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Introduction.

The present paper is concerned with an algebra of a class of pseudo-
differential operators and a sharp form of Garding’s inequality (see [3],
[4],[5], and [7]), which are important for the study of the Cauchy
problem for pseudo-differential equations of parabolic type. Let A(§)
be a basic weight function which means that A(§) is a real valued C~-
function satisfying 2(§)=1 and |0:4(§)|< C,A(&)™!*! (see [5]).

Then we say p(x, §) € ST, when p(x, §)A(§)"™ ¢ B(R%:: ).V

For p(z, §) € Sy, the pseudo-differential operator P is defined by

Pu(z)=p(X, D,)yu() =jew-fp(x, EUE)dE
where d& =Q2n)"*d& and ??L(E):j(a‘”'eu(x)dx.

From Theorem 1.1, we have
(1) Let p(x,&) € Sy,. Then there exists p*(x, &) € Si; such that
(»(X, D )u, v)=(u, p*(X, D,)v) for any u,v e S.

(2) Let py(x,8) eSyd (=1,2). Then there exists p,(x, ) e Spitm

such that
014X, Dyu=p(X,D,) - p(X,D)u  for any ucS.

These properties mean that the operator class corresponding to S,
== wem<w Si; forms an algebra.

Recently Calderén and Vaillancourt [1] proved the L*-boundedness
| Pt Lo zny < C||%||Lacany fOT P(2, §) € 85 ;= B(R% ). Using this estimate
essentially, we obtain the inequality

|Pul,=C|%llssm  for p(z, &) €S,

where llull§=HMI?,FP(S)“I?Z(E) fd& (see Corollary 1.2).

From this inequality and the Friedrichs’ approximation we can
derive a sharp form of Garding’s inequality
Re(p(X, Du, w) = —C || %]} 20-1y
when p(z, £)=0 and 9:p(z, &) € Sp;'<! for |a|<2 (Theorem 2.3 (2)).
The proofs of our results are based on the method in Kumano-go
[4].

1) BRY)={uecC=(R¥);|o5u(x)|=C. for any a}.
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1. The properties of pseudo-differential operators.

Lemma 1.1 (Calderén and Vaillancourt [1]). If p(x, &) € B(RY,,),
then || Pu| ezny = C || U] 2zny hold for ue S.

Lemma 1.2 (Kumano-go [5]). Let A(§) be a basic wetght function.
Then we have,

1.1 AE+™=CrAE)mp)im

1.2) CAE)=AE+A(E)*0)=CAE) for |o|=1.

Theorem 1.1. Let A(§) and A'(§) be basic weight functions. If
p(, &, 2/, ENAE) ™A (EN)™ € BRE ¢ 1,en) and

Pu(e)= [[[ext-sweaen pia, &, ot 00800 o',

and if we put py(x,§)= ” e” 2y (D y"p, &+, x+2, §)dz-dE,
where n, is an even integer larger than n.

Then,

(1.3) p(x, OAE™A(E)™™ e B(RE, ¢y,

(1.4) Pu(@)=p (X, D,)u(x).

We can prove the theorem, using (1.1).

Corollary 1.1. (1) Let p(x, &) € Sz, and let

p*(@, §)=|[e ey Dy pr e, E+0de e,
then we get p*(x, &) € S, and
(»(X, Dyyu, v)=(u, p*(X,D)v)  for u,veS.
(@) Let py(x,8) e S;{j(1=1,2). Then there exists p, (%, &) such that
014X, D )u=p,(X,D,) p(X,D)u and p, (x,5)4,(§)"™2,5) ™ € B(RY,:))-

Corollary 1.2. Let p(x, §) e S7,. Then we have, ||[p(X, Dul
SC||ullgsm for ueS.

Theorem 1.2. Let d:p(x, &, o/, §) A(E)~m+ead . J(E)"™ ¢ B(R™),
and p(x,§)=(—10,)0(x,&,2',§) 5= where p(0)=0 and p(H) < p(G+1).
Then we get,

@, 00— 3 Top.@ OL@ 2@ ¢ BE),
lel<N X ©

Corollary 1.3. Let 0ip(x, &) € Spret=" and
¥, §)=(—1i0,)"0:p(,8),

then
¥, 6)— > —1,—10,’,“(90, §) e Spe,
lal<N (X!

Corollary 1.4. Let p(x,§) € Sy,. Then,

pL,s(X, Dac) = 2(Dz)s . p(X? Dz)
and

2) <p=Q+1pPr
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pL,s(x’ S)_’ IZ 1

a<N !
’M)heT‘e pL,s,(a)(x’ E)-_—_a?{Z(g)s} * (_iax)ap(xy 5)-
We can prove Theorem 1.2 by using the Taylor expansion of
p(x, E+{,x+2,&) in { at {=0.

2. Friedrichs’ approximation and a sharp form of Garding’s
inequality.

pL,s,(u)(xr S) € So”f;rs_N

Let q(0) € Cy(R™) be an even function satisfying jq(o)zd‘ozl and

supp qC{o;|o|=1} and F(§, D =A(E) " g((C—E)AE) ).
We can easily prove by induction the following
Lemma 2.1 (Kumano-go [4]). There exist functions

1l/’o‘i,r,rl(g) S S()_,)xﬁ“"r—rl/z)
such that

8’2 F(S’ C)=2(E)"n/4l éﬂlwﬁ’f’n(g)((s— C)Z(é)—uz)r,

=7
gL~ D& and  B5yy,, (&) € Sylprrna e,
Theorem 2.1. For p(x, §) € ST, we put

Pr (&, ', €)= [F&, Op@, OF &, OdC.
Then pp(&, 2/, ") satisfies the following properties:
(2.1) 0208pp(§, x, ENA(E)~mHIEIPR(ENP 112 e B,
(2.2) pp@, &) e ST,

2.8) If 0;,px, &) eSSy (=1, -+, n), then pr., §)—p@, &)
e Sy,

2.9 If omp(w, &) e Sp' for |a|<2, then pp (%, §)—p (&, &)
e Syt

2.5) If p(x, £)=0, then (pgu, v)=(u, psv) and (Pyu,u) =0,

(2.6) | Re@put, w)|<| ReD o, m %2+ Cllw |21y
where | Replo,m=S8UP ¢ { Rep(, §)|A(E)™}.

A sketch of the proof. Using Lemma 2.1 and (1.2), we can prove
(2.1), and (2.2) follows from (2.1) and Theorem 1.1.

By Theorem 1.2, pp, (¢, §) —pr,2, &) € S;:7/* and

Pro(@, &)= j F(E, 07 p(a, O
=jq(o)2 p(, &+ AE)” 0)do

=@, )+ j q(a>2j:p<f><x, £+ A(EN” to)dtda &)™

where p(z, £)=0, p(=, §).
By the assumption we can prove

Jq(o)zfp(”(w, £+ (&) to)dtde e Sii
0
Hence we obtain (2.3).
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By Theorem 1.2 and the assumption we have

Do (s &) — Do, £)— ;: Dr. (@, &) € Spit.

Then using the assumptions of q(¢) we get,
Pr,o@, §)—p(x, §) e S and  py (2, &) e ST;'.
Thus we obtain (2.4).
The inequality (2.5) can be shown easily.
Using (2.5) for the operator defined by p™’(x, ) =| Reply,nA(E)™
+p(x, £)(=0), we can prove (2.6).
Lemma 2.2. (1) Suppose that dzp(x, &) € Sp;'=! for |a|<1. Then
we have,
| Re(Puy W Z|Plo,m %2+ C U 2cm -1/
(2) Suppose that d:p(x, &) Spi'«! for |a|<2. Then we have,
| Re(Pry W) | | Do, m |2+ Cll|f20m -1y
A sketch of the proof.
| Re(p(X, D)u, u) | Re(pru, w)|+| Re((Pp—p(X, D)u, u)|
S| Replom [|Use+ C 10| 20m -1y
+|((@r, (X, D) —p(X, D))u, w)|.
If we assume that 0,p(z,§)eSp;’, then by (2.3) pg,.(x,§)
—p(x, §) € Sp7?.  Hence by Corollary 1.2,
[(Pr,.— D)%, W= (pF,L—p)u“—mm—x/z)uull1/2<m-1/2) =C | ulf/2m—1/z-
Thus we obtain (1), and (2) can be shown by the same way.
Theorem 2.2. (1) Suppose that oip(x,§)e Spr'®! for |al<1.
Then we get,
(X, DIulE=Df,m %] m + C %] -1/
(2) Suppose that 0:p(x, &) € Sy for |a|<2. Then we get,
IP(X, DUl =00, m | %I m + C %R -1y
A sketch of the proof. By Corollary 1.1 and Theorem 1.2,
p*(X’ Da/:) * Z(Da:)zs p(X: Dx)uzps(X’ Dx)u+ps,1(X’ Dx)u
where py(x, §)=4(5* |p(z, §)F and p,.(x,&) e Sfp*»~". Hence, using
Lemma 2.2, we obtain the theorem.
Theorem 2.3. Let p(x, &) € Sy, satisfy that p(x, £)=0A(§)™(6=0).
Then we get,
1) If 0:p(x, &) e Spr'™! for |a|<£1,
Rep(X, D u, u)zﬁlluilfn/z—c ”u”%/zun-x/z)'-
@ If 0wp(x, &) € Sy for|a|<2,
Re((X, D)u, w) =0 [|%|fe— C || 20m -1
A sketch of the proof. Let py(x, &)=p(x, &) —0A(&§)™. By Theorem
2.1 (2.5), (po,ru, w)=0. Hence,
Re(pf(X, D)u, ) = Re((py— Do, 7)%; ) = Re((Do— Do, 7, )%, ).
Thus using (2.3) or (2.4), we obtain the theorem.
Theorem 2.4. Let p(x, §) e S7; satisfy that p(x, §)=0-A(E)™.
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D) If 0:p(x, &) e Spy'™! for |a|<1, then

0% || U] sm =X, DU+ C %34 m—1/s-
(2 If ozp(x, &) e Sgi'! for |a|<2, then

3 2o SN, DU A C Ul s

Theorem 2.4 can be proved by using Theorem 2.3.

Theorem 2.3 and Theorem 2.4 are important for studying the
Cauchy problem for a parabolic pseudo-differential equation.

3. An application for a pseudo-differential equation of para-
bolic type.

In section 3 we state the fundamental theorem which is useful for
proving the existence theorem of the Cauchy problem for a pseudo-
differential equation of parabolic type.

S. Kaplan [6] proved the existence theorem of the Cauchy problem
for a parabolic differential equation. TUsing the results in sections 1,
and 2, we can get the similar results to [6] for the case of pseudo-dif-
ferential equation.

Definition 3.1. H, ,=uec S'(R%'3);

Az, E) A& T, §) e LMRE,
where A,(t, §)=(*+ AE)Y™)"*™, m=1.

(In connection with H, ,, see Hormander [2].)

Let p,(t,x,&) e Sy, (=1,2) be real valued symbols, and L=0,
+p1(t: X’ Dz)""\/:T‘pz(t’ X’ Dx)-

Theorem 3.1. If 0ip,(t,x,&) e Sy for |a|<1, and p,(, 2, &)
=Z04(&)™ (0>0), there exist 7,>0 such that for any 1>,

3.1 C Nl s | LA DU|lym, s SC ||, s
(3.2) CHully, s S I(L* +ttlly —m, s S C || %]l s
where C=C(r,s, m,n).

Corollary 3.1. Under the same conditions in Theorem 3.1, L+n
is an onto, one to one and bounded mapping from H, , to H,_n ;.

Theorem 3.1 can be proved by using Corollaries 1.8, 1.4, Theorems
2.3, 2.4 (1) and

W =17+, %, )+ —1pyt, &, &) | = ez + A&V
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