () and ’() be basic weight functions. If

p(x, , x’, ’)()-’(’)-’ e (R,,,,,)) and

Pu(x) IIIe(’-’"+"’) p(x, , x’, $’)(’)d’ dx’ d,

and if we put p(x, )- j’.[ e-z’:(z)-(D)op(x, +, x + z, )dz. d,
where no is an even integer larger than n.

Then,
(.3) p(x, )()-’()-’e (R,,)),
(1.4) Pu(x)--p(X, D)u(x).
We can prove the theorem, using (1.1).
Corollary 1.1. (1) Let p(x, ) So, and let

p*(x, )--IIe-’(z}-(D}p(x+ z, + )dz.d,
then we get p*(x, ) e S0. and

(p(X, D)u, v)- (u, p*(X, D)v) for u, v
(2) Let p(x, ) e S.(]= 1, 2) Then there exists p,(x, ) such that
p,(X,D)u=p(X,D) p(X,D)u and p,(x,)2()-,2()- e (R,,)).

Corollary 1.2. Let p(x, ) e So. Then we have, [p(X, D)u
C]u+ for u e .

Theorem 1.2. Let 3p(x, $, x’, ’)2()-+,(’").2’(’)-’ e (R),
and p.(x,) (-i3,)"p(x, $,x’,’) ;2 where p(O) 0 and p(]) p(]+ 1).

Then we get,

Corollary 1.. Let 3p(x, ) e S;(’") and
p(x, $)-(--i)’3p(x,),

then

p*(x, )- E p(x, ) e S;
-I<

Corollary 1.4. Let p(x, ) So. Then,
p,(X, D)=2(D). p(X, D)

and

2) <>=(l+lv])’.
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(2.1)
(2.2)
(2.3)

.m-1/2

(2.4)
0,2

(2.5)
(2.6)

p,..(x, )-- ,< 1 (,)(x ) e So,2-<ai p’’’

where p.,s,(,)(x, )=(()s}.(--ix)"p(x, ).
We can prove Theorem 1.2 by using the Taylor expansion of

p(x, $+,x+z, ) in at =0.
2. Friedrichs’ approximation and a sharp form of Grdin’s

inequality.

Let q(a)e C(R) be an even function satisfying .[q(a)da--1 and

supp q{a ]a.l} and E(, )=2()-/t q((-- )2()-/).
We can easily prove by induction the ollowing

Lemma 2.1 (Kumano-go [4]). There exist functions
%,,,() e S?+-

such that

3 F($, )-- 2($) -n/4 ,,,($)((-- )2()-’n)’
Irlllrxr

q((--)2()-/) and ,r,() e S+-/-".
Theorem 2.1. For p(x, ) e So we put

p(, x’, ’) =.[F(, 5)p(x’, 5)F(’,

Then p(, x’, ’) satisfies the following properties:
33:p(, x, $’)2($)-+ ’/:2(’)’/ e ,
p,(x, ) e So,
If 3p(x, )e So; (]-1, ..., n), then pg,(x, )--p(x, )

If p(x, ) e S;’" for [a[g2, then p,(x, )--p(x, )

If p(x, ) >= O, then (pFu, v)-- (u, pFv) and (pu, u) >= O,

where ILp]0,,--sup(,){p(x, )R()-}.
A sketch of the proof. Using Lemma 2.1 and (1.2), we can prove

(2.1), and (2.2) follows from (2.1) and Theorem 1.1.
.u-/ andBy Theorem 1.2, pr,(x, )-p,o(X, ) o.

)-.F(, )’ p(x,p,o(X,

=q(a) p(x, +()/ a)da

=p(x, $) + q(a) p + 2()1/ ta)dtda2()
"

where p()(x, )=3p(x, ).
By the assumption we can prove

q(a) (, +2()/ ta)dtde So,
Henee we obtain (.g).
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By Theorem 1.2 and the assumption we have

p,(x, )-p,o(X, )- p,(x, ) e So,; ’.
j=l

Then using the assumptions of q(a) we get,
p,o(X, )--p(x, ) e So,7 and pr,(x, $) e So;.

Thus we obtain (2.4).
The inequality (2.5) can be shown easily.
Using (2.5) for the operator defined by p()(x,)-]p]o,2()

p(x, )(0), we can prove (2.6).
Lemma 2.2. (1) Suppose that 3p(x, ) e So for ]a]gl. Then

we have,

(2) Suppose that 3p(x, $) So; for a]g2. Then we have,
I(Pu, u)l<lP= o, IlulL+Clul /(-,,

A sketch of the proof.
(p(X, Dx)u, u) (pu, u) + ((Pr--p(X, D)u, u)

+ ]((p,(X, D)--p(X, Dx))U,
--1If we assume that 3p(x,

q-/: Hence by Corollary 1.2-p(x, $) e-o,

Thus we obtain (1), and (2) can be shown by the sme way.

Theorem 2.2. (1) Suppose that 3p(x, $) e SoZ for I11.
Then we get,

(x, D)ul11, ul++ C lu I+-1,.
(2) Suppo8e that Dp(x, ) S0:e ’= you 112. Then we get,

A sketch of the proof. By Corollary 1.1 and Theorem 1.2,
p*(X, D=). 2(D=)*. p(X, D=)u p,(X, D=)u+ p,,,(X, D=)u

.q(+)- Hence, usingwhere p(x, ) 2($) lp(x, ) and p,,(x, ) e o,
Lemma 2.2, we obtain the theorem.

Theorem 2.. Let p(x, ) e So satisfy that p(x, )2()(0).
Then we get,

(1) If 3p(x, ) e So; for
(p(X, Dx)u, u)

(2) If 3p(x, ) e So:; for lalg2,
(p(X, Dx)u, u)

A sketch of the proof. Let po(X, $)-p(x, $)--2($). By Theorem
2.1 (2.5), (po,U,u)O. Hence,

(po(X, D)u, u) ((Po--po,)u, u) ((Po-- po,y,)u, u).
Thus using (2.3) or (2.4), we obtain the theorem.
Theorem 2.4. Let p(x, ) e So satisfy that p(x, ) .().
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(1) If 3p(x, ) e So,; I1 for lal<=l, then
o Ilull/ <lip(x, D:)u II:: /C Ilu

(2) I/Dp(x, ) + So7’"’ lot lal2, then

Theorem 2.4 can be proved by using Theorem 2.3.
Theorem 2.3 and Theorem 2.4 are important for studying the

Cauchy problem for a parabolic pseudo-differential equation., An application for a pseudo=differential equation of para=
bolic type.

In section 3 we state the undamental theorem which is useful for
proving the existence theorem of the Cauchy problem or a pseudo-
differential equation o parabolic type.

S. Kaplan [6] proved the existence theorem of the Cauchy problem
or a parabolic differential equation. Using the results in sections 1,
and 2, we can get the similar results to [6] or the case of pseudo-dif-
ferential equation.

Definition .1. H =u e (,)
L2(n+

where (r, $)=(r+())1/, ml.
(In connection with H,,, see HSrmander [2].)
Let p(t, x, ) e S0 (]= 1, 2) be real valued symbols, and

+ p(t, X, D) + -- 1. p(t, X, Dx).
Theorem .1. If 3p(t,x, $) e So; for ]tl, and p(t,x,

() (>0), there exist o>0 such that for any

(3.1) c- Ilull,ll(L+ V)UI]r-,C
(3.2) C- lluli,ll(L* + V)ull_,C
where C=C(r, s, m,

Corollary .1. Under the same conditions in Theorem 3.1,
is an onto, one to one and bounded mapping from H,z to H_,.

Theorem 3.1 can be proved by using Corollaries 1.3, 1.4, Theorems
2.3, 2.4 (1) and

I- r + p(t, x, $) +- p(t, x,)c0(r + ())1/.
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